
Lecture (1) 

Photons, the photoelectric effect, Compton Scattering 

The purpose of the lecture: Describe the physical phenomena that led to quantum concepts. 

Quantum Mechanics 

Quantum mechanics is a quantum theory that supersedes classical mechanics at the atomic and 

subatomic levels. It is a fundamental branch of physics that provides the underlying 

mathematical framework for many fields of physics and chemistry, including condensed matter 

physics, atomic physics, molecular physics, computational chemistry, quantum chemistry, 

particle physics, and nuclear physics. It is a pillar of modern physics, together with general 

relativity. 

Photons 

The diffraction of light and the existence of an interference pattern in the double slits 

experiments give strong evidence that light has wave properties. However, early in the twentieth 

century it was found that light energy is exchanged in discrete amounts called quanta. The basic 

experiments are: 

1) Photoelectric effect 

 

The photoelectric effect is a phenomenon in which electrons are emitted from matter (metals and 

non-metallic solids, liquids or gases) as a consequence of their absorption of energy from 

electromagnetic radiation of very short wavelength, such as visible or ultraviolet light. Electrons 

emitted in this manner may be referred to as "photoelectrons". As it was first observed by 
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Heinrich Hertz in 1887, the phenomenon is also known as the "Hertz effect", although the latter 

term has fallen out of general use. Hertz observed and then showed that electrodes illuminated 

with ultraviolet light create electric sparks more easily. 

The photoelectric effect takes place with photons with energies from about a few electron volts 

to, in high atomic number elements, over 1 MeV. At the high photon energies comparable to the 

electron rest energy of 511 keV, Compton scattering, another process, may take place, and above 

twice this (1.022 MeV) pair production may take place.  

Study of the photoelectric effect led to important steps in understanding the quantum nature of 

light and electrons and influenced the formation of the concept of wave–particle duality.  

2) Compton scattering 

In physics, Compton scattering is a type of scattering that X-rays and gamma rays undergo in 

matter. The inelastic scattering of photons in matter results in a decrease in energy (increase in 

wavelength) of an X-ray or gamma ray photon, called the Compton Effect. Part of the energy of 

the X/gamma ray is transferred to a scattering electron, which recoils and is ejected from its 

atom, and the rest of the energy is taken by the scattered photon. 

The effect is important because it demonstrates that light cannot be explained purely as a wave 

phenomenon. Thomson scattering, the classical theory of an electromagnetic wave scattered by 

charged particles, cannot explain low intensity shifts in wavelength. Light must behave as if it 

consists of particles in order to explain the low-intensity Compton scattering. Compton's 

experiment convinced physicists that light can behave as a stream of particle-like objects 

(quanta) whose energy is proportional to the frequency. 

The interaction between electrons and high energy photons (comparable to the rest energy of the 

electron, 511 keV) results in the electron being given part of the energy (making it recoil), and a 

photon containing the remaining energy being emitted in a different direction from the original, 

so that the overall momentum of the system is conserved. If the photon still has enough energy 

left, the process may be repeated.. 
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If the photon is of lower energy, but still has sufficient energy (in general a few eV to a few 

KeV, corresponding to visible light through soft X-rays), it can eject an electron from its host 

atom entirely (a process known as the photoelectric effect), instead of undergoing Compton 

scattering. Higher energy photons (1.022 MeV and above) may be able to bombard the nucleus 

and cause an electron and a positron to be formed, a process called pair production. 

 

                                A photon of wavelength λ comes in from the left, collides with a target at rest,  

                                                  and a new photon of wavelength λ′ emerges at an angle θ. 

By the early 20th century, research into the interaction of X-rays with matter was well underway. 

It was known that when a beam of X-rays is directed at an atom, an electron is ejected and is 

scattered through an angle θ. Classical electromagnetism predicts that the wavelength of 

scattered rays should be equal to the initial wavelength; however, multiple experiments found 

that the wavelength of the scattered rays was greater than the initial wavelength.  

