Save from: http://www.uotechnology.edu.ig/dep-chem-eng/index.htm



Pf@“mfﬂav’f&s
Real Numbers & toe Real Line

Much of Calc*u(a_s is base(j ch Prcperl“fes oo(' “Hie Yéa{
num b ey .s.jsjrem - Real numbers tHhat can be expressecf
a s C(@C\"mcx\si such as

= O—?SOOO»..

P

3
™
Y - 5.33333 ...
3 .
\/—;‘z = [Li ' L“l s
“he C‘O‘fs - - - in €CLC)'1 case ir\czllc‘:\ie *’(Lw:t '{{'\L seClLke.r\Qe_
of decimal cl’\a‘r{s goes on forever .
The veal numbeyvs <an be '\(C’_P(@-S(:’,HJ(@J 3eome.—hic:q\(j
as IOointS on a nawmber (ine called ‘t&.e. f@al (ine.
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Rutles for Inegualities

If @, b, and c are real numbers, then:

1. a<b=atc<b+tec

2. a<b=a—-c<b-—-c

3. a<bande >0 = ac < bc

4. g<hbande <0 = bc < ac
‘Special case:a < b = —b < —a

5. a>0=> ;>0

6. If q and b are both positive or both negative, thena < b => ?1)— < é

We C"\g-\'\nﬁuig\q Havee S\Deciq\ subscets of veal numbsevs.

(. e natuval numbers, Y‘Q\Me\j V, 2, 3,0k, -

2. the f'ntcgc,rs,namelj o, 1,2, 13, .- |

3. e vational numbevs | namely Hee nambers that can loe
€KP'WLSS€’0! in the rorm Of a function “\{H " wheve 23
aned n  ave iv\'tegcrs and » %O . E’bcqmpieg are




2 ;- 4. -4 . _b / 200 ancyl 57 - 5%
] 9 q -9 /3 | o
Be vational numbers ave Preciselj the veal m\m\oers with
decimal expuv\s\ang “Hhat ave e’\%\r\e,v
&) -{:éfm(na{;\nﬁ ( enolinj in an nfonate S*r‘mj of 'Ze,\rosl), £ o
¢ xample |

2 . 5.35000... = ©-35 o

——

b) e\if’—v@mq\\n vepeating (ending with a block of digits
hat \repe_q‘cs over and over ), for example
%.E_:z-OQOqu S 25@

i
e bav (‘Ylol:Ca']téS \H\e {o/ocl( 01(" ffPeaf'l'ﬂj Ol'j'{-\
Real numbevs Haat ave not vat ional are called
ivvational numbey - ﬁve.j are ¢havacterized bj ha‘v’iv}j
hon{erm'\na{inj and hOnY(’,‘De_a'ti 9 decimal expansisng .
Esamples ave T, V2 , 5  and {o‘%og |

‘ -. &Eleme S
Set —= lemenct
¢/ union
) iNntevsection

3

¢ GmPfj set
The set /:I C’OnSibf\nj O‘f ‘(’ﬁxf V‘la"'\{\"m\ nwawmb ey (('Jv‘

positwe {n’qe_ge:rs) (ess “thanw & <an be ex?ressed as
A= 1,2, 3,4,5 %
ibe entfive set o{} ‘\Y\\;eag\(s 'S wvitten as
S o, %1, x2,%53, .. §
F)nOf"lex” Wy 4o desevibe a setl is to enclose im

byaces a vule Hhat Seme,mi:es Ml He elemenks of Hhe set.

For instance , +e set

A:§>c[3£ [ an\w‘(t{jﬁ\’ avnd b<x<éj

is He get of positive integers [ess than € -




Tntevva lg

Frinite intervals : fr\,&e;r\}cx,{g sf numbers Co(Yﬁ’SPo‘nO‘.(MJ

to line segman’cs .

Infinite intevvals s inkervals CowesPonciinj to vays andl

Hee veal line.
o . sed
Finit€ lﬂftﬁ‘(\)als : (. Clos
2. Half- open
3. Open
Types of intervals
Notation Set description Type Picture
Finite: (a, b) {xla <x < b} Open

. a b
[a, b] {x|a = x = b} Closed s

a b
[a, b) {x|la =x < b} Half-open

a b
(a, bl {x|la < x = b} Half-open

a b

Infinite: {a, 00) {x]x > a} Open

a
la, o) {x|x = a} Closed

a
(—00,b) {x|x < b} Open - o
(=00, 8] {x|x = b} Closed - .
(=0, 00) R (set of all real

numbers) Both open -
and closed

E;camp(e M S’O(UE’ 4“{;6’ rc-{{c:uc.:g( J?]G’C]da[ﬁf’fés

solukion sets on veal \ine .

