
Chemical Engineering Department. 
Unit Operation Branch. 
Instructor: Dr Sahar Abdulhadi. 

Typical Question and It′s Solutions   
Q1- Solve the 2nd order equation:  𝑥𝑥2𝑦𝑦″ − 𝑥𝑥𝑦𝑦′ − 3𝑦𝑦 = 𝑥𝑥2 ln 𝑥𝑥 . 

Solⁿ:    [𝑥𝑥2𝑦𝑦″ − 𝑥𝑥𝑦𝑦′ − 3𝑦𝑦 =   𝑥𝑥2 ln 𝑥𝑥 ] 𝑥𝑥⁄  

𝑥𝑥𝑦𝑦″ − 𝑦𝑦′ − 3
𝑦𝑦
𝑥𝑥

= 𝑥𝑥 ln 𝑥𝑥  −−−− −−−− −−−∗ 

𝑙𝑙𝑙𝑙𝑙𝑙  𝑣𝑣 =
𝑦𝑦
𝑥𝑥

  ⇒ 𝑦𝑦 = 𝑣𝑣. 𝑥𝑥 ,   ⇒   
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝑣𝑣 + 𝑥𝑥
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

  ,            

𝑑𝑑2𝑦𝑦
𝑑𝑑𝑥𝑥2 =

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

+
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

+ 𝑥𝑥
𝑑𝑑2𝑣𝑣
𝑑𝑑𝑥𝑥2 = 2

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

+ 𝑥𝑥
𝑑𝑑2𝑣𝑣
𝑑𝑑𝑥𝑥2  ,       

∴ 𝑥𝑥
𝑑𝑑2𝑦𝑦
𝑑𝑑𝑥𝑥2 = 2𝑥𝑥

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

+ 𝑥𝑥2 𝑑𝑑
2𝑣𝑣
𝑑𝑑𝑥𝑥2  ,                                          

Now substitute  in eq. * 

𝑥𝑥2 𝑑𝑑
2𝑣𝑣
𝑑𝑑𝑥𝑥2 + 2𝑥𝑥

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

− 𝑥𝑥
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

− 𝑣𝑣 − 3𝑣𝑣 = 𝑥𝑥 ln 𝑥𝑥  ,          

𝑥𝑥2 𝑑𝑑
2𝑣𝑣
𝑑𝑑𝑥𝑥2 + 𝑥𝑥

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

− 4𝑣𝑣 = 𝑥𝑥 ln 𝑥𝑥  −− −−−− −− ∗∗ 

Now let   𝑡𝑡 = ln 𝑥𝑥  ,      ∴ 𝑥𝑥 = 𝑒𝑒𝑡𝑡  , 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 1
𝑥𝑥

  , & 𝑑𝑑
2𝑡𝑡

𝑑𝑑𝑥𝑥2 = − 1
𝑥𝑥2  

𝑁𝑁𝑁𝑁𝑁𝑁 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

 . 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

. 1
𝑥𝑥

 ,   𝑑𝑑
2𝑣𝑣

𝑑𝑑𝑥𝑥2 = − 1
𝑥𝑥2  𝑑𝑑𝑑𝑑

𝑑𝑑𝑑𝑑
+ 1

𝑥𝑥
𝑑𝑑
𝑑𝑑𝑑𝑑

(𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

)  

= − 1
𝑥𝑥2  𝑑𝑑𝑑𝑑

𝑑𝑑𝑑𝑑
+ 1

𝑥𝑥
𝑑𝑑
𝑑𝑑𝑑𝑑

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 1
𝑥𝑥2

𝑑𝑑2𝑣𝑣
𝑑𝑑𝑡𝑡2 −

1
𝑥𝑥2

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

  

𝑁𝑁𝑁𝑁𝑁𝑁 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 𝑖𝑖𝑖𝑖 𝑒𝑒𝑒𝑒.∗∗  
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𝑑𝑑2𝑣𝑣
𝑑𝑑𝑡𝑡2 −

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

+ 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
− 4𝑣𝑣 = 𝑡𝑡𝑒𝑒𝑡𝑡   ,⇒ 𝑑𝑑2𝑣𝑣

𝑑𝑑𝑡𝑡2 − 4𝑣𝑣 = 𝑡𝑡𝑒𝑒𝑡𝑡 ,⇒ � 𝑑𝑑
2

𝑑𝑑𝑡𝑡2 − 4� 𝑣𝑣 = 𝑡𝑡𝑒𝑒𝑡𝑡   

(𝐷𝐷2 − 4)𝑣𝑣 = 𝑡𝑡𝑒𝑒𝑡𝑡  ,   

𝑁𝑁𝑁𝑁𝑁𝑁 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 𝑓𝑓𝑓𝑓𝑓𝑓 𝑣𝑣𝑐𝑐  , (𝐷𝐷2 − 4)𝑣𝑣𝑐𝑐 = 0 , (𝐷𝐷 − 2)(𝐷𝐷 + 2)𝑣𝑣𝑐𝑐 = 0  