In 1923, Compton published a paper in the Physical Review explaining the phenomenon. Using 

the notion of quantized radiation and the dynamics of special relativity, Compton derived the 

relationship between the shift in wavelength and the scattering angle: 

 

λ is the initial wavelength, λ′ is the wavelength after scattering, h is the Planck constant, me is the 

mass of the electron, c is the speed of light, and θ is the scattering angle. 
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The quantity ℎ
𝑚𝑚𝑒𝑒𝑐𝑐

 is known as the Compton wavelength of the electron; it is equal to 

2.43×10−12 m. The wavelength shift λ′ − λ is at least zero (for θ = 0°) and at most twice the 

Compton wavelength of the electron (for θ = 180°). 

Compton found that some X-rays experienced no wavelength shift despite being scattered 

through large angles; in each of these cases the photon failed to eject an electron. Thus the 

magnitude of the shift is related not to the Compton wavelength of the electron, but to the 

Compton wavelength of the entire atom, which can be upwards of 10 000 times smaller. 

A photon γ with wavelength λ is directed at an electron e in an atom, which is at rest. The 

collision causes the electron to recoil, and a new photon γ′ with wavelength λ′ emerges at angle θ. 

Let e′ denote the electron after the collision. 

From the conservation of energy, 

 

Compton postulated that photons carry momentum; thus from the conservation of momentum, 

the momentum of the particles should be related by 

 

Assuming the initial momentum of the electron is zero. 

The photon energies are related to the frequencies by 

 

 

where h is the Planck constant. From the relativistic energy-momentum relation, the electron 

energies are 

 

4 
 

http://en.wikipedia.org/wiki/Compton_wavelength
http://en.wikipedia.org/wiki/Conservation_of_energy
http://en.wikipedia.org/wiki/Conservation_of_momentum
http://en.wikipedia.org/wiki/Planck_constant
http://en.wikipedia.org/wiki/Special_relativity%23Relativistic_mechanics


 

Along with the conservation of energy, these relations imply that 

 

Then 

 

 

Energies of a photon at 500 keV and an electron after Compton scattering. 

From the conservation of momentum, 

 

Then by making use of the scalar product, 

 

Thus 
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The relation between the frequency and the momentum of a photon is pc = hf, so 

 

Now equating 1 and 2, 

 

 

Then dividing both sides by 2hff′mec, 

 

Since fλ = f′λ′ = c, 
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3) David J. Griffiths “Introduction to Quantum Mechanics”, 2006, Prentice Hall 

4) David Bohm”Quantum Theory”,1989, Dover Edition. 
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Lecture (2) 

Energy quantization in atoms, The De Broglie hypothesis 

The purpose of the lecture: Describe the physical phenomena that led to quantum theory. 

Einstein: light quanta 

Albert Einstein's mathematical description of how the photoelectric effect was caused by 

absorption of quanta of light (now called photons), was in one of his 1905 papers, named "On a 

Heuristic Viewpoint Concerning the Production and Transformation of Light". This paper 

proposed the simple description of "light quanta", or photons, and showed how they explained 

such phenomena as the photoelectric effect. His simple explanation in terms of absorption of 

discrete quanta of light explained the features of the phenomenon and the characteristic 

frequency. Einstein's explanation of the photoelectric effect won him the Nobel Prize in Physics 

in 1921.  

The idea of light quanta began with Max Planck's published law of black-body radiation by 

assuming that Hertzian oscillators could only exist at energies E proportional to the frequency f 

of the oscillator by E = hf, where h is Planck's constant. By assuming that light actually consisted 

of discrete energy packets, Einstein wrote an equation for the photoelectric effect that fitted 

experiments. It explained why the energy of photoelectrons was dependent only on the frequency 

of the incident light and not on its intensity: a low-intensity, high-frequency source could supply 

a few high energy photons, whereas a high-intensity, low-frequency source would supply no 

photons of sufficient individual energy to dislodge any electrons. This was an enormous 

theoretical leap, but the concept was strongly resisted at first because it contradicted the wave 

theory of light that followed naturally from James Clerk Maxwell's equations for electromagnetic 

behavior, and more generally, the assumption of infinite divisibility of energy in physical 

systems. Even after experiments showed that Einstein's equations for the photoelectric effect 

were accurate, resistance to the idea of photons continued, since it appeared to contradict 

Maxwell's equations, which were well-understood and verified. 

