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Maxwell's Law of diffusion For Binary System

Maxwell's postulated that the pressure gradient (dP,) in the direction of diffusion for a
constituent of two components gaseous mixture was proportional to:

A) The relative velocity of the molecules in the direction of diffusion.

B) The product of the molar concentration of the component.

Thus;

'dpA(l CaCp (VA — VB )dZ

-dpa= aag Ca Cg (va —vg )dz

Where va&vg= mean molecule of (A)&(B) respectively.
Ca & Cs = molar concentration of the component (A)&(B) respectively.

At equilibrium, the partial pressure gradient of the diffusing gas = dpa /dz.

dpa
d: = AB( )( )(VA Vg )

Na=va.Ca — Na=va.( _) Ng=Vg. ( )

Ma Msg
NA —, Vg — NB —
,DA pB

P apg (8 (175) (Nas?

Mg
Ng -pB)

—dp
A_ OaB (NA

dz
: P
For ideal gas law; P.V =n.R.T, Ca=——= =2
RT — Ma
—dpa_ Pg
2 oas (Na 77 =)

—dpa_ ans
d: :%(NA Pg —Ng .Pa)

—dpa_ aas
d: = %(NA .(Pr=Pa) = Ng .Pa)

Diffusivity coefficient (Dag) =

Q AB. PT



—dp R.T
Ir = Ds Po(Na-P7— Na.Pa—=Ng.Pa)

The above equation is Maxwell-equation.

Where: R=gas constant, T=temperature in °K,°R.
Pa,Pg=partial pressure, Pt=total pressure.

Now, applying the two cases that have been considered before, i.e. equimolardiffusion,
and diffusion through stagnant layer, then we can reach to the final equation.

a) For equimolar-counter-diffusion (EMD).
Na=- NB

—dpA_ R.T
— = D Pil Na.Pr)

DAB. ,Pa2-Pn

NA= (_R.T ) (Zz—Zl )

[Maxwell eq. for EMD]
b)For Ng =0

-dpa = Na(pepr) (Pt — P, )dz

—Dag -Pa

NA _(RT )((Zz )) (PT PAl)

Note:PT = PA]_ + PBland PT = PAZ + PBZ ,
Pa1+Pg1=Pa2+ P2 — Pa1-Paz = Pg2- Pg1
Therefore:

Dag. Pt

NA= (50 (=t

) [Maxwell eq. for Ng=0]

Where: (#) = Drift factor.

Drift factor (;) = Represent the enhancement effect on mass transfer due to
thenon diffusing component (B) and to total flow in the direction of diffusion.



Maxwell's Law for Multi-Component Mass Transfer

Consider the transfer of component (A) through a stationary gas consisting of
component B, C, D ...

Suppose that the total partial pressure gradient can be regardedas being made
up of series of terms, each represent the contribution of the individual component
gases,

-dpa= aag Ca Cg (va — vg )dz (for binary system)

But now we have:

—dpa _
dz — 0AB CA CB (VA—VB)+(1AC CACC (VA—Vc)+aAD CACD (VA—VD)+ .............

For stationary gas (B, C, D) velocities of (B, C, D) =0

Na=va.Ca —VA=T,

—dpa
dz

= [aag Cg+ aac Cct 0ap Cp .Na

Since Pe=Cg.R. T, Pc=C..R. T, Pp=Cp.R. T

—dpa_ ,Na
= ﬁ) [aas Pg + 0ac Pc + 0ap Pp]

dz

R2T2
When oag = p—p., therefore:

—dpa R.T Ps Pc Pp
= + +
dz NA( Pt ) [DAB Dac DAD]

—Pr 1 dpa
Na=(—) |l———....... *
A (R:T) [é%%-kféiﬁ-gggldz ( )

_ o —Pr dpa
Na = ( R.T) D dz



1 P P P
Put _:DA].BB + : + >

D- Dac Dap
. ey, BT Pa)
Divided equation (*) by (Pr P
NiA _—1 __Pq 1 ]dpA

CRT (Pr-Pa)'yw | Yo o Yo dz

D s D ac D ap

1 VB yc VD
Where —=5— — —
D- Das + Dac t Dap

D = effective Diffusivity = function of mole fraction

—D- Pr dpa
R.T (Pr-Pa) dz

NA:

Pr  dpa . ﬂ 72
-fPA (Pr-Pa) (D‘.PT)NAf21 dZ

After the integration:

— D~ ,Pry Pa-P .
Na = (=) ( iTm) ( Z _Z’jl)[for multi-component gas system]

Where:
Pt = P5 +Pg +P¢ +Pp [diffusing + nondiffusing]

P; = (Pt - Pa) = Pg +Pc +Pp [nondiffusing only]
Ys=Pe/Pt, Yc=Pc/Pi, Yyobp=PolP;

_ (Pr—=Pa2) — (Pr-Pa1)
andpim - (P1-Pa2)

(Pt-Pa1)

In



Example 1:

Oxygen (O,) (A) is diffusing through non-diffusing gas mixture of methane
(CH,4)(B) andhydrogen (H,) (C) in the volume ratio of 2:1.The total pressure
is1*10° N/m? and thetemperature is 0 °C.The partial pressure of oxygen

at two planes (2 mm) is 13 kN/m2and 6.5 kN/mz. The diffusivity of
Oxygen in Hydrogen ( Do./H,) = 6.99*10™ m#/sand the diffusivity of
Oxygen in Methane ( Do/CH,) = 1.88*10°m/s.

Calculate the rate of diffusion of oxygen in kmol/m?2s through each
square meter of the two planes.