∴  𝑟𝑟1 = 2  &  𝑟𝑟2 = −2 , ⇒ 𝑣𝑣𝑐𝑐 = 𝐴𝐴𝑒𝑒2𝑡𝑡 + 𝐵𝐵𝑒𝑒−2𝑡𝑡   

𝑁𝑁𝑁𝑁𝑁𝑁 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 𝑓𝑓𝑓𝑓𝑓𝑓 𝑣𝑣𝑝𝑝  ,   𝑙𝑙𝑙𝑙𝑙𝑙 𝑣𝑣𝑝𝑝 = (𝛼𝛼0 + 𝛼𝛼1𝑡𝑡)𝑒𝑒𝑡𝑡  ,  

 𝑣𝑣′𝑝𝑝 = (𝛼𝛼0 + 𝛼𝛼1𝑡𝑡)𝑒𝑒𝑡𝑡 + 𝛼𝛼1𝑒𝑒𝑡𝑡   

𝑣𝑣″𝑝𝑝 = (𝛼𝛼0 + 𝛼𝛼1𝑡𝑡)𝑒𝑒𝑡𝑡 + 𝛼𝛼1𝑒𝑒𝑡𝑡 + 𝛼𝛼1𝑒𝑒𝑡𝑡 , 𝑛𝑛𝑛𝑛𝑛𝑛 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 𝑓𝑓𝑓𝑓𝑓𝑓 𝑣𝑣″𝑝𝑝   

(𝛼𝛼0 + 𝛼𝛼1𝑡𝑡)𝑒𝑒𝑡𝑡 + 2𝛼𝛼1𝑒𝑒𝑡𝑡 − 4(𝛼𝛼0 + 𝛼𝛼1𝑡𝑡)𝑒𝑒𝑡𝑡 = 𝑡𝑡𝑒𝑒𝑡𝑡   

2𝛼𝛼1𝑒𝑒𝑡𝑡 − 3𝛼𝛼0𝑒𝑒𝑡𝑡 − 3𝛼𝛼1(𝑡𝑡)𝑒𝑒𝑡𝑡 = 𝑡𝑡𝑒𝑒𝑡𝑡   

2𝛼𝛼1 − 3𝛼𝛼0 = 0 , −3𝛼𝛼1 = 1 ,   𝛼𝛼1 = − 1
3

 ,𝛼𝛼0 = − 2
9
  

∴  𝑣𝑣𝑝𝑝 = �− 2
9
− 1

3
𝑡𝑡� 𝑒𝑒𝑡𝑡  ,   

∴ 𝑣𝑣 = 𝐴𝐴𝑒𝑒2𝑡𝑡 + 𝐵𝐵𝑒𝑒−2𝑡𝑡 − 2
9
𝑒𝑒𝑡𝑡 − 1

3
𝑡𝑡𝑒𝑒𝑡𝑡   

𝑦𝑦
𝑥𝑥

= 𝐴𝐴𝑥𝑥2 + 𝐵𝐵𝑥𝑥−2 − 2
9
𝑥𝑥 − 1

3
𝑥𝑥 ln 𝑥𝑥  

𝑦𝑦 = 𝐴𝐴𝑥𝑥3 + 𝐵𝐵𝑥𝑥−1 − 2
9
𝑥𝑥2 − 1

3
𝑥𝑥2 ln 𝑥𝑥  
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Typical Question and It′s Solutions   
Q2:𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆 𝑡𝑡ℎ𝑒𝑒 2𝑛𝑛𝑛𝑛 𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒: 

𝑦𝑦″ − 2𝑦𝑦′ + 𝑦𝑦 = 𝑥𝑥3𝑒𝑒𝑥𝑥  . 

𝑆𝑆𝑆𝑆𝑆𝑆ⁿ: 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 𝑓𝑓𝑓𝑓𝑓𝑓 𝑦𝑦𝑐𝑐  ,    

(𝐷𝐷2 − 2𝐷𝐷 + 1)𝑦𝑦𝑐𝑐 = 0 ,   ∴ (𝐷𝐷 − 1)(𝐷𝐷 − 1) = 0 ,∴  𝑟𝑟1 = 𝑟𝑟2 = 1  

𝑦𝑦𝑐𝑐 = (𝐴𝐴𝐴𝐴 + 𝐵𝐵)𝑒𝑒𝑥𝑥   

𝑁𝑁𝑁𝑁𝑁𝑁 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 𝑓𝑓𝑓𝑓𝑓𝑓 𝑦𝑦𝑝𝑝   

𝑙𝑙𝑙𝑙𝑙𝑙 𝑦𝑦𝑝𝑝 = (𝛼𝛼0 + 𝛼𝛼1𝑥𝑥 + 𝛼𝛼2𝑥𝑥2 + 𝛼𝛼3𝑥𝑥3)𝑒𝑒𝑥𝑥  ,𝐵𝐵𝐵𝐵𝐵𝐵  𝛼𝛼0𝑒𝑒𝑥𝑥&𝛼𝛼1𝑥𝑥𝑒𝑒𝑥𝑥  𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒 𝑖𝑖𝑖𝑖 𝑦𝑦𝑐𝑐   