Einstein's work predicted that the energy of individual ejected electrons increases linearly with 

the frequency of the light. Perhaps surprisingly, the precise relationship had not at that time been 
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tested. By 1905 it was known that the energy of photoelectrons increases with increasing 

frequency of incident light and is independent of the intensity of the light. However, the manner 

of the increase was not experimentally determined until 1915 when Robert Andrews Millikan 

showed that Einstein's prediction was correct. 

The maximum kinetic energy Tmax of an ejected electron is given by: 

𝑇𝑇𝑚𝑚𝑚𝑚𝑚𝑚 = ℎ𝑓𝑓 −𝑊𝑊 

 

h is the Planck constant, f  is the frequency of the incident photon, and W= hf0 is the work 

function which is the minimum energy required to remove a delocalized electron from the 

surface of any given metal. The work function, in turn, can be written as 

𝑊𝑊 = ℎ 𝑓𝑓0 

where f0  is called the threshold frequency for the metal. The maximum kinetic energy of an 

ejected electron is thus: 

𝑇𝑇𝑚𝑚𝑚𝑚𝑚𝑚 = ℎ ( 𝑓𝑓 − 𝑓𝑓0) 

Because the kinetic energy of the electron must be positive, it follows that the frequency f of the 

incident photon must be greater than f0 in order for the photoelectric effect to occur.  

The photoelectric effect provides a direct confirmation for the energy quantization of light. The 

photoelectric effect experiments provided that: 

a) No electrons can be emitted when the frequency of the incident radiation is smaller than 

the threshold frequency. 

b) The ejected electrons energy has no relation with the intensity of incident light. 

c) The number of ejected electrons depends on the intensity of the incident light that have 

frequency greater than threshold frequency. 
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d) The kinetic energy of the electrons depends on the frequency of the incident light but not 

on the intensity.  

The de Broglie Hypothesis (Wave–particle duality) 

Since light seems to have both wave and particle properties, it is natural to ask whether other 

particles such as electron, proton,…etc might also have both wave and particle characteristics. In 

1924, a French physics student, Louis de Broglie, suggested this idea in his doctorial dissertation.  

The de Broglie equations relate the wavelength λ and frequency f to the momentum P and energy 

E , respectively, as: 

𝜆𝜆 =
ℎ
𝑃𝑃

    𝑚𝑚𝑎𝑎𝑎𝑎    𝑓𝑓 =
𝐸𝐸
ℎ

 

 The two equations are also written as 

      and     

where ħ  is the reduced Planck's constant (also known as Dirac's constant, pronounced "h-bar"), 

 is the angular wave number, and    is the angular frequency. 

Black Body radiation   

The black body is an idealized object that absorbs all electromagnetic radiation falling on it. 

Black bodies absorb and re-emit radiation in a characteristic, continuous spectrum. Because no 

light (visible electromagnetic radiation) is reflected or transmitted, the object appears black when 

it is cold. However, a black body emits a temperature-dependent spectrum of light. This thermal 

radiation from a black body is termed blackbody radiation. In the blackbody spectrum, the 

shorter the wavelength, the higher the frequency, and the higher frequency is related to the 

higher temperature. Thus, the color of a hotter object is closer to the blue end of the spectrum 

and the color of a cooler object is closer to the red. 
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At room temperature, black bodies emit mostly infrared wavelengths, but as the temperature 

increases past a few hundred degrees Celsius, black bodies start to emit visible wavelengths, 

appearing red, orange, yellow, white, and blue with increasing temperature. By the time an 

object is white, it is emitting substantial ultraviolet radiation. 

Black bodies could test the properties of thermal equilibrium because they emit radiation which 

is distributed thermally. Studying the laws of the black body historically led to quantum 

mechanics. 