Solution:
_ ,~—D~ ,Pr\ ,Paz-Pa:
Na = (R.T) (Pim) ( Z2-71 )
1
D_ - VB Yc
Dw T 0.

yu=- =0.667 yc=3 =0.333

D =2.46*10" m¢/s

 _ (Pr=Pa2) = (Pr-Pm)_ (1¥105-6500) — (1105 13000) _ 441 A4 ,
Pim = 1 Pr=Pa2) - (1#105- 6500) =9710" N/m
(Pr-Pn) (1#105- 13000

Sub. For Z,-Z;=2*10"m

N = 3.91*10™ kmol/mz.sec.



Molecular Diffusion in Liquid Phase

Molecular diffusion in liquid phase takes place in many separation operations,

such as:

1- Liquid — liquid extraction.

2- Gas absorption.

3- Didtillation.

4- Oxygenation of rivers by air.

5- Diffusion of saltsin blood.

Some important notesin liquid diffusion, these are:

1- Slower than in gas phase because of the density and attractive forces between
molecules.

2- Diffusivities are dependent on the concentration of the diffusing component.

General form for diffusing equationiis:

dCa

NA: - DL(E

Ca
)+ C—T(NA+ Ng)

1-forequimolar diffusion (EMD), where Na = - NB, then:

N L= - DL(CAZ—CAl)’ Or

ARVAL

— (Xaz-Xa1)
NA D|_ Ca\/ (Zz—Zl)

Where: -
D.: diffusivity of solute (A) in (B) (m?/s).

Xa: molefraction of (A) at any point.

Cargl 2=+ ]
2 Mwt:i Mwt;

Where: -
Cav: average concentration of (A+B) in (kmol/ m?).

Mwt1 & Mwtz: average molecular weight of the solution at points1 & 2
respectively(kg/kmal).

o 1& p ,: average density of the solution at points 1 & 2 in (kg/m°).



2- WhemN =0 (stationary).

Cav ~ (Xn2-Xm
NA:' DL( )( )

Xen?  (Z2-2Z1)

XB2 - X1
Where Xpim = ( e )

In—
Xp1

An important note, that is Xa; + Xg1 =X a2 + X = 1 and for dilute solution:

XgLm~1.0, then:

Na= - DL( 2= )( Dilute solution only)

Diffusivities in Liquids:

Diffusion coefficient in liquids at 293 K isgivenin table (10.7) in volume (1) of
chemical engineering by( Coulson, J.M.; Richardson, J.F.,) fifth edition (page 506).

1- Wilke& Chang equation:

7.4x108 (. Mwtp)0>. T

Up .va06

DAB_

Where:

Dag = diffusivity of solute (A) in very dilute solution in solvent (B), (cnm#/s).
Mwts= molecular weight of solvent (B).

T = temperature (K).

g = viscosity of solvent (B), (Cp or gm/ cm.s).

va= Solute molar volume at its normal boiling point (cm#¥/moal).

Diffusion of (A)Through Multi-Component Stagnant Layer Mixture.

Caz - Ca1 —Cav Xaz2—Xa1

7y 71 )’ Orv NA: D ( X )( )

Z-7,

NA=D" (Z=)(

. 1
Where:D—ﬁ X 5

Dag  Dac  Dap

Xrm(same as P,,,)= remaining mole fraction log mean. ( al component except (A)).



Example:

Calculate the rate of diffusion of CH3COOH (A) across a film of non-diffusing water (B)
solution (1 mm) thick at 17°C when the concentration on opposite sides of the film are 9
and 3 wt% respectively. The Dag = 0.95*10° m?/s.

Givethat:-

MA = 60, MB =18.

p = 1012 kg/m® (9% solution).

o = 1003 kg/m® (3% solution).

Solution:

— Cav v (Xn2-Xa1)
NA DL. (XBLM) (Z2-271)

0.09

Xa1 = ﬁ =0.0288 at pOSitiOﬂ (2)

60 18

0.03

Xaz = ﬁ =0.0092 at pOSitiOﬂ (l)

60 18

1 _009 , 091
et W_)Ml = 19.8 kg/kmol

1 _ 0.03 0.97 _
W=y t o —M=184 kg/kmol

1012 1003
— +— ]
19.8 18.4

_1 pP1 P2 _1
- -|- —_—S =
Ca 2[ Mwti1 Mwt; ] 2[

C.~= 52.8 kmol/m?,
XB]_ =1- XA]__) =1-0.0288 — XB]_ =0.9712

X|32 =1- XAZ_) =1-0.009 — XB]_ =0.9908

_ (X2-Xp1) _(0.9908-0.971) _
XM =~ — —= 0.9908 ) Xem = 0.98

In=— In
XB1 0.971

52.8 . 0.0092-0.0283
0.98 0.001

N, =-0.95%10° *

N, = 0.977* 10°°kmol/m?.sec



Molecular Diffusion in Solid Phase

Diffusion in solids takes place by different mechanisms depending on the
diffusing atom, molecule, or ion; the nature of the solid structure, whether it be porous
or nonporous,’ crystalline, or amorphous; and the type of solid material, whether it be
metallic, ceramic, polymeric, biological, or cellular. Diffusion in solid phase can be ¢
classified as:

1- Diffusion which follows Fick's law and does not depend on the structure of solid.
2- Diffusion in which the structure of solid are important.

