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Instructor: Dr Sahar Abdulhadi.

Typical Question and It's Solutions

Q1- Solve the 2™ order equation: x2y —xy —3y =x%Inx.

Sol [x%y —xy —3y= x*lnx]/x

d’y dv dv d’v _dv d*v
=t —tx—— = ,
dx? dx dx dx? dx dx?

. dzy_z dv+ , d*v
”xdxz_ xdx x dx?’

Now substitute in eq. *

d?v dv dv

2 _
X¢—+2x——x——v—3v=xlnx
dx? dx dx ’
2d2v dv
X s+t x——4v=xlnx - ——————— *k
dx dx
dt 1 d%t 1
Now let t =Ilnx sx=¢el, —== & —=——
! " dx x ’ dx? x2
dv dv dt dv 1 d%v 1 dv  1d ,dv
Now —=— . —=—.-, —=—— —+4+—-——(—
dx dt dx dt "x’ dx? x2 dt +xdx (dt

1 dv 1ddvdt 1d*v 1dv

x2 dt = xdtdtdx x2dt2 x2dt

Now substitute in eq.**
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d2
4 = tel, = (ﬁ—él)v = tet

d?v dv dv
- = — —4p = t =
dt2  dt T dt v=te,

d%v
dt?

(D? — 4)v = tet,

Now solve for v, ,(D?> —4)v, =0, (D —2)(D+2)v, =0
" =28&r1r=-2, v, =Ae’* + Be %

Now solve for v, , letv, = (g + ajt)et,

v, = (ap + art)e’ + aye’

v, = (ag + ayt)e’ + aje’ + aje’, now substitut for v,
(g + ast)et + 2aet — 4(ay + at)et = tet

2aet — 3aget — 3aq(t)et = tet

1 2
26(1—3“0:0, —36(1:1, a1=—§,a0=—§

2 1
Y —Ax?+Bx 2 —-Zx—=xlnx
X 9 3

2 1
y = Ax3 + Bx~! —axz —gxz In x
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Q2:Solve the 2nd order dif ferential equation:

y' =2y +y=x3%*.

Sol": solve fory,,

(D>-2D+1)y. =0, ~(D-1DD-1)=0,"1r=r=1

y. = (Ax + B)e”

Now solve for y,

let y, = (g + a;x + ayx* + azx®)e* ,But ape*&a;xe* exist iny,
so ¥, = (apx? + ayx3 + apx* + azx>)e”

V' = (apx? + ay x> + apx* + azx®)e* + 2aoxt + 3a1x* +
4a,x3 + Sazxt)e*

vy = (aox? + a1x3 + apx* + azx)e” + Qagx + 3ayx? + 4ayx® +
Sa3xdex+2a0x+3alx2+4ax3+5a3xdex+(2a0+6alx+12a2x2+
20a3x3)e*

o (2ag + 6a1x + 12a,x% + 20a3x3)e* = x3e*

1 1 5
206{3:1—)613:%, o yp:%xex

CY =Yt Yy y=(Ax+B+%x3)ex
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Q3:Solve the 2" order differential equation:x?y” +xy = 1.

n " 1 1 " 1 1 / " d
Sol™ x%y + xy =1]5, ~y +-y =5 lety =p&y :%

1 . . [ pdx fldx In x
E+—p=x—2,lmeardlffe.eq.lzep =elx =e" =x

x.pzfQ.Idxzfxizxdlenx+c

X X
dy dy ln_x ¢ In x
— ) = + s fdy=[—dx+ [-dx
2
= {nx) +clnx+ ¢

Q4:Solve the 2" order differential equation: y" — Zy' + 2y =e* cosx

— 2 _
NEY

sy, =e*(Acosx + Bsinx)
Now solve for y,, let y, = e*(D cosx + E sinx), but it is exist
so y, = e*(Dxcosx + Exsinx)

y', =e*(Dxcosx + Exsinx) + (Dsinx + D xcosx + E cosx —
E xsinx)e”*
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y', =e*(Dxcosx + Exsinx) + (Dsinx + D xcosx + E cosx —

£ asinyex+Dsinxy+D xcosx+L£cosxy—£ ysinvex+(LDcosx+Lcosx—L
xsinx — Esinx — Esinx — E xcosx)e*

now subsititute for y, &y', &y", inmain eq.to get:
(2D cosx — 2E sinx)e* = e*cosx ,»2D=1-1D =% J&E =0

. _1 . X . _ : 1 1 X
- Yp =5 xsinx e* ..y—(Acosx+Bsmx+5xsmx)e

Q5:Find the Fourier series and the sine and cosine half range expansion
of each one of the following function:-
0 —-2<x<-1
_J1 -1<x<0
=121 o0<x<i1
0 1<x<?2

Sol":period:2p =4 ->p =2

1 1 -1 0 1 2
0 =£ff(x)dx =2 [J_, 0dx + J_ dx + [ —dx + [ 0dx

ap =[x% —x[g] =5[0—-(-1)—1] =0

B

1
4

nmnx

anziff(x)cosﬂdx— [f_, "0 cos X dx+f cos—dx+

nmnx

fol—cosm dx +f 0 cos— dx

1. . .
an =— smm 12, —snﬂh)] [O—sm—%—sm%+0]
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n
fornz{Odd 51n—7——1&51n7—1} s0 a, =0
even sin—nm = 0&sinnt =0

nmx

n =lff(x)sinﬂ dx— [, " 0 sin 22X

f 1 nmwx nmwx

o —sin—- dx+f 0sin—= dx

dx+f sm— dx +

. 1 nmx 40 1 nmwx 11
bn aal— [COS T]_l + T [COS T]