𝑠𝑠𝑠𝑠  𝑦𝑦𝑝𝑝 = (𝛼𝛼0𝑥𝑥2 + 𝛼𝛼1𝑥𝑥3 + 𝛼𝛼2𝑥𝑥4 + 𝛼𝛼3𝑥𝑥5)𝑒𝑒𝑥𝑥   

𝑦𝑦′𝑝𝑝 = (𝛼𝛼0𝑥𝑥2 + 𝛼𝛼1𝑥𝑥3 + 𝛼𝛼2𝑥𝑥4 + 𝛼𝛼3𝑥𝑥5)𝑒𝑒𝑥𝑥 + (2𝛼𝛼0𝑥𝑥1 + 3𝛼𝛼1𝑥𝑥2 +
4𝛼𝛼2𝑥𝑥3 + 5𝛼𝛼3𝑥𝑥4)𝑒𝑒𝑥𝑥   

𝑦𝑦″𝑝𝑝 = (𝛼𝛼0𝑥𝑥2 + 𝛼𝛼1𝑥𝑥3 + 𝛼𝛼2𝑥𝑥4 + 𝛼𝛼3𝑥𝑥5)𝑒𝑒𝑥𝑥 + (2𝛼𝛼0𝑥𝑥 + 3𝛼𝛼1𝑥𝑥2 + 4𝛼𝛼2𝑥𝑥3 +
5𝛼𝛼3𝑥𝑥4𝑒𝑒𝑥𝑥+2𝛼𝛼0𝑥𝑥+3𝛼𝛼1𝑥𝑥2+4𝛼𝛼2𝑥𝑥3+5𝛼𝛼3𝑥𝑥4𝑒𝑒𝑥𝑥+(2𝛼𝛼0+6𝛼𝛼1𝑥𝑥+12𝛼𝛼2𝑥𝑥2+
20𝛼𝛼3𝑥𝑥3)𝑒𝑒𝑥𝑥   

∴ (2𝛼𝛼0 + 6𝛼𝛼1𝑥𝑥 + 12𝛼𝛼2𝑥𝑥2 + 20𝛼𝛼3𝑥𝑥3)𝑒𝑒𝑥𝑥 = 𝑥𝑥3𝑒𝑒𝑥𝑥   

20𝛼𝛼3 = 1 → 𝛼𝛼3 = 1
20

 ,    ∴   𝑦𝑦𝑝𝑝 = 1
20

 𝑥𝑥5𝑒𝑒𝑥𝑥   

∴ 𝑦𝑦 = 𝑦𝑦𝑐𝑐 + 𝑦𝑦𝑝𝑝  ,    𝑦𝑦 = (𝐴𝐴𝐴𝐴 + 𝐵𝐵 + 1
20
𝑥𝑥3)𝑒𝑒𝑥𝑥   
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Typical Question and It′s Solutions   
Q3:Solve the 2nd order differential equation:𝑥𝑥2𝑦𝑦″ + 𝑥𝑥𝑦𝑦′ = 1 . 

𝑆𝑆𝑆𝑆𝑆𝑆ⁿ: 𝑥𝑥2𝑦𝑦″ + 𝑥𝑥𝑦𝑦′ = 1 ] 1
𝑥𝑥2   ,   ∴ 𝑦𝑦″ + 1

𝑥𝑥
𝑦𝑦′ = 1

𝑥𝑥2  , 𝑙𝑙𝑙𝑙𝑙𝑙  𝑦𝑦′ = 𝑝𝑝 & 𝑦𝑦″ = 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

   

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

+ 1
𝑥𝑥
𝑝𝑝 = 1

𝑥𝑥2  , 𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑. 𝑒𝑒𝑒𝑒.  𝐼𝐼 = 𝑒𝑒∫𝑝𝑝𝑝𝑝𝑝𝑝 = 𝑒𝑒∫
1
𝑥𝑥𝑑𝑑𝑑𝑑 = 𝑒𝑒 ln 𝑥𝑥 = 𝑥𝑥   

𝑥𝑥. 𝑝𝑝 = ∫𝑄𝑄 . 𝐼𝐼 𝑑𝑑𝑑𝑑 = ∫ 1
𝑥𝑥2  𝑥𝑥 𝑑𝑑𝑑𝑑 = ln 𝑥𝑥 + 𝑐𝑐  

∴ 𝑝𝑝 = ln 𝑥𝑥
𝑥𝑥

+ 𝑐𝑐
𝑥𝑥
  

∵  𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝑝𝑝 , ∴ 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= ln 𝑥𝑥
𝑥𝑥

+ 𝑐𝑐
𝑥𝑥

  , ∴ ∫𝑑𝑑𝑑𝑑 = ∫ ln 𝑥𝑥
𝑥𝑥
𝑑𝑑𝑑𝑑 + ∫ 𝑐𝑐

𝑥𝑥
𝑑𝑑𝑑𝑑  

𝑦𝑦 = (ln 𝑥𝑥)2

2
+ 𝑐𝑐 ln 𝑥𝑥 + 𝑐𝑐1   

Q4:Solve the 2nd order differential equation: 𝑦𝑦″ − 2𝑦𝑦′ + 2𝑦𝑦 = 𝑒𝑒𝑥𝑥 cos 𝑥𝑥  

𝑆𝑆𝑆𝑆𝑆𝑆ⁿ: (𝐷𝐷2 − 2𝐷𝐷 + 2)𝑦𝑦𝑐𝑐 = 0 , ∴ 𝐷𝐷 = −𝑏𝑏±√𝑏𝑏2−4𝑎𝑎𝑎𝑎
2𝑎𝑎

  