1- Diffusion that follows Fick's law:

That is
dC 4
N4=-D —=
= a1
Where:

D,p = Diffusivity of fluid A in solid B in m?/s. It is independent of pressure, but a
function of Temperature.
A) For diffusion through a solid slab at steady — state:

Cy, —C4
N 4 =—DAB( 222_211}

B) For diffusion through a solid hollow cylinder of r; (inner radius) and r,
(outer radius) with length L:

N N dC
Ny=—42=-2 =_DAB(—A]

A 2mL dZ
_ 27l
N4 =_DAB(CA2 _CA!) .
In—=
n

C) For diffusion through a solid hollow spherical shape of r; (inner radius) and
r, (outer radius):

N, N4 _ N4 Z_DAB(dCA
A ‘47272 dz

N1 1
M4l 2_Z\=pyglcy -C
47 (”1 rzj AB( 42 Al)

Where:
Ca . &Cp g = concentrations at opposite side of the sphere.




In the case that gas diffuses through a solid, then the solubility of the gas in the solid is
directly proportional to the partial pressure of solute.

The solubility of a solute gas (A) in a solid is expressed as (S) in cm’ solute (at STP,
e.g. 0°C and 1 atm) per cm’ solid per (atm, partial pressure of solute A), then:

cm (STP) of A
em? solid . atm
To convert the solubility (S) of A to concentration (C,):

S =

1
C =S* *p
A7 414 4
Where:
3 3
Cy= mo’f‘,s = (STf) O B, = gt gnd 22414 = T8 A
cm atm.cm” (solid) mol

In many cases the experlmental data for diffusion of gases in solid are given as
permeability (PM) in cm’ of solute gas (A) at STP {0°C, and 1 atm} per diffusing per
second per cm” cross-sectional area through of solid of 1 cm thick under a pressure
difference of 1 atm.

Cyq, —Cy
Nis =-D 2 1
A AB[ Z, -7, ]
Applying (Eq. 84), then
c S.PA1 o C SP "
— ,t
41 = 23214 & Cp =541y them:
N __DAB.S PA2 PAI . m(PAl —PAz)
4 22414\ Z, -7, 22.414(ZH - Z7)
Where:
3
P, =D 5.8 = cm” (STP) of A
2 atm
S —
lem

If series of solids are presented in series 1, 2, 3, .., etc of thickness of each L;, L,,
Ls,..., etc respectively, then:

(Pgy —Py,) 1
22414 | L

Ny=

Where:
(P4 — Py, ) is the overall partial pressure difference.



Diffusion in which the structure of solid are important:

Porous Solids

When solids are porous, predictions of the diffusivity of gaseous and liquid solute

species in the pores can be made. This type of diffusion is also of great importance in

the analysis and design of reactors using porous solid catalysts. It is sufficient to
mention here that any of the following four mass transfer mechanisms or combinations
thereof may take place:

1. Ordinary molecular diffusion through pores, which present tortuous paths and

hinder the movement of large molecules when their diameter is more than 10% of the

pore diameter.

2. Knudsen diffusion, which involves collisions of diffusing gaseous molecules with
the pore walls when the pore diameter and pressure are such that the molecular
mean free path is large compared to the pore diameter.

3. Surface diffusion involving the jumping of molecules, adsorbed on the pore walls,
from one adsorption site to another based on a surface concentration-driving force.

4. Bulk flow through or into the pores.

When treating diffusion of solutes in porous materials where diffusion is considered to
occur only in the fluid in the pores, it is common to refer to an effective diffusivity,
D, 4, which is based on (1) the total cross-sectional area of the porous solid rather than
the cross-sectional area of the pore and (2) on a straight path, rather than the pore path,
which may be tortuous. If pore diffusion occurs only by ordinary molecular diffusion,
the effective diffusivity can be expressed in terms of the ordinary diffusion coefficient,
D, by

D, &
D =248
eff 7
And the rate of diffusion is calculated by

C4 —Cy
_ 2 1

Where € the fractional porosity (typically 0.5) of the solid and T is the pore-path

tortuosity (typically 2 to 3), which is the ratio of the pore length to the length if the
pore were straight in the direction of diffusion.



Example

A sintered solid of silica (2mm) thick is porous with void fraction of 0.3 and tortuosity
of 4. the pores are filled with water at 298 K. at one face the concentration of KClI is
held at 0.1 mol / liter and fresh water flow rapidly by other face. Neglecting any other
resistance but that in porous solid, calculate the diffusion of KCI at steady state. Given
the diffusivity D,p is equal to 1.48*10™ m?/s.

Solution

Since neglecting any other resistance but that in porous solid, then ordinary diffusion

is occurred '
Cyq, —Cy
Ny =-Dz| —2—-1
A eff ( Z2 _ Zl J

And D is calculated by equation 89

D, & %1079 * 2
ap & 1987107 %03 _, 40554107102
T 4 s

_g kmol KCI

2
m-*s

Dy =
N 4 =-1.4025 *10‘10(0—19£j =7.01*10
0.002



Convective Mass Transfer for Binary gas Mixture
In previous sections we have considered molecular diffusion in stagnant fluid (laminar
flow) where the rate of diffusion is slow. To increase the rate of mass transfer, the
fluid velocity is increased until turbulent mass transfer occurs. As given before in
equation (1): _
Ni = Xi.N + molecular diffusion flux of i + eddy diffusion flux of i ... ()
The eddy diffusion flux term is given by:

* dC
JAZ :-Ed—d—ZA— ceee ()
Then

Ny=-C¥Dap+Ep)*(

aX
dZA)+XA(NA +NB) (3

This is the general equation used to calculate the mass transfer.
1- For equi - molar mass transfer
A) For gases:
~(Dyp+Ep) 4Py Py
Ny = * +—2L*(Ngy+Np) ....-
A R*T iz P (Ng+Np) @
For equi — molar transfer: (N4 = - Np)
Then ¢
~(Dgp+Ep) , 4Py
Ng= * cer .
A R*T dz {55 -
By integrating equation {5) from Py atZ; to Py, and Z, then:

Z(DAB+ED)*(PA1 _—PAz) (é>
R*T (Z9 —Z5)
Because the film thickness can not be measured or is not known, then the value (Z,-Z,)

is not known (the distance of the path), also the amount of Ep can not be measured,
then, the term (individual mass transfer coefficient) is used as shown below:

NA :KG(PAl “PAZ) ..-.(;)
Where:
_ (D4 +ED)
Kg=—; -~ (%)
R*T(Z5 — Z7)
Also for gases another form of equation (8)can be written as:
NA :Ky (YAI -YAz) =t -(Q)
A) For Liquids:
Similar to what done for gases, the rate of mass transfer is:
Ngy=Kp(Cp, -Cay)=KxXa; -Xa,) <o -.(a)

Ny

(49)







The general form for the mass transfer is:

Ng=Kc(Cpy-Cay) ----{(W)
All these individual mass transfer coefficients are related to each other.
For gases:

N4=Kc(Ca, -Ca,) =K Pa; -Pay) =Ky (VA -YA,) 4D
So

K¢ = k;-’RT:

Ky

Cr

Home work: find the relations for the liquid phase.
2-For uni - molecular mass transfer

A) For gases:
— (D4 +Ep) ,dP4 | Py
= + *(N4+ N
g4l R*T iz Py (Nq+Np) (1)

For uni — molar transfer: (Ng = 0)
Then equation (1) will be:
~(Dyp+Ep) Py Py
Ny= % == F (N - —-
4 R*T iz " (3
By integrating equation (13) from Py atZ; to P4, andZ then

(D, +E)*P. (B~ P.)

’ R*T*PBLM (Zz _Zz) T (“4)
Similarly as done in section 1:
N4=KG(Pa, -Pa,)=K) (YA, -YA,) =k (CA\—CAQ ..... (15)

B) For Liquids:
Similar to what done for gases, the rate of mass transfer is:
NA=KL(CA1-CAz)sz(XAl-XAZ) e (1£)

The general form for the mass transfer is:

Ng=Kc(Cap -Ca,)  -—---- (17)

Home work: find the relations for the gas phase and liquid phase. Also
write the units of each coefficient.

(4q)







Methods to Determine the Mass transfer Coefficient
The mass transfer coefficient can be evaluated using empirical correlations involving
dimensionless numbers. These empirical equations were obtained from experimental
data using various types of fluids, different velocities, and different geometrics. The
most important groups (dimensionless numbers) are:
1- Reynolds Number (Re No.): '
Re. No indicate the degree of turbulence.
R No - pud  _ ;a}:..\-v.\a\ Corce

P Viscous Qarce

Where:

p = density of flowing mixture fluid (solute A and solvent B).

u = viscosity of flowing mixture fluid (solute A and solvent B).

d = diameter of the pipe in which the fluid is flow.

D, May be used in Reynolds number equation instead of d when flow across a sphere,
also L may be used if the flow was above a flat plate. ‘

U = mean average velocity in the pipe.

If the flow was across a packed bed, U will be substituted by:

=
£
Where

Uis the superficial velocity of empty cross- section of packed bed column.

€ = void fraction.

2- Schmidt Number (Sc No.):
H _ v _ w\omeﬁtuw\ A\Qp us(vi—\_j

Sc No = = —— =
pDAB Dk% W\o\{(ug\ckv‘ A\Qp uS .V iT'j
3- Sherwoood Number (Sh No.):
sh o = K b=
Dy4p
4- Stanton Number (St No.): (D ew vals)
Ke K :
shNo=—t _Kc 2P hew Gu- 2B - w.Ca.. . (1
Re*Sc u Gm Mavq. 3 -~ (1)
5- J-factor

In general j-factors are uniquely determined by the geometric configuration and the
Reynolds number.

(&)







Now after introducing the dimensionless groups, now we will present the correlations
used to calculate the mass transfer coefficient.

1- Using the analogy or similarity of momentum, heat, and mass
transfer using Chilton — Colburn Analogy:

o f _Kc*p o273 -~ vz -
M =jg =Jjp=75=—7—(8¢) _ kK ) — k. P
\f (> > — g rcsc)l/z

2 Gy
2- For flow inside pipe Gw 7 (v)

For both gases and liquids, where Re > 2100

Kcd _ 0.833 ¢ 10.333
S = 0.023(Re)"*>* (Sc) S (3) 0 (Rerbebdet)

Sh No =

Note:
Sc=0.5-3 for gases

. Sc>100 for liquids

Or

ja = Jjn = Jjp =0.023Re)>? S S

For 10000 < Re < 1000000 y A/
S\ ""KL =T¢ =\.l< E(Riy(gc)T -"“(6> (ﬁarLc\w\lna_vj
3-For flow parallel to flat plate of length L

A-for gases

ng = i =Jp = 0.664(Re)™%? e (6)

For Re<15000 whereRe = Lb g

U

And
v =i =Jip =0036Re) 02 - - (F)
LUp

7

For 15000 < Re <300000 whereRe =

B- for liquids
ja = jm =Jip =0.99Re) ST
LUp

7,

For 600 < Re <50000 whereRe =

For both gases and liquids
jng = Jjg =Jp =0.037(Re)" %2 a2 ()
LUp

)7,

For 500000 < Re <5*10% whereRe =

(50







4- For flow normal to a long circular cylinder of diameter D, where the
drag coefficient includes both form drag and skin friction, but only the skin
friction contribution applies to the analogy:

(ng ) shin friction = Ji = Jp =0.193Re) 32 _ (1)
Dcylind Up

H
(s )skin friction = JH = jp =0.0266Re) ™1 L. (i)
Deylind U P

Y7
5-For flow past a single sphere of diameter D,

, ; ; —0.4
(JM ) skin friction = JH = Jp =0.37*(Re) 0 - - - - (12)
Dpup

Y7,

The above equation is used for both gases and liquids. Another method is used to
calculate the mass transfer coefficient.