Plank assume that the energies of the oscillators were discrete and had to be proportional to an 

integral multiple of the frequently in an equation of the form E = nhv , where E is the energy of 

the oscillator, n is an integer number, ν is the frequency. According to this Plank provided his 

equation:  

 
Or in the form 

𝐼𝐼(𝜆𝜆,𝑇𝑇)𝑎𝑎𝜆𝜆 =
8𝜋𝜋ℎ𝑐𝑐
𝜆𝜆5  

1

𝑒𝑒
ℎ𝑐𝑐
𝜆𝜆𝜆𝜆𝑇𝑇 − 1

 𝑎𝑎𝜆𝜆 

 

I(ν,T) dν is the amount of energy per unit surface area per unit time per unit solid angle emitted 

in the frequency range between ν and ν + dν by a black body at temperature T; 

c  is the speed of light in a vacuum; 

k  is the Boltzmann constant; 

ν  and λ are the frequency and the wavelength of electromagnetic radiation 

T  is the temperature in Kelvin. 
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Wien's displacement law 

Wien's displacement law shows how the spectrum of black body radiation at any temperature is 

related to the spectrum at any other temperature. If we know the shape of the spectrum at one 

temperature, we can calculate the shape at any other temperature. 

A consequence of Wien's displacement law is that the wavelength at which the intensity of the 

radiation produced by a black body is at a maximum, λmax, it is a function only of the 

temperature 

 

where the constant, b, known as Wien's displacement constant, is equal to 2.8977685(51)×10−3 m 

K. 

Note that the peak intensity can be expressed in terms of intensity per unit wavelength or in 

terms of intensity per unit frequency. The expression for the peak wavelength given above refers 

to the intensity per unit wavelength; meanwhile the Planck's Law section above was in terms of 

intensity per unit frequency. The frequency at which the power per unit frequency is maximized 

is given by 
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Stefan–Boltzmann law 

This law states that the power emitted per unit area of the surface of a black body is directly 

proportional to the fourth power of its absolute temperature. That is 

𝐸𝐸 = 𝜎𝜎 𝑇𝑇4 

where  E is the total power radiated per unit area, T is the temperature ( kelvin) and σ = 

5.67×10−8 W m−2 K−4 is the Stefan–Boltzmann constant. 
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8) David Bohm”Quantum Theory”,1989, Dover Edition. 
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Lecture (3) 

Electron interference and diffraction 

The purpose of the lecture: Describe that the particles acts as similar way comparing with the 
light for the interference and diffraction. 

 Young’s double slit experiment - Quantum mechanical behavior 

Young’s double slit experiment represents the observation of an interference pattern consistent 

with a wave nature for objects that traverse the apparatus. This is emphasized in the figures1 and 

2.  The diffraction and interference effects appear at first sight to be due to the beam of electrons, 

interfering with each other. However, the interference pattern still results even if only one 

electron traverses the apparatus at a time. In this case, the pattern is built up gradually from the 

statistically correlated impacts on many electrons arriving independently at the detection system. 

This effects is evidenced in figure3. We see that the electron must in some sense pass through 

both slits at once and then interfere with itself as it travels towards the detector. Young’s double 

slit experiment has been performed many times in many different ways with electrons (and other 

particles). The inescapable conclusion is that each electron must be delocalized in both time and 

space over the apparatus. 

 
Figure (1): Young’s double slit experiment with water waves. 
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Figure (2): Young’s double slit experiment, performed with either light or an electron leads to an 

interference pattern. 
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Figure (3): Young’s double slit experiment, performed with electrons in such a way that only one 

electron is present in the apparatus at any one time. 

 

Considering the analogy between Young’s double slit experiment performed with water waves, 

electro-magnetic waves and with electrons, and considering the material of the foregoing section, 

we can now specify some properties for a new theory of mechanics, termed wave mechanics. 

1. There must be a wave function Ψ(r,t) describing some fundamental property of matter. 
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2. As with the intensity pattern on the screen for water waves and light waves, the “observable” 

associated with the wave function indicating the probability of detection of the particle will be 

the intensity (square of the amplitude) of the wave. Mathematically, this is: 

|Ψ(r, t)|2 = Ψ(r, t).Ψ∗(r, t) 

3. The wavelength in the wave function will be related to the de Broglie wavelength of the 

particle λ = h/p. 

4. We would like to be able to proceed to develop a deferential equation which would specify the 

time evolution of the wave function, consistent with the conservation of energy and momentum 

of physical systems. 

5. The quantization of energy should arise in a natural way from this formalism, just as it does 

for other bounded systems that support oscillations. 

6. Then we must develop the formalism to enable other observables than simple the probability 

of detection “position of the particle” to be determined. Examples would be the energy and 

momentum of the particle. 