Cl) Q.DC—\<DC.+3
b) —%(2x+f

<) -_..5‘____2,5‘

X — |

and shew e



go‘@'\bn

a) 23 -1 < 3¢ + 3 (+ 1)
2x < x + b (=2¢)
x < & “
The solution set [ o +Hhe open ’\r\k@(‘\ﬂ\ (=0, 4 ) -
b) -3 < 2x =+ (x3)
—x < 6xX + 3 (4 <)
o < #F>x +3 (~3)
-3 < #Xx (1)
- g?__ < | | |
e solution set (s Hie open interuad (~3/7 9@) .
<) e inequality 6/(x-D > 5 cCan hold only id =<2,
[secause ofherwise &/ (>x-1) is undefined ov neqative .
‘D;ewefore/ (x—i) Is FoSf‘Hl/f and e l‘nc'_quca[a'fj will be
présevyed if we mu(ﬁpfj both sides "ij (xe-1) .
4
=T 7 ° (x (<=1
6 > $x - s (+75')
[/ 7/ 5 ¢
Fpx o TS E

he solution set is +he hall - open inderval (Y, ”/S—] :




Abgolute Value

77?6 abs‘o[wﬁc’ u«:LIuG o{: Qa hvwnioewr > c(eﬂo‘f'ec;l Bj [:c(i
s Clé’)[‘!:.ﬂ&'fﬁi as

g > X > 0
[/ -
K —_ >C <o
Eixamf)[é : F':‘noll'hj abselute values

2/ =2 , fol=0,I-s/=s , |_lall = Jaf

Absolute Value Properties

1. |-a|=|al A number and its additive inverse or negative have
‘ the same absolute value.’
2. |ab| =|a||b] The absolute value of a product is the product of
the absolute values.
al _ |f’ml The absolute value of a quotient is the quotient
bl b} of the absolute values.

4. |a+bl=|a|+|b|  The triangle inequality. The absolute value of the
sum of two numbers is less than or equal to the
surn of their absolute values.

Note . [—al £ _al
[-3]=73 -]zl = -3
A ' a e b differ in sign ,»H’r.en lachl is fess Han fai+lbl
|_245/=1{(2]= 2 < [-3]+1s({=F%
£ inall othey cases [a+bl e.qua/fs (al + 6]
[3+¢5T =381 = 13[4+ (s
[_3-s|=)-8l=9% =[-3[+[-5]

Absolute Values and Intervals

If g is any positive number, then

5. ix|=a ifandonlyif x = +a

ix|<ae ifandonlyif —a <x<ua

x| >a  ifandonlyif x >aorx< -—a

|*]=a ifandonlyif -a=x=a

© @ N oe

|x|=a ifandonlyif x=a or x = —a




Solve e ecfua;tion with absolute valaes.
’ L>x -2 ' = 3

gxampl’@ z

solution . QJ’ pfcperi’\j 5, 2>x-23 - 7

2>x _3 = + 2>x -2 =—*
2> = (0O 2> = -4

»e Sa[ui'-‘.ons o)C IQDC«- 3/: F are == § X XxX-= -2
Exampfe - Solve e ihfquq(ﬁfj with absolite values .
/5— —;QE[ | |
,S(;{U\.i_a'Oh: BJ Pfof'@r'{j & / -1 < 5 — *—f-é— < i
- 2
62 < (k-1

(-5)

3 > —Diz > 2 (reciprocals )
i
3 <>< %
e sslution ‘Sef‘ ‘S 4‘6\6 open fmtejr\ml (‘/3; \/'2)
Examp/e . Sslve ¥Hae f'nequq([fj ano{ 8170'\»’ Ve So[vxiiavu set on

e vead (ine :
@) [2x-3(g’l ) {2x-3}‘>/l
Solution :
2 (2 -3[
By property & — I 2x-3g ) (+3)
2 < 2> L 4 (=2)
) ¥ X &2
He solution set is+he clesed interval [“I, Zj :
5) [2x-3] >

@J PJ’OPGW"PJ 9 ,



ZDC—'?;>/| oY 2x -3 L - (= 2)
2 o~ ! 3 _l__ 2
<-32%  er =-isoE @D

< > 2 oY >

e solution set /s (-0,1] JL2,00) .