For very low Re No. (Re < 1) the Sh No. approach a value of 2, then:

For 4000 < Re <40000 whereRe =

For 40000 <Re < 250000 whereRe =

For 20 <Re<100000 whereRe =

Krd
ShNo=—-C% -2
- Dyp
- D 2*%D
~ Kg =Sh* AB _ AB N A & )
Dp D,

For gases where Re = 1 — 48000 and Sc = 0.6 — 2.7, a modified equation can be
used:

Kl

Sh No = Cd=2+(0.552Reo‘53*Sco'333) R (L)
Dyp

For liquids:
Kcd

ShNo=—X =2+(o.95Re°-5*Sc0-333) ST
D 4p

For Re=2-2000

And also for liquids
Kcd

ShNo=—EX =2+(0.347Re0-62*sc0-333) SR (79
D yp

For Re=2000-17000

(52)






6- For flow through beds packed with spherical particles of uniform
size D,

jg =Jjp =1.17(Re) %41 N

DpUp

U
For other shapes of packing a correction factor can be used such as:
jp (cylinder) = 0.79 * jp (sphere)

Jjp (cube) = 0.71 * jp (sphere)

For 10 <Re <2500 whereRe =

7- For fluidized beds of packed with sphere, for both gases and liquids:

0.86
- ---- (8)
Re%-58_0.483

" jp =001+

(53)







Methods for Mass transfer at Fluid — Fluid Interface
(Phase Boundary)

In the previous sections, diffusion and mass transfer within solids and fluids
were considered, where the interface was a smooth solid surface. Of greater
interest in separation processes is mass transfer across an interface between
a gas and a liquid or between two liquid phases. Such interfaces exist in
absorption, distillation, extraction, and stripping. At fluid-fluid interfaces,
turbulence may persist to the interface. Mass transfer rate between two
fluid phases will depend on:-

1-Physical properties of the two phases.

2-Concentration difference AC.

3-Interfacial area.

4-Degree of turbulence.

The following theoretical models have been developed to describe mass
transfer from a fluid to such an interface.

FilmTheory

A simple theoretical model for turbulent mass transfer to or from a fluid-phase
boundary was suggested in 1904 by Nernst, who postulated that the entire
resistance to mass transfer in a given turbulent phase is in a thin, stagnant region
of that phase at the interface, called a film. This film is similar to the laminar
sub — layer that forms when a fluid flows in the turbulent regime parallel to
a flat plate. This is shown schematically in Figure 4. For the case of a gas-liquid
interface, where the gas is pure component A, which diffuses into nonvolatile
liquid B. Thus, a process of absorption of A into liquid B takes place, without
desorption of B into gaseous A. Because the gas is pure A at total pressure

P = P,, there is no resistance to mass transfer in the gas phase. At the gas-liquid
interface, equilibrium is assumed so the concentration of A, C,; is related to
the partial pressure of A, Pa, by some form of Henry's law, for

(54)







example, Cai= H4Pa. In the thin ‘stagnant liquid film of thickness 6, molecular
diffusion only occurs with a driving force of (C 4; —Cap)- Since the film is assumed

to be very thin, the entire diffusing A passes through the film and into the bulk liquid.
If, in addition, bulk flow of A is neglected, the concentration gradient is linear as in

Figure . Accordingly, Fick's first law, ~ for the diffusion flux integrates to:
Das ( ) GEDuB (y )
JA=—5——CAI_—CAb :T(XAI_ _XAb -_,_-,(l)

Pa {

Bulk liquid |

Gas

Figure 1 Film theory for mass transfer from a fluid — fluid interface into a liquid.

If the liquid phase is dilute in A, the bulk-flow effect can be neglected and (Eq. 1 )
applies to the total flux:

Dyp Cx DB e
NAz—E—(CAi—CAb)zLé—(XAi—XAb) e (2)
If the bulk-flow effect is not negligible, then,

i CD
4= AN, )= AB Xy, -Xa,) -~ —(3)
Zy-2Z1 1-Xy4 -~ 6(1-XA) LM

Where:

..EA FT X:Aix

i

(I—xa)m = In[(1 — "'Ab) g XA:_)] = (x8)Lm

In practice, the ratios Dap/d in (Eq. 2 ) and Dup/6*(1- Xa)m in (Eq. 3 ) are
replaced by mass transfer coefficients and K 'c and K., respectively, because the film
thickness, 8, which depends on the flow conditions, is not known.

(55)






The film theory, which is easy to understand and apply, is often criticized because it
appears to predict that the rate of mass transfer is directly proportional to the
molecular diffusivity. This dependency is at odds with experimental data, which
indicate a dependency of D", where n ranges from about 0.5 to 0.75. However, if

Dp/b is replaced with K 'c which is then estimated from the Chilton-Colburn analogy,

Page 51 ) ' . 2/3 . .. ;
(Eq. 2 ), we obtain K. proportional toD’z", which is in better agreement with

experimental data. In effect, 5 depends on Dag (Sc No.). Regardless of whether the
criticism of the film theory is valid, the theory has been and continues to be widely
used in the design of mass transfer separation equipment.