7. Note the judicious use of the word observable. The actual wave function itself has never yet 

been observed. 

 

 

Reference:  

9) P. A. Cox “Introduction to Quantum Theory and Atomic Structure”, 2002, Oxford 

university press. 

10)  David McMahon”Quantum Mechanics demystified”, 2006, McGRAW-HILL 

11) David J. Griffiths “Introduction to Quantum Mechanics”, 2006, Prentice Hall 

12) David Bohm”Quantum Theory”,1989, Dover Edition. 
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Lecture (4) 

State functions, Operators 

Purpose of the lecture: the meaning of state function, the important of using the operators 

- Although wave mechanics is capable of describing quantum behavior of bound and 

unbound particles, some properties cannot be represented this way, e.g. electron spin 

degree of freedom. 

- It is therefore convenient to reformulate quantum mechanics in framework that involves 

only operators, e.g. Ĥ 

- Advantage of operator algebra is that it does not rely upon particular basis, e.g. for  

𝐻𝐻� =
𝑃𝑃⏞

2

2𝑚𝑚
 

We can represent 𝑃𝑃⏞ in spatial coordinate basis, 𝑃𝑃⏞ =−i ħ ∂x, or in the momentum basis, 𝑃𝑃⏞ = P. 

- Equally, it would be useful to work with a basis for the wave function, ψ, which is 

coordinate-independent. 

   

Experiments have guided our intuition in developing a new theory for quantum objects. 
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The simplest wave function is the wave function of a free-particle (absence of forces acting 

on the particle). The particle can be considered to be moving in the +x-direction. A logical 

way to postulate wave function for a free particle is then: 

𝛹𝛹(𝑚𝑚, 𝑡𝑡) = 𝐴𝐴 𝑒𝑒−
𝑖𝑖
ħ(𝐸𝐸𝑡𝑡−𝑃𝑃𝑚𝑚) 

The momentum operator 

 
• The Hamiltonian (Hamilton/energy operator)  

 
• Time independent Schr ِ◌dinger equation 

 
 

 

Reference:  

13) P. A. Cox “Introduction to Quantum Theory and Atomic Structure”, 2002, Oxford 

university press. 

14)  David McMahon”Quantum Mechanics demystified”, 2006, McGRAW-HILL 

15) David J. Griffiths “Introduction to Quantum Mechanics”, 2006, Prentice Hall 

16) David Bohm”Quantum Theory”,1989, Dover Edition. 
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Lecture (5) 

Commutation relations, Uncertainty principle 

Quantum concept: Uncertainty 

• Another error of the Bohr model was that it assumed we could know both the position and 

momentum of an electron exactly. 

• Werner Heisenberg’s development of quantum mechanics leads to the understanding that there 

is a fundamental limit to how well one can know both the position and momentum of a particle at 

the same time. 

 
Basic notions of operator algebra. 

Many operators are constructed from ˆ x and ˆ p; for example the Hamiltonian for a single 

particle: 

 
ˆ 

This example shows that we can add operators to get a new operator. So one may ask what other 

algebraic operations one can carry out with operators? 

The product of two operators is defined by operating with them on a function. 

Let the operators be A and B, and let us operate on a function f (x) (one-dimensional for 

simplicity of notation). Then the expression AB f(x) is a new function. We can therefore say, by 

the definition of operators, which is equal to C. The meaning of AB f(x) should be that B is first 

operating on f(x), giving a new function, and then A is operating on that new function. 

Because combinations of operators of the form 

 
it frequently arise in QM calculations, it is customary to use a short-hand notation: 
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and this is called the commutator of A and B. 

If [A,B]= 0, then one says that A and B do not commute, 

if [A,B] = 0, then A and B are said to commute with each other. 

 

[More examples will be held in classroom] 

 

Reference:  

17) P. A. Cox “Introduction to Quantum Theory and Atomic Structure”, 2002, Oxford 

university press. 