𝐷𝐷 = 2±√22−8
2

= 1 ± 𝑖𝑖  , ∴  𝛼𝛼 = 1  &  𝛽𝛽 = 1  

∴  𝑦𝑦𝑐𝑐 = 𝑒𝑒𝑥𝑥(𝐴𝐴 cos 𝑥𝑥 + 𝐵𝐵 sin 𝑥𝑥)  

𝑁𝑁𝑁𝑁𝑁𝑁 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 𝑓𝑓𝑓𝑓𝑓𝑓 𝑦𝑦𝑝𝑝  ,   𝑙𝑙𝑙𝑙𝑙𝑙  𝑦𝑦𝑝𝑝 = 𝑒𝑒𝑥𝑥(𝐷𝐷 cos 𝑥𝑥 + 𝐸𝐸 sin 𝑥𝑥), 𝑏𝑏𝑏𝑏𝑏𝑏 𝑖𝑖𝑖𝑖 𝑖𝑖𝑖𝑖 𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒   

𝑠𝑠𝑠𝑠  𝑦𝑦𝑝𝑝 = 𝑒𝑒𝑥𝑥(𝐷𝐷 x cos 𝑥𝑥 + 𝐸𝐸 x sin 𝑥𝑥)  

𝑦𝑦′𝑝𝑝 = 𝑒𝑒𝑥𝑥(𝐷𝐷 x cos 𝑥𝑥 + 𝐸𝐸 x sin 𝑥𝑥) + (𝐷𝐷 sin 𝑥𝑥 + 𝐷𝐷 𝑥𝑥 cos 𝑥𝑥 + 𝐸𝐸 cos 𝑥𝑥 −
𝐸𝐸 𝑥𝑥 sin 𝑥𝑥)𝑒𝑒𝑥𝑥   
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Typical Question and It′s Solutions   
𝑦𝑦″𝑝𝑝 = 𝑒𝑒𝑥𝑥(𝐷𝐷 x cos 𝑥𝑥 + 𝐸𝐸 x sin 𝑥𝑥) + (𝐷𝐷 sin 𝑥𝑥 + 𝐷𝐷 𝑥𝑥 cos 𝑥𝑥 + 𝐸𝐸 cos 𝑥𝑥 −
𝐸𝐸 𝑥𝑥sin𝑥𝑥𝑒𝑒𝑥𝑥+𝐷𝐷sin𝑥𝑥+𝐷𝐷 𝑥𝑥cos𝑥𝑥+𝐸𝐸cos𝑥𝑥−𝐸𝐸 𝑥𝑥sin𝑥𝑥𝑒𝑒𝑥𝑥+(𝐷𝐷cos𝑥𝑥+𝐷𝐷cos𝑥𝑥−𝐷𝐷 
𝑥𝑥 sin 𝑥𝑥 − 𝐸𝐸 sin 𝑥𝑥 − 𝐸𝐸 sin 𝑥𝑥 − 𝐸𝐸 𝑥𝑥 cos 𝑥𝑥)𝑒𝑒𝑥𝑥     

𝑛𝑛𝑛𝑛𝑛𝑛  𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 𝑓𝑓𝑓𝑓𝑓𝑓  𝑦𝑦𝑝𝑝  & 𝑦𝑦′𝑝𝑝  & 𝑦𝑦″𝑝𝑝   𝑖𝑖𝑖𝑖 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 𝑒𝑒𝑒𝑒. 𝑡𝑡𝑡𝑡 𝑔𝑔𝑔𝑔𝑔𝑔:  

(2𝐷𝐷 cos 𝑥𝑥 − 2𝐸𝐸 sin 𝑥𝑥)𝑒𝑒𝑥𝑥 = 𝑒𝑒𝑥𝑥 cos 𝑥𝑥   ,→ 2𝐷𝐷 = 1 → 𝐷𝐷 = 1
2

 , & 𝐸𝐸 = 0  

∴  𝑦𝑦𝑝𝑝 = 1
2

 𝑥𝑥 sin 𝑥𝑥  𝑒𝑒𝑥𝑥   ,    ∴ 𝑦𝑦 = (𝐴𝐴 cos 𝑥𝑥 + 𝐵𝐵 sin 𝑥𝑥 + 1
2
𝑥𝑥 sin 𝑥𝑥)𝑒𝑒𝑥𝑥   

Q5:Find the Fourier series and the sine and cosine half range expansion 
of each one of the following function:- 

𝑓𝑓(𝑥𝑥) = �
0 −2 < 𝑥𝑥 < −1
1 −1 < 𝑥𝑥 < 0
−1
0

0 < 𝑥𝑥 < 1
1 < 𝑥𝑥 < 2

�  

𝑆𝑆𝑆𝑆𝑆𝑆ⁿ: 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝: 2𝑝𝑝 = 4 → 𝑝𝑝 = 2  