(5¢)







Example

A wetted wall column of inside diameter (2 in) contains air and CO, flowing at 3 ft/s.
at a certain point in the column, the CO, concentration in the air is 0.1 mol fraction, at
the same point in the column, the concentration of CO, in the water at the water — air
interface is 0.005 mole fraction. The column operates at 10 atm and 25 °C. Calculate
the mass transfer coefficient and the mass flux at the point of consideration, given the
following data:

The diffusivity of CO, in air at 25 °C and 1 atm = 0.164 cm®/s

The density of air at STP = 0.0808 Ib/ft’

The viscosity of air at 25 °C and 10 atm = 0.018 cP

Hennery constant = 1640 atm / mol fraction

Solution
Since we are dealing with a case of fluid flow inside a pipe, then to calculate the mass
transfer coefficient use the following equation:

Kcd
D 4B

But we are dealing with mass transfer through stagnant layer (transfer of CO, from air
to water only), then

Sh No = = 0.023(Re) 833 (5¢)0-333

P
Kc=Kc—T
Brm
Or
K-*Pg.. *d
Sh No = C}’)*IZLM _ 0.023(Re)*833 (5¢)0333
T *D 4B
And

_Pr *DfB ¥0.023(Re) 0833 (56)0-333
Ppy
To calculate the dimensionless groups we must first correct the physical properties
from their conditions to the operation condition (10 atm and 25 °C), also we must
convert all the units of all the quantities to the SI system.

y=3ltx 1M _g915™

s 3281t S
g = 2in = 2in* 233 1M _ 0.0508m
in 100cm
2k
1= 0.018cP =0.018%107> —=
m*s

(59







_ p¥*mwt
R*T
Then

(P2 )298K,10atm B (Tz

(Pstp (5] T

3
p1=0.0808_”%=0.0808 b, ks *(3'28ﬁj _ 129678

f f3 2.20b Im m>
k
- py =1.296 kg3 £ 107273 =11.973k—§
m m

13

et 313

cm? cm? Im 2 -5 m?
(DAB)1=O.164——=0.164 *( ) =1.64*%10 ° —
S S 100cm S
1.5 2
_5 1 298) _em
D =1.64*%10 " *| — |*| — =1.64*%10 - —
(D45) (10) (298 p

Py =n*Pr= 0.1*10 = latm

Pg1 =10-1=9atm

P 4 can be estimated from Henery law
Py =x4*H

Py, =0.005%1640 = 8.2atm

Pp, =10-8.2= 1.8atm

1.8-9
“PBiv =18
1n(—9—)

Now we can calculate the mass transfer coefficient

(58

=4.473612







*
Ko =tr*DaB £0.023(Re)*833 (50333

PBLM *d
0.833 0.333
K¢ = M*O.OZZS *(M) (__'U_J
Pp,. *d H \P*Dyp

—6 0.833 -3 0.333
10*1.64 %10 *0.023*(11.973*0.915*0.0508] | 0.018*10
6

4.473612 * 0.0508 3

0.018*10 11.973*1.64*%10

m
K¢ =0.008868"

Ny=Kg(Pygy —Py,)

K
o =TC = 0.008868 7 * 31
’ R*T S atm*1 « m~ . 1000mol

0.082 *2908K
mol * K 1000/ kmol

kmol

m- *s*atm

K, =3.62642*107%

kmol

m- *g

N4 =3.62642%10"%*(8.2-1) = 2.611*10~3
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Rate equation Units of coefficient
(EMD) Non-diffusing (B)
NA:K-G.APA NA:Kg.APA
Moles transferred
(time) (area)(press.)
NA = K_y AyA NA = Ky AyA
For Gas Moles transferred
. mole
(tlme) (area) (fraction )
NA:K_C.ACA NA:Kc.ACA
Moles transferred
. mole
(time) (area) ( o )
conversions | Fo po oo P P oo e skl XD kG
G- PBMm Y, CR T G- P y R T c-Gr
NA:K-L.ACA NA—KL.ACA
Moles transferred
. mole
(time) (area) (W)
For _
LIQUId NA:K)(.AXA NA:Kx.AXA
Moles transferred
. 1
(time) (area) (f:::t;n )
ConVerSionS F: KX-XBM = KL' XBM -CT = K-L' CT = K-Lpﬁ = K-x

Relations among mass — transfer — coefficients.

Conversions
(Ng=0) (Na=-Ng)
= R — RT
Ke=Kg. R. T Kc=K),. -
KyzKG.PT K(;:K_G.R.T
KX = KL. (I\f[)_w'[‘ )avg_ K_X = K-L' Can..
= K-L-( I\f;_WT )avg.




Film — Penetration theory

Toor and Marchello, in 1958, combined features of the film, penetration, and surface
renewal theories to develop a film-penetration model, which predicts a dependency of
the mass transfer coefficient K¢ on the diffusivity, that varies from /D p to Dag.
Their theory assumes that the entire resistance to mass transfer resides in a film of
fixed thickness 6. Eddies move to and from the bulk fluid and this film. Age
distributions for time spent in the film are of the Higbie or Danckwerts type.

Fick's second law, (Eq. 100), still applies, but the boundary conditions are now

At t=0 D=Z<0 C=Cyuy
t>0 Z =0 Ca=C,a;  (Cu: initial concentration)
L= O Z = 8 CA = CAb

Infinite-series solutions are obtained by the method of Laplace transforms. The rate of
mass transfer is then obtained in the usual manner by applying Fick's first law at the
fluid-fluid interface.

oC 4

Ngy=-Dyp—

= =K.(C4, -Cyy )

Z=0

Two — Film Theory

Separation processes that involve contacting two fluid phases generally require
consideration of mass transfer resistances in both phases. In 1923, Whitman suggested
an extension of the film theory to two fluid films in series. Bach film presents a
resistance to mass transfer, but concentrations in the two fluids at the interface are in
equilibrium. That is, there is no additional interfacial resistance to mass transfer. This
concept has found extensive application in modeling of steady-state gas-liquid and
liquid-liquid separation processes, when the fluid phases are in laminar or turbulent
flow. The assumption of equilibrium at the interface is satisfactory unless mass
transfer rates are very high or surfactants accumulate at the interface.