18)  David McMahon”Quantum Mechanics demystified”, 2006, McGRAW-HILL 

19) David J. Griffiths “Introduction to Quantum Mechanics”, 2006, Prentice Hall 

20) David Bohm”Quantum Theory”,1989, Dover Edition. 
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Lecture (6) 

Eigen values and Eigen function 

Eigen functions and eigen values of operators: 

The eigen value problem from linear algebra plays a central role in quantum mechanics. There is 

a correspondence that works in the following way. To each physical observable, such as energy 

or momentum, there exists an operator, which can be represented by a matrix; the eigen values of 

the matrix are the possible results of measurement for that operator. As an example, we might 

know the Hamiltonian for a given physical system. We can form a matrix representing this 

Hamiltonian; the eigen values of that matrix will be the possible energies the system can have. 

This amazing mathematical system has passed every experimental test for more than 100 years. 

Finding the eigenvectors is also important, for they give us a basis for the space and therefore 

give us a way to represent any state.  

We have repeatedly said that an operator is defined to be a mathematical symbol that applied to a 

function gives a new function. 

Thus if we have a function f(x) and an operator A, then A f(x) is a some new function, say φ(x). 

Exceptionally the function f(x) may be such that φ(x) is proportional to f(x); then we have 

A f(x)=a f(x) 

where a is some constant of proportionality. In this case f(x) is called an eigen function of A and 

a the corresponding eigen value. 

Example: Consider the function 

 𝑓𝑓(𝑚𝑚, 𝑡𝑡) = 𝑒𝑒𝑖𝑖(𝑘𝑘𝑚𝑚−𝑤𝑤𝑡𝑡 )  

This represents a wave travelling in x direction. Operate on f(x) with the momentum operator: 

𝑃𝑃𝑓𝑓 = −𝑖𝑖ħ
𝜕𝜕
𝜕𝜕𝑚𝑚

𝑓𝑓 = −𝑖𝑖ħ. 𝑖𝑖𝑘𝑘. 𝑒𝑒𝑖𝑖(𝑘𝑘𝑚𝑚−𝑤𝑤𝑡𝑡 ) = ħ𝑘𝑘 𝑓𝑓 

and since by the de Broglie relation ħk is the momentum p of the particle. 

The quantity ψ is an eigen function of an operator A with eigen value a when 

Aψ = aψ 

This equation is called an eigen value equation. In the following it is assumed that the operator A 
is Hermitian. 

[More examples at the classroom] 
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A Wave function Bound to an Attractive Potential  

We will consider some examples of scattering and bound states. Scattering involves a beam of 

particles usually incident upon a changing potential from negative x.  

These types of problems usually involve piecewise constant potentials that may represent 

barriers or wells of different heights. 

If a system is bound to an attractive potential, the wave function is localized in space and must 

vanish as x → ±∞. Restricting a wave function in this way limits the energy to a discrete 

spectrum. In this situation the total energy is less than zero. 

If the energy is greater than zero, this represents a scattering problem. In a scattering problem we 

follow these steps: 

1. Divide up the problem into different regions, with each region representing a different 

potential. Here is a plot showing a piecewise constant potential. 

Each time the potential changes, we define a new region. In the plot that follows (Figure) there 

are four regions. 

 

 
2. Solve the Schrödinger equation in each region. If the particles are in an unbound region (E > 

V), the wave function will be in the form of free particle states: 

𝜓𝜓 = 𝐴𝐴 𝑒𝑒𝑖𝑖𝑘𝑘1𝑚𝑚 + 𝐵𝐵 𝑒𝑒−𝑖𝑖𝑘𝑘1𝑚𝑚  

Remember that the term Aeikx represents particles moving from the left to the right (from 

negative x to positive x), while Be−ikx represents particles moving from right to left. In a region 

where the particles encounter a barrier (E < V) the wave function will be in the form: 

𝜓𝜓 = 𝐶𝐶 𝑒𝑒𝑘𝑘2𝑚𝑚 + 𝐷𝐷 𝑒𝑒−𝑘𝑘2𝑚𝑚  

3. The first goal in a scattering problem is to determine the constants A, B, C and D. This is done 

using two facts: 

(a) The wave function is continuous at a boundary. If we label the boundary point by (a) then: 
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𝜓𝜓𝑙𝑙𝑒𝑒𝑓𝑓𝑡𝑡 (𝑚𝑚) = 𝜓𝜓𝑟𝑟𝑖𝑖𝑟𝑟ℎ𝑡𝑡(𝑚𝑚) 