𝑎𝑎0 = 1
2𝑝𝑝 ∫ 𝑓𝑓(𝑥𝑥)𝑑𝑑𝑑𝑑 = 1

4
[∫ 0𝑑𝑑𝑑𝑑−1
−2 + ∫ 𝑑𝑑𝑑𝑑0

−1 + ∫ −𝑑𝑑𝑑𝑑1
0 + ∫ 0𝑑𝑑𝑑𝑑2

1   

𝑎𝑎0 = 1
4

[𝑥𝑥|−1
0 − 𝑥𝑥|0

1] = 1
4

[0 − (−1) − 1] = 0  

𝑎𝑎𝑛𝑛 = 1
𝑝𝑝 ∫ 𝑓𝑓(𝑥𝑥) cos 𝑛𝑛𝑛𝑛𝑛𝑛

𝑝𝑝
 𝑑𝑑𝑑𝑑 = 1

2
[∫ 0−1
−2 cos 𝑛𝑛𝑛𝑛𝑛𝑛

2
 𝑑𝑑𝑑𝑑 + ∫ cos 𝑛𝑛𝑛𝑛𝑛𝑛

2
 𝑑𝑑𝑑𝑑0

−1 +

∫ −1
0 cos 𝑛𝑛𝑛𝑛𝑛𝑛

2
 𝑑𝑑𝑑𝑑 + ∫ 0 cos 𝑛𝑛𝑛𝑛𝑛𝑛

2
 𝑑𝑑𝑑𝑑2

1   

𝑎𝑎𝑛𝑛 = 1
𝑛𝑛𝑛𝑛
�sin 𝑛𝑛𝑛𝑛𝑛𝑛

2
 |−1

0 − sin 𝑛𝑛𝑛𝑛𝑛𝑛
2

|0
1� = [0 − sin−𝑛𝑛𝑛𝑛

2
− sin 𝑛𝑛𝑛𝑛

2
+ 0]  
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Chemical Engineering Department. 
Unit Operation Branch. 
Instructor: Dr Sahar Abdulhadi. 

Typical Question and It′s Solutions   

𝑓𝑓𝑓𝑓𝑓𝑓  𝑛𝑛 = � 𝑜𝑜𝑜𝑜𝑜𝑜 sin−𝑛𝑛𝑛𝑛
2

= −1& sin 𝑛𝑛𝑛𝑛
2

= 1
𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒 sin−𝑛𝑛𝑛𝑛 = 0& sin𝑛𝑛𝑛𝑛 = 0

�  𝑠𝑠𝑠𝑠  𝑎𝑎𝑛𝑛 = 0   

𝑏𝑏𝑛𝑛 = 1
𝑝𝑝 ∫ 𝑓𝑓(𝑥𝑥) sin 𝑛𝑛𝑛𝑛𝑛𝑛

𝑝𝑝
 𝑑𝑑𝑑𝑑 = 1

2
[∫ 0−1
−2 sin 𝑛𝑛𝑛𝑛𝑛𝑛

2
 𝑑𝑑𝑑𝑑 + ∫ sin 𝑛𝑛𝑛𝑛𝑥𝑥

2
 𝑑𝑑𝑑𝑑0

−1 +

∫ −1
0 sin 𝑛𝑛𝑛𝑛𝑛𝑛

2
 𝑑𝑑𝑑𝑑 + ∫ 0 sin 𝑛𝑛𝑛𝑛𝑛𝑛

2
 𝑑𝑑𝑑𝑑2

1   

𝑏𝑏𝑛𝑛 = − 1
𝑛𝑛𝑛𝑛

[cos 𝑛𝑛𝑛𝑛𝑛𝑛
2

]−1
0 + 1

𝑛𝑛𝑛𝑛
[cos 𝑛𝑛𝑛𝑛𝑛𝑛

2
]0

1   

𝑏𝑏𝑛𝑛 = 1
𝑛𝑛𝑛𝑛
�− cos 0 + cos−𝑛𝑛𝑛𝑛

2
+ cos 𝑛𝑛𝑛𝑛

2
− cos 0� = 1

𝑛𝑛𝑛𝑛
[−2 + 2 cos 𝑛𝑛𝑛𝑛

2
]  

𝑏𝑏𝑛𝑛 = 2
𝑛𝑛𝑛𝑛
�−1 + cos 𝑛𝑛𝑛𝑛

2
� = �

− 2
𝑛𝑛𝑛𝑛

𝑓𝑓𝑓𝑓𝑓𝑓 𝑛𝑛  𝑜𝑜𝑜𝑜𝑜𝑜
0 𝑛𝑛  𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒 ,   2,4,8, …

− 4
𝑛𝑛𝑛𝑛

𝑛𝑛  𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒 , 6,10,14, …
�  

∵ 𝑓𝑓(𝑥𝑥) = 𝑎𝑎0 + ∑ (𝑎𝑎𝑛𝑛𝑛𝑛=∞
𝑛𝑛=1 cos 𝑛𝑛𝑛𝑛𝑛𝑛

𝑝𝑝
+ 𝑏𝑏𝑛𝑛 sin 𝑛𝑛𝑛𝑛𝑛𝑛

𝑝𝑝
)  