(a)

(b)

Lines/- Cfr'C/eS/ ano{ Pambo/as

Cdrfeg:'an COOKOI(H&,{—CS ) %e fgfahc"

(’borcf{naie axes [. D<— coovdinake (absciss c;\)
| 2. Y- coordivete (ovelineke )

Coovdinate pair ( Origin

Cartesian Coo rdinate = Eec{'anga[ar Coo rolm_cd:c .

3 y
4
(1, 3)
L] ol it *F(a, b
J ! (a.b) kX 2 .
Positive y-axis s :
\ : Second First
oL i quadrant 2y quadrant
: (=, +) (+, +)
|
1 .. |
Negative x-axis Origin : . 1+ .
! O /1 =y N (-2, 1} ©,0) 2.1
-3 -z b op \2 a3 ] o
¢+ L & b—> x
r it i : 2 -1 0 1 2
Positive x-axis
Negative y-axis 2L (=2.-1)
T . * Third -y Fourth
-3 quadrant guadrant
N 4.
! = Ll , B
' (1.-2)




Taevemends and S‘h’aiéjk'h Lincs

Wl’ltn a P&‘rflc;lﬁ move s 1rfv:=~m one Poin‘(, n *L\G P{Qr\Q o cx-vw:ﬁt/»er,

e net changes i \ks coovrdinakes are Cal[ecg l"flCY‘(C:MCWL&‘ The ‘cwc*
Ca_[cw(af:e&'{ 6)  § wafracf:’ry ‘he cocvdinates ot Hthe S'(Cu-"“ti)g ok
F"om the Co@v‘du‘naites of He »‘:mfi‘rg Poird:_

L KDCZ - ‘DC.‘

63 = J2 -1 P ‘ |

;er nonvevtical Ling i the \D\cme has the P”‘P@"U ek
+He vatio

vise . by ¥,-3J,y s lope
X AAYY FaeTd DC, - X,

. . ] . F —
has Hie <ame value for e\;eU choice of Hhe twe poinks

pi ("Dc"*j‘> & P—L (xlfj?-D oh‘\'{t\t\'\\\e.

=

Triangles P, QP; and
P\'Q'P;" arc similar, so the ratio of their
sides has the same value for any two points
on the line. This common value is the line’s
slope.

‘he 5[0;9@ tells u[:) %e c[[r'c?c{"lcm (L{PL\I[(, clown‘n\\\) and
Steepness of aline ..ﬂ [ine with pos:%iu_e sfape Yises utf)fnlu to
the Y‘ijh‘t , one¢ voith neﬁat\'ve 'Siope 1CC(,“S downlull 4o the

Y‘\j\fﬁc .



The slope of L; is
Lo 6D s
Ax 3i—-0 3
That is, y increases § units every time x
increases 3 units. The slope of Ly is
wody_2-5_ 3
Ax 4-0 4 -
That is, y decreases 3 units every time x
increases 4 units.

Ihe an‘,jl(:‘ m( inclination of aline that <rosses e = - axis
i’'s +he smallest countevclockwise cmdle {rom He xc-axis to the

Ahis \i\this
T x T+ %
7 /
; ) y .
s _.~ not this # not this

Angles of inclination
are measured counterclockwise from the
x-axis.

{ne

e in< lination of a horizental line is O . ihe inclination

of a vertical line is 9o .

y
¥
Py L Along this line,
o x=2
Ay gL
Py 4Lk Along this line,
A =3
/ * 1+ [ ] ’
Ay (2,3)
m=x. = tan ¢ .
l -
X | | ] x
0 I 3 4
The slope of a nonvertical The standard equations
line is the tangent of its angle of for the vertical and horizontal lines

inclination. through (2, 3) arex = 2 and y = 3.




fe

m = jm}jl = 3’3-\—_- v (D¢ - D¢y )

Y= Y am (3 -x) | the point- slope equation

Eiamp/g b Write an equokion for the line ‘\{W‘:w\'j\n e @éin"c (2;3)
with slope —3fa2 .
Solution : >y = R y =3, & wm= - 3/2
Y=Y, 4+ m (c-2¢)) = Y= 3~ L (=x-2)
¥y=- ':}X‘ + 6
when <=0, Yy=¢ sothe line intersects the yaxis at y=¢
Exqmpfé’ - Write an equation for the line %rot}j}; (—2,-1)68 (3;4).