Gas- Liquid Case

Consider the steady-state mass transfer of A from a gas phase, across an interface, into
liquid phase. It could be postulated, as shown in Figure 2 a, that a thin gas film exists
on one side of the interface and a thin liquid film exists on the other side with the
controlling factors being molecular diffusion through each of the films. However, this
postula(tion is) not necessary, becal(lse in;tead of writing the mass transfer rate as:

D 4p D
NA =‘Q(C’Ab _CAi )G - %(CA,- _CAb )L e (."*3

We can express the rate of mass transfer in terms of mass transfer coefficients that can
be determined from any suitable theory, with the concentration gradients visualized
more realistically as in Figure 2b. In addition, we can use any number of different

(é2)




mass transfer coefficients, depending on the selection of the driving force for mass

transfer.
Gas | Gas | Liquid |  Liquid Pay
phase film film | phase ST
PA | Gas Liquid
g | | phase phase
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Figure 2, Concentration gradients for two — resistance theory: (a) film theory; (b) more
realistic gradients.

For gas phase, under dilute or equimolar counter diffusion (EMD) conditions, we write
the mass transfer rate in terms of partial pressure:

Ny=Kg(Py -Py ) |
Or for stagnant layer mass transfer (non — volatile liquid), the rate of mass transfer can
be written as:

N4 =KqlPyy ~Py) S
Where (') refers to the equimolar counter diffusion case.
The above equations can be written in terms of mole fractions as:

N 4 =1;—;’(yAb — V4, )=K;; (J’Ab —yA,-) — « (B
And

K
N 4 =P—5(J’Ab ~ V4 )=Ky (J’Ab —yA,-) -- -}

For the liquid phase, we might use molar concentrations:
Ny=kKilcy -Cyy )
Ng=K(Cy -Cy,)

Also can be written in terms of mole fractions:

(41)

e Ere (1) for equi — molar mass transfer

e {Jo) for uni - molar mass transfer




Ny= g_Tl(xAi —X 4, ): K;c (xAi —X 4, ) = - - - (1) for equi — molar mass transfer
And
Ny= g_;(xAl_ —24 ): K, (xAi — x4, ) ...... (1‘2__) for uni - molar mass transfer

At the phases interface, C 4; and Py, are in equilibrium. Applying a version of

Henry's law:
Cq =Hy *Py, o= == = = {13)

Equations ( 5 ), ( 9 ) and ( 13) are a commonly used combination for vapor-liquid
mass transfer. Computations of mass transfer rates are generally made from
knowledge of bulk concentrations, which in this case are C 4, andPy, .

The equilibrium relationship for dilute solution (Henry's law) is:

Py =H*x, N I (T

And for gases (Dalton's Law):

Py=Pr*yy ——— = -Us)

Then

y;=£*xA=m*xA NP {4
Pr

Or

ya=m*xy  eemm - (13)

And for the interface

y; =m*x; it m == (1)

Equilibrium data can be presented as a curve (for concentrated solution) and straight
line (for dilute solution).

The task now is how to calculate the interfacial concentration (interfacial mole
fraction) because we need them in the calculation of mass transfer rate.

Depending on the two film theory, and as shown in above sections we have two cases,
the EMD (for example distillation), and the UMD (absorption through non — volatile

liquid).

Case 1: |

For equi-molecular counter diffusion

Let YA = Yab

and XA = XAb

N4 :K_y(J’A_J’Ai )= K, (XA,- 7] B (1)
Then



e ,.,__,(23)

Ky (yA =V 4, )
K, bea—x4)
Assume a column where a gas and a liquid are contacted. At any point (P) in the
column, the gas phase has a mole fraction of A (certain composition of A) that is y,.

And the liquid has a mole fraction of A (certain composition of A) that is x,. Then at
that point an equilibrium between the gas phase and the liquid phase exist at y 4; and

X 4, at point (m)
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(x) mole fraction of liquid phase

In the above figure plot the equilibrium data and also and point (p). Draw a straight
line from point (P) to intersect the equilibrium curve at point (1), letit be q.
The slop of this straight line (pq) is:

YA~=Y4; K,
Y4=X4 K,

Then, to estimate the interface composition, we must know the mass transfer
coefficient for both gas phase and liquid phase also the equilibrium data must be
known.

The equilibrium data are presented by a curve for concentrated solution, and by a
straight line for dilute solution.

Slop =

(€3)




Case 2:
For uni-molecular diffusion (mass transfer of A through stagnant layer of B)

Let YA =Yab

and XA = XAb

NA=Ky(YA:—J’A,-)=Kx(xA,- —xA) -0 = “(2‘>

Or
K. K.

Ny= z (yA—yA,-)= * (XAi—XA) - = - -~ (22
yAiLM xAiLM

Then

K, ba-va4) e (2%)

K ¥y (x A4—X Ai )
But the slop of the drawn between points (P) & (m) is

YA~XA; K
Slop = 4 L= X
X4=X4, K

Y

Therefore substitute Ky and K, by there equivalents as

Ky <
K, =

P

And These relations must be found from the previous section

K,
K, = .