∴ 𝑓𝑓(𝑥𝑥) = − 2
𝑛𝑛𝑛𝑛

[sin 𝜋𝜋𝜋𝜋
2

+ 0 + sin 3𝜋𝜋𝜋𝜋
2

+ 0 + sin 5𝜋𝜋𝜋𝜋
2

+ 2 sin 3𝜋𝜋𝜋𝜋 + ⋯  

Q6: Find the Fourier series and the sine and cosine half range expansion 
of each one of the following function:- 

 𝑓𝑓(𝑥𝑥) = �cos 𝑥𝑥    − 𝜋𝜋
2

< 𝑥𝑥 < 𝜋𝜋
2
�  

𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝:  2𝑝𝑝 = 𝜋𝜋 → 𝑝𝑝 = 𝜋𝜋/2  

𝑎𝑎0 = 1
2𝑝𝑝 ∫ 𝑓𝑓(𝑥𝑥)𝑑𝑑𝑑𝑑 = 1

𝜋𝜋 ∫ cos 𝑥𝑥
𝜋𝜋
2
−𝜋𝜋2

𝑑𝑑𝑑𝑑 = 1
𝜋𝜋

[sin 𝑥𝑥]
−𝜋𝜋2

𝜋𝜋
2 = 1

𝜋𝜋
[sin 𝜋𝜋

2
− sin−𝜋𝜋

2
]  
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Chemical Engineering Department. 
Unit Operation Branch. 
Instructor: Dr Sahar Abdulhadi. 

Typical Question and It′s Solutions   
𝑎𝑎𝑎𝑎𝑎𝑎 ∵ sin−𝜋𝜋

2
= − sin 𝜋𝜋

2
 , ∴ 𝑎𝑎0 = 1

𝜋𝜋
[sin 𝜋𝜋

2
+ sin 𝜋𝜋

2
] = 2

𝜋𝜋
  

𝑎𝑎𝑛𝑛 = 1
𝑝𝑝 ∫ 𝑓𝑓(𝑥𝑥) cos 𝑛𝑛𝑛𝑛𝑛𝑛

𝑝𝑝
 𝑑𝑑𝑑𝑑 = 2

𝜋𝜋 ∫ cos 𝑥𝑥
𝜋𝜋
2
−𝜋𝜋2

 cos 𝑛𝑛𝑛𝑛𝑛𝑛
𝜋𝜋
2

 𝑑𝑑𝑑𝑑  

𝑎𝑎𝑛𝑛 = 2
𝜋𝜋 ∫ cos 𝑥𝑥𝜋𝜋/2

−𝜋𝜋/2 cos 2𝑛𝑛𝑛𝑛 𝑑𝑑𝑑𝑑  

∵ cos 𝑥𝑥 cos 2𝑛𝑛𝑛𝑛 = 1
2

[cos(1 − 2𝑛𝑛) 𝑥𝑥 + cos(1 + 2𝑛𝑛)𝑥𝑥]  

∴ 2
𝜋𝜋 ∫ cos 𝑥𝑥𝜋𝜋/2

−𝜋𝜋/2 cos 2𝑛𝑛𝑛𝑛 𝑑𝑑𝑑𝑑 = 1
𝜋𝜋 ∫ [cos(1 − 2𝑛𝑛)𝑥𝑥𝜋𝜋/2

−𝜋𝜋/2 cos(1 + 2𝑛𝑛)𝑥𝑥]𝑑𝑑𝑑𝑑  

𝑎𝑎𝑛𝑛 = 1
𝜋𝜋

[sin (1−2𝑛𝑛)𝑥𝑥
1−2𝑛𝑛

+ sin (1+2𝑛𝑛)𝑥𝑥
1+2𝑛𝑛

]
−𝜋𝜋2

𝜋𝜋
2 = 1

𝜋𝜋
[
−2 sin 𝑛𝑛𝑛𝑛

2
1−2𝑛𝑛

+
2 sin 𝑛𝑛𝑛𝑛

2
1+2𝑛𝑛

]  