SD(\L’%;OV\: 1 — L‘ - sa

- e ————— e

2-3 -5

= |

Cwith (34)

3= Yi + m (X=X
g = i +1-Cox = 3)
j: b +xX -3

3: > + |

with (-hlj—l)

Y= 9, +m (> — D¢y )

=) (X -(-2))
~1 4+ X+ 2

J
J
J

-2 0
-1
-2,-D

the Y- coordinate of +he poiat wheve a nonvertical line
miersects the Y-axis is called e Y- intercept of e (,-:,le‘
g‘milqvljf e x -intercept of a Y\onhowlzavx‘ha\’t‘m& N 1
X - ccovdinate o¥ ‘fﬁé Po\'n,‘f. wheve 4 <rosses Hae - axis




0 a

Line L has x-intercept a

and y-intercept b.

3: b+ m (> — )

ﬂ = W XZ \D *P(/\e Slopc)_i'n‘fc’rceff'( Cﬂlt&a,t{a-n,

i{: in‘k@(ce_\b"t (I’)) = _Zﬁ\"o =y SIW\‘JC PQSS ‘%{M(:mt‘()\\
e oriaioh ( Lineay €q wats on ) ]
Ax + By = C (A 2 B not both )

#18 (jen-e\m( f incay eq walion .

E . . " ’
xample  Find the slope and Y - intercept ot the line
Ex + $Y = 20
Soiut{on M
¥ X+ S—j =20
SY = - X + 20

&
- - =
= + &
He slope 1S m = s~
¢ slope is m = -8/ . Te J-intercept is b = 4

Pard”el czno/ Perpencf{cu(av L:‘neg

I

+;(ﬂe'Lir[;es ‘Hn,d are Para//e/ }m\/é c’f?daf anﬁ[GS oF fnc/r'nal‘ion,- SO
j ave +he Lamé sfopf ({{: Hey ave not \Ie\f-ticn,\)‘ Conu’érsdJ,

So dye \iﬁc\raﬂel-

| If «wo nonvertical lineg L and L, Cwe-pcrp@n:‘ie;dl&r,
their slopes my and m3 5“‘*"5‘23 mymy = -1, So each
S[ope is the heﬁaftiv’f veci‘)v’acm\ of Hue oller -

[ines woith eqml s(opeg have e.cflia( ‘*“j\es o) wmclinatian awd




. _ . i2
j}ts{gng({ anG‘{ C’a‘mle;: in -ﬂwe P/ane..

The Aistance between points in the plane o calealaxed with @«
formula

P(>< 9 & GO de)

c\;/(nx)‘+caj)‘ - ﬂxz-x.)zﬂw;ar:i.)l

T This distance is

a=\/Po-xf + pa-nf
Qxz- 72)

2 =\/(x2‘x|)1+(y2')’1)2
\ l«"’z'yll
ool D)

nr
lxz_xl\

] = —> X
0 Xy X2

e clistance fram the origin Lo Pl,y) i

-3

\/(UC--—O))'J\-(‘;)--O):L = ?x‘-z—rj

BJ c‘@ﬁn‘ﬁ\én,a Clv’c\ﬁ’ o{ TCLOL‘HS a s “’CLC set o€ q“ lOo]YEtS
P> y) whose distance from some cenler C(h k) equals a .
Ffom ""Q\-& cflshv\ce 'Fov mwla ( p [t‘es (6] 2 “l'&.f’ CertE \'{: Omo\ onlJ \F

\/(DC‘}\)‘LJr (y-K)* = a

S

Dis i the S‘fancyarof e?dﬁifbn (_’)"F aGrele with cenkex (h,\<) andl
vodive a. The civcle of vudius a=1 and Centered at +he
ovigin is the unit civcle with €guation

'

Plx,y)

(x — k)2+ (y — k}2:02

*> X




. 1 13
Exam\ale . Fiad +he centev & cacdiug of tee civcle
(> —1)% L (Y8l =3
2
So(uL“tiont h:l / K= -5 2. a = 3 |
The center iS5 (',u—’S) Ez. »{/[a({ wccc[tus (Y

C{:E

Example : Find an equation {or Hhe ciecle of vadius 2 codeced
| at (3,407
Solution . (><—h)" & (Y ) =a
| h=3 , K=k & a=2
(x-3)° 4+ (Y-b) =4
Ex ample = Find the center and vaclius of the circle

x?'_hj&_*_q,x_“éj -3 =0

2

Solation . e convert e equa:tion to S{anciarc‘ form bj COmP(eﬂnj
the squares in x & Y :
X Z“’\“jl-‘l—lﬁx -—(—;j -3 =0
(<*44x )+ (J°-€y ) =73

.

(=t eue () ) + (9769 