1 1
b, =E[—c050+cos—%+cos%—c050] =E[—2+2cos%]

-z forn odd

nm

b, = i[—1 + cosﬂ] = 0 n even, 2,4,8, ...
nm 2 4
—— n even,6,10,14, ...

nm

nmnx

v f(x) =ag+20=7(a, cosT+ b, sm—)

s fx) =— [sm—+0+sm—+0+sm—+251n3nx+

Q6: Find the Fourier series and the sine and cosine half range expansion
of each one of the following function:-

flx) = {cosx —%<x <%}

period: 2p=m > p=m/2

QA
N|=|

= %[sinz— sin — =]

[sinx]”, = > ”

ag =%ff(x)dx =%f_52cosxdx =
2

-6-
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1, . m . T 2
[sm; + sin—] ==

. Vs . A
and > sin——-== —sin=, . ay = -
2 T 2

2

nmx

dx

Vs
1 2 5
a, =;ff(x) cos% dx = ;f_zzcosx oS

T
2 2

2 (/2
a, = ;f—n/z cos x cos 2nx dx

N -

" cosx cos 2nx = =[cos(1 — 2n) x + cos(1 + 2n)x]

2 (/2 1 (m/2
;ffn/z COs x cos 2nx dx = ;ffn/z[cos(l — 2n)x cos(1 + 2n)x] dx

T . nm . nm
1 sin(1-2n)x . sin (1+2n)x]§ 1 ~2sin—-  2sin—-

n[ 1-2n 142n —% n[ 1-2n 1+2n]

 sin(A — B) = sinA cos B — cosAsin B
and sin(A + B) = sinA cosB + cos Asin B

. T . T mwT .
sm(g —nm) = sin- cos nir — cos— sinnm = cosnm

. T . IT mw .
and sm(E +nm) = sin- cosnm + cos - sinnm = cos nw

. T . T T . . IT

sin(— ot nm) = sin(— 5) cos nm + cos(— 5) sinnm = —sin cosnm
. T

= —cosnm ,&sm(—; — NT) = — COSNT
@ = 1 [cos nm . cos nn] 1 [— COS NT | —COS nn] .

" pli-2n 0 1420l wl 1-2n 1+2n 1

__ 2cos nm 1 1 __2cos nm 1+2n+1-2n
a, = _ - [ A2 ]
T 1-2n 1+2n s 1-4n

-7-
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—* n odd
@ = 4 cos nm COSTITT = {—1 n Odd} @ = m(1-4n2)
n - An2Y’ - r¥n T 4
m(1—4n?) 1 n even — 1 even
m(1—4n?)
QG A= a4, =— g, =
no 1_311'2_1571'3_3571' """

s
1 . 2 5 .
b, =;ff(x) sm% dx == [z cosx sin e dx =
2 5 2
= [ %« cos x sin 2nx dx
2
s
1 . 2 5 .
b, =;ff(x) sm% dx == [? cosx sin T dx
2

Vs
2 = .
b, = ;f_zz cos x sin 2nx dx ,
2

N |-

and * sinmx cosnx = =[sin(m —n)x + sin(m + n)x]

* sinmx cosnx =

N |-

[sin(2n — 1)x + sin(2n + 1)x]
~ b, = %f_@ [sin(2n — 1)x + sin(2n + 1)x]dx
2

1 cos(2n—1)x , cos 2n+1)x %
b, =—=| 1°=
s 2n—1 2n+1 -

cos(A — B) = cosAcosB +sinAsinB
T T . . IT
s cos(nm — 5) = COsNIT cos- + sinnmsinz = 0

-8-
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cos(A+ B) = cosAcosB —sinAsinB

. cos(nm + %) = cosnm cos% — sinnm sin% =0
and so cos(—nm + %) = 0,&cos(—nm — %) =0
b, =0

nmx. nix

v f(x) =ag+ Xn=7(a, cos px + b, sin T)

[cos 2x cos 4x cos 6x cos 8x
3 15 35 63

SO =

Q7:Evaluate the following integrals:-

1-1 = foooe_%dx
Sol™letx =t,» x = t3,and dx = 3t%dt,
2= ["et3t2de=3["t?etdt =3 [ tG Ve tds
[ =3I'3=3%Xx2X1=6

2-1 = fooo(x +1)2e* dx
1
Sol™letx3=t,»>x=1t3, dx = %t‘2/3dt

o/ 1 2
[ = fo (t§ + 1)
=3[0 (3 + 2613 + et =%3d

_ 1o ¢ 2%, _1/3 -t 1o _2/3 —¢
I=2fyetde+3[ 7P et de+5 [ t7 e dt

;1,2
e .gt 3dt
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_l Z 00 (2—1) —t l 00 (1_1) —t

I=-+3), t5 Jetde+c [t Vetdt
1 2 2 1 1

I—§+§F(§)+§F(§)
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