∵ sin(𝐴𝐴 − 𝐵𝐵) = sin𝐴𝐴 cos𝐵𝐵 − cos𝐴𝐴 sin𝐵𝐵  

𝑎𝑎𝑎𝑎𝑎𝑎 sin(𝐴𝐴 + 𝐵𝐵) = sin𝐴𝐴 cos𝐵𝐵 + cos𝐴𝐴 sin𝐵𝐵  

∴ sin(𝜋𝜋
2
− 𝑛𝑛𝑛𝑛) = sin 𝜋𝜋

2
cos𝑛𝑛𝑛𝑛 − cos 𝜋𝜋

2
sin𝑛𝑛𝑛𝑛 = cos𝑛𝑛𝑛𝑛  

𝑎𝑎𝑎𝑎𝑎𝑎 sin(𝜋𝜋
2

+ 𝑛𝑛𝑛𝑛) = sin 𝜋𝜋
2

cos𝑛𝑛𝑛𝑛 + cos 𝜋𝜋
2

sin𝑛𝑛𝑛𝑛 = cos𝑛𝑛𝑛𝑛  

sin(−𝜋𝜋
2

+ 𝑛𝑛𝑛𝑛) = sin(−𝜋𝜋
2

) cos𝑛𝑛𝑛𝑛 + cos(−𝜋𝜋
2

) sin𝑛𝑛𝑛𝑛 = − sin 𝜋𝜋
2

cos𝑛𝑛𝑛𝑛  

= − cos𝑛𝑛𝑛𝑛  , & sin(−𝜋𝜋
2
− 𝑛𝑛𝑛𝑛) = − cos𝑛𝑛𝑛𝑛  

𝑎𝑎𝑛𝑛 = 1
𝜋𝜋
�cos 𝑛𝑛𝑛𝑛

1−2𝑛𝑛
+ cos 𝑛𝑛𝑛𝑛

1+2𝑛𝑛
� − 1

𝜋𝜋
�− cos 𝑛𝑛𝑛𝑛

1−2𝑛𝑛
+ − cos 𝑛𝑛𝑛𝑛

1+2𝑛𝑛
� =  

𝑎𝑎𝑛𝑛 = 2 cos 𝑛𝑛𝑛𝑛
𝜋𝜋

� 1
1−2𝑛𝑛

+ 1
1+2𝑛𝑛

� = 2 cos 𝑛𝑛𝑛𝑛
𝜋𝜋

[1+2𝑛𝑛+1−2𝑛𝑛
1−4𝑛𝑛2 ]  
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Typical Question and It′s Solutions   

𝑎𝑎𝑛𝑛 = 4 cos 𝑛𝑛𝑛𝑛
𝜋𝜋(1−4𝑛𝑛2)

, cos𝑛𝑛𝑛𝑛 = �−1 𝑛𝑛  𝑜𝑜𝑜𝑜𝑜𝑜
1 𝑛𝑛  𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒� ,𝑎𝑎𝑛𝑛 = �

−4
𝜋𝜋(1−4𝑛𝑛2)

𝑛𝑛  𝑜𝑜𝑜𝑜𝑜𝑜
4

𝜋𝜋(1−4𝑛𝑛2)
𝑛𝑛  𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒

�     

𝑎𝑎𝑛𝑛  ;   𝑎𝑎1 = 4
3𝜋𝜋

 , 𝑎𝑎2 = −4
15𝜋𝜋

 ,𝑎𝑎3 = 4
35𝜋𝜋

 , … …  

𝑏𝑏𝑛𝑛 = 1
𝑝𝑝 ∫ 𝑓𝑓(𝑥𝑥) sin 𝑛𝑛𝑛𝑛𝑛𝑛

𝑝𝑝
 𝑑𝑑𝑑𝑑 = 2

𝜋𝜋 ∫ cos 𝑥𝑥
𝜋𝜋
2
−𝜋𝜋2

sin 𝑛𝑛𝑛𝑛𝑛𝑛
𝜋𝜋
2
𝑑𝑑𝑑𝑑 =

2
𝜋𝜋 ∫ cos 𝑥𝑥

𝜋𝜋
2
−𝜋𝜋2

sin 2𝑛𝑛𝑛𝑛 𝑑𝑑𝑑𝑑  

𝑏𝑏𝑛𝑛 = 1
𝑝𝑝 ∫ 𝑓𝑓(𝑥𝑥) sin 𝑛𝑛𝑛𝑛𝑛𝑛

𝑝𝑝
 𝑑𝑑𝑑𝑑 = 2

𝜋𝜋 ∫ cos 𝑥𝑥
𝜋𝜋
2
−𝜋𝜋2

sin 𝑛𝑛𝑛𝑛𝑛𝑛
𝜋𝜋
2
𝑑𝑑𝑑𝑑  

𝑏𝑏𝑛𝑛 = 2
𝜋𝜋 ∫ cos 𝑥𝑥

𝜋𝜋
2
−𝜋𝜋2

sin 2𝑛𝑛𝑛𝑛 𝑑𝑑𝑑𝑑 ,  

 𝑎𝑎𝑎𝑎𝑎𝑎  ∵ sin𝑚𝑚𝑚𝑚 cos𝑛𝑛𝑛𝑛 = 1
2

[sin(𝑚𝑚 − 𝑛𝑛)𝑥𝑥 + sin(𝑚𝑚 + 𝑛𝑛)𝑥𝑥]   

∴  sin𝑚𝑚𝑚𝑚 cos𝑛𝑛𝑛𝑛 = 1
2

[sin(2𝑛𝑛 − 1)𝑥𝑥 + sin(2𝑛𝑛 + 1)𝑥𝑥]  

∴ 𝑏𝑏𝑛𝑛 = 2
2𝜋𝜋 ∫ [sin(2𝑛𝑛 − 1)𝑥𝑥

𝜋𝜋
2
−𝜋𝜋2

+ sin(2𝑛𝑛 + 1)𝑥𝑥]𝑑𝑑𝑑𝑑  

𝑏𝑏𝑛𝑛 = − 1
𝜋𝜋

[cos (2𝑛𝑛−1)𝑥𝑥
2𝑛𝑛−1

+ cos (2𝑛𝑛+1)𝑥𝑥
2𝑛𝑛+1

]
−𝜋𝜋2

𝜋𝜋
2   

cos(𝐴𝐴 − 𝐵𝐵) = cos𝐴𝐴 cos𝐵𝐵 + sin𝐴𝐴 sin𝐵𝐵  

∴ cos(𝑛𝑛𝑛𝑛 − 𝜋𝜋
2

) = cos𝑛𝑛𝑛𝑛 cos 𝜋𝜋
2

+ sin𝑛𝑛𝑛𝑛 sin 𝜋𝜋
2

= 0  
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Chemical Engineering Department. 
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Typical Question and It′s Solutions   
cos(𝐴𝐴 + 𝐵𝐵) = cos𝐴𝐴 cos𝐵𝐵 − sin𝐴𝐴 sin𝐵𝐵  