Aigp

Therefore the slop for this case is:

K,
xAiLM yA _yAl

Slop = —— =
K, Xgq =Xy
YA

LM
Where

(éw)




Yigg = _
LM lrl1 x4)

l—xAl_

And

- (l—yA,- ) ~y4)
YAy = U-yg4 )
In :

(1=y4)

From the slop equation we can conclude that there is a difficulty in calculating the
interface composition (y 4; and x 4; ), because they are already exist in the left hand

side of the slop equation. This problem will be solved by trail and error by following
these steps:

- letitb 1to (1).
1- Assume a value for (y . and x A ) and let it be equal to (1)

2- Calculate the slop.

3- Plot the line (pq).

4- From the intersection point read x,; and ya; .

5- Calculate ( Yidopas and x Aify, ), then recalculate the slop of the line (pq) and let it be

(slop), if the value of the two slops are equal then the assumed values of
Y4y, and x Aipys ) is correct. If not, then use the value of (slop), to estimate a new

values of x,; and y,; by repeating steps (3-5) until you will reach not more the 10%
change in the value of the slop.

Note:
For dilute solutions (y . and x iy ) are equal to (1)

Overall driving force and overall mass transfer coefficient

Because of difficulties in measuring the interface composition and the individual mass
transfer coefficients in some cases, another driving force and coefficients are used, that
is the overall driving force and the overall mass transfer coefficient.

Again, assume a column where a gas and a liquid are contacted. At any point (P) in the
column, the gas phase has a mole fraction of A (certain composition of A) that is yy,,
and the liquid has a mole fraction of A (certain composition of A) that is x,. Then at
that point which we will call point (1), equilibrium between the gas phase and the
liquid phase exist at y A4; and x 4; - From point P plot a vertical line to intersect the

equilibrium curve at point (2), where y = yz and X = x5. And plot a horizontal line

(¢5)



from point (p) to intercept the equilibrium curve at point (3) at this point y =y, and x
*

=X4-
(¥4 - yj; ) is called the overall driving force for the gas phase, and

(XZ —x 4) 1s called the overall diving force for the liquid phase.
The slope of the equilibrium curve at point (1) is m;:

YA—XY4
m=————
Xy4—X Ai
The slope of the equilibrium curve at point (2) is m5:
*
Yd4; —Y4
m) =——"—
Xq4—X Ai
The slope of the equilibrium curve at point (3) is mj3:
YA ~Y4,
m3 =———
X4 —X Ai

The slops of the equilibrium curve at points 1, 2, and 3 are equivalent if the solution is
a dilute solution, that is
m; = m; = m;j

1
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(x) mole fraction of liquid phase
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Now, the rate of mass transfer which will be calculated based on overall driving force
can be written as follow:

A) For EMD
' *
Ny=Koy(¥a=ya) SpRe— T
B) For UMD
*
NA=K0y(J’A_yA) e e _,(25)

Where
K (',y and K,y are the overall mass transfer coefficients with units (kmol/m?. s.mol
fract), which are based on the overall driving force in the gas phase.

y:; : is the value of the mole fraction of A in the gas phase that would be in
equilibrium with x,.

Or, and for the two cases

Ny =Kou(xq-x4) -- - - ---(2¢)
Ny =Kox(xg-x4) —-= - -=(27)

Where

K 'Ox and K are the overall mass transfer coefficients with units (kmol/m?. s.mol
fract), which are based on the overall driving force in the liquid phase.

x:; : 1s the value of the mole fraction in the liquid phase that would be in equilibrium
with ya.

The relationship between the overall mass transfer coefficient and the

individual mass transfer coefficient
A)Case 1 EMD
We can write the overall driving force as follow by adding and subtracting y 4; 5 that is:

* £ S
YA=Ya=0a=v4)+ g —v4)

But
"
VA4, — Y4
my =——
X A—X Ai
Then

*
YA=Y4=Wa=ya)+my(xg—xy)
Substitute each driving force by its equivalent in the EMD case, that is:

(¢3)



NA =NA+m2*NA

K,, K, K,

Finally

et e (26)
K,y K, Ky

Equation 174 can be explained as follow:

The total resistance for mass transfer is equal to the summation of individual resistance
for each phase 9the gas phase & the liquid phase).

The same procedure could be made to find the relationship between the over all mass
transfer coefficient for the liquid phase and the individual mass transfer coefficients,
the relation is:

et == e (249)
Koo m3Ky K,

For the dilute solutions:

m;=m,=m;=m

Then:
el e ()
Koy Ky K,

1 1 1
] = 1 + ' T T T - - ( 3 \5

Kox mK, Ky

B)Case 1 UMD

In this case only solute A is transferred through the interface and no B is transferred.

As shown in above:

K
K,=—2>
yAiLM
And
Ky = Kx
xAiLM
Then
K. K.
Ny= (yA—yA,-)=x * (xA,-—xA) T = - . _L(32)
IIM AiLM

For the over all driving force, and by using the over all mass transfer coefficient, the
mass transfer rate is calculated by:

(k)




YAy YArm
Where
*
x; _(l—xA)—(l—xA)
LM _
ln(l Xf
1—xA

(1=y4)
Using the same procedure done in the EMD, we can find the relationship between the
overall mass transfer coefficient and the individual mass transfer coefficients, as

shown:

For the gas phase:

%k

YA mmoXx 4.

yA{,M _ lL'M + 'ILM - — (3\‘§
Koy K, K,
For the liquid phase: _

*
. S - - - (35)
Kox m3Ky Kx

Again for dilute solution when:
mp=m;=mz;=m
Then
* *
XApn T YAy = Xy, T Vi, =1
Question:
Is there an overall mass transfer coefficient base on partial pressure for
the gas phase, and other one based on concentration for the liquid phase?
Answer:
Yes, these are presented as Kz, and K.
Question:
Find the relationships between these overall mass transfer coefficients
and the individual mass transfer coefficient?

(49)
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