 (b) The first derivative of the wave function is continuous at a boundary. Therefore we can use: 

𝑎𝑎𝜓𝜓𝑙𝑙𝑒𝑒𝑓𝑓𝑡𝑡 (𝑚𝑚)
𝑎𝑎𝑚𝑚

=
𝑎𝑎𝜓𝜓𝑟𝑟𝑖𝑖𝑟𝑟ℎ𝑡𝑡(𝑚𝑚)

𝑎𝑎𝑚𝑚
 

4. An important goal in scattering problems is to solve for the reflection and transmission 

coefficient. This final piece of the problem tells you whether particles make it past a barrier or 

not. 

------------------------------------------------------------------------------------------------------------ 

Definition: Transmission and Reflection Coefficient 

A scattering problem at a potential barrier will have an incident particle beam, reflected particle 

beam, and transmitted particle beam. The transmission coefficient T and reflection coefficient R 

are defined by: 

𝑇𝑇 = �
𝐽𝐽𝑡𝑡𝑟𝑟𝑚𝑚𝑎𝑎𝑡𝑡
𝐽𝐽𝑖𝑖𝑎𝑎𝑐𝑐𝑖𝑖𝑎𝑎

�  𝑚𝑚𝑎𝑎𝑎𝑎  𝑅𝑅 = �
𝐽𝐽𝑟𝑟𝑒𝑒𝑓𝑓𝑙𝑙𝑐𝑐
𝐽𝐽𝑖𝑖𝑎𝑎𝑐𝑐𝑖𝑖𝑎𝑎

� 

where the current density J is given by: 

𝐽𝐽 =
ħ

2𝑚𝑚𝑖𝑖
(𝜓𝜓∗ 𝑎𝑎𝜓𝜓

𝑎𝑎𝑚𝑚
− 𝜓𝜓

𝑎𝑎𝜓𝜓∗

𝑎𝑎𝑚𝑚
) 

------------------------------------------------------------------------------------------------------------ 

5. When particles with E<V encounter a potential barrier represented by V, there will be 

penetration of the particles into the classically forbidden region. This is represented by a wave 

function that decays exponentially in that region. If particles are moving from left to right, the 

wave function is of the form: 

𝜓𝜓 = 𝐴𝐴 𝑒𝑒−𝑘𝑘𝑚𝑚  

While particles penetrate into the region, there is 100% reflection.  

So we expect R = 1, T = 0. 

6. The reflection and transmission coefficients give us the fraction of particles that are reflected 

or transmitted, so R + T = 1. 

7. When the energy of the particles is greater than the potential on both sides of a barrier (E > V), 

the wave function will be: 

𝜓𝜓𝐿𝐿 = 𝐴𝐴 𝑒𝑒𝑖𝑖𝑘𝑘1𝑚𝑚 + 𝐵𝐵 𝑒𝑒−𝑖𝑖𝑘𝑘1𝑚𝑚  

on the left of the barrier while on the other side of the discontinuity, it will be: 

𝜓𝜓𝑅𝑅 = 𝐶𝐶 𝑒𝑒𝑖𝑖𝑘𝑘2𝑚𝑚 + 𝐷𝐷 𝑒𝑒−𝑖𝑖𝑘𝑘2𝑚𝑚  
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The particular constraints of the problem may force us to set one or more of A, B, C, D to zero. 

The constants k1 and k2 are found by solving the Schrödinger equation in each region: 

𝑎𝑎2𝜓𝜓
𝑎𝑎𝑚𝑚2 +

2𝑚𝑚
ħ2 (𝐸𝐸 − 𝑉𝑉𝑖𝑖)𝜓𝜓 = 0 

where E is the energy of the incident particles and Vi is the potential in region i (and we are 

assuming that E>Vi). The constants k1 and k2 are set to: 

𝑘𝑘𝑖𝑖2 =
2𝑚𝑚
ħ2 (𝐸𝐸 − 𝑉𝑉𝑖𝑖) 

As E increases, we find that k2 → k1 and R → 0, T → 1. On the other hand, if E is smaller and 

approaches V2 then R → 1 and T → 0. 
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