∴ cos(𝑛𝑛𝑛𝑛 + 𝜋𝜋
2

) = cos𝑛𝑛𝑛𝑛 cos 𝜋𝜋
2
− sin𝑛𝑛𝑛𝑛 sin 𝜋𝜋

2
= 0  

𝑎𝑎𝑎𝑎𝑎𝑎 𝑠𝑠𝑠𝑠 cos(−𝑛𝑛𝑛𝑛 + 𝜋𝜋
2

) = 0 , & cos(−𝑛𝑛𝑛𝑛 − 𝜋𝜋
2

) = 0  

∴  𝑏𝑏𝑛𝑛 = 0  

∵ 𝑓𝑓(𝑥𝑥) = 𝑎𝑎0 + ∑ (𝑎𝑎𝑛𝑛𝑛𝑛=∞
𝑛𝑛=1 cos 𝑛𝑛𝑛𝑛𝑛𝑛

𝑝𝑝
+ 𝑏𝑏𝑛𝑛 sin 𝑛𝑛𝑛𝑛𝑛𝑛

𝑝𝑝
)  

∴ 𝑓𝑓(𝑥𝑥) = 2
𝜋𝜋

+ 4
𝜋𝜋

[cos 2𝑥𝑥
3

− cos 4𝑥𝑥
15

+ cos 6𝑥𝑥
35

− cos 8𝑥𝑥
63

+ ⋯  

Q7:Evaluate the following integrals:- 

1- 𝐼𝐼 = ∫ 𝑒𝑒− √𝑥𝑥3∞
0 𝑑𝑑𝑑𝑑 

𝑆𝑆𝑆𝑆𝑆𝑆ⁿ: 𝑙𝑙𝑙𝑙𝑙𝑙 √𝑥𝑥3 = 𝑡𝑡 ,→ 𝑥𝑥 = 𝑡𝑡3 , 𝑎𝑎𝑎𝑎𝑎𝑎  𝑑𝑑𝑑𝑑 = 3𝑡𝑡2𝑑𝑑𝑑𝑑,  
∴ 𝐼𝐼 = ∫ 𝑒𝑒−𝑡𝑡∞

0 3𝑡𝑡2𝑑𝑑𝑑𝑑 = 3∫ 𝑡𝑡2∞
0 𝑒𝑒−𝑡𝑡𝑑𝑑𝑑𝑑 = 3∫ 𝑡𝑡(3−1)∞

0 𝑒𝑒−𝑡𝑡𝑑𝑑𝑑𝑑  
𝐼𝐼 = 3𝛤𝛤3 = 3 × 2 × 1 = 6  
______________________________________________________ 

2- 𝐼𝐼 = ∫ (𝑥𝑥 + 1)2∞
0 𝑒𝑒−𝑥𝑥3𝑑𝑑𝑑𝑑 

𝑆𝑆𝑆𝑆𝑆𝑆ⁿ: 𝑙𝑙𝑙𝑙𝑙𝑙 𝑥𝑥3 = 𝑡𝑡 ,→ 𝑥𝑥 = 𝑡𝑡
1
3 , 𝑑𝑑𝑑𝑑 = 1

3
𝑡𝑡−2/3𝑑𝑑𝑑𝑑  

𝐼𝐼 = ∫ �𝑡𝑡
1
3 + 1�

2∞
0 𝑒𝑒−𝑡𝑡  . 1

3
𝑡𝑡−

2
3𝑑𝑑𝑑𝑑  

𝐼𝐼 = 1
3 ∫ (𝑡𝑡2/3 + 2𝑡𝑡1/3 + 1)𝑒𝑒−𝑡𝑡𝑡𝑡−2/3𝑑𝑑𝑑𝑑∞

0   

𝐼𝐼 = 1
3 ∫ 𝑒𝑒−𝑡𝑡∞

0 𝑑𝑑𝑑𝑑 + 2
3 ∫ 𝑡𝑡−1/3∞

0 𝑒𝑒−𝑡𝑡𝑑𝑑𝑑𝑑 + 1
3 ∫ 𝑡𝑡−2/3𝑒𝑒−𝑡𝑡∞

0 𝑑𝑑𝑑𝑑  
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Typical Question and It′s Solutions   

𝐼𝐼 = 1
3

+ 2
3 ∫ 𝑡𝑡(2

3−1)𝑒𝑒−𝑡𝑡∞
0 𝑑𝑑𝑑𝑑 + 1

3 ∫ 𝑡𝑡(1
3−1)𝑒𝑒−𝑡𝑡∞

0 𝑑𝑑𝑑𝑑  

𝐼𝐼 = 1
3

+ 2
3

 𝛤𝛤 �2
3
� + 1

3
 𝛤𝛤 (1

3
)  

____________________________________________________________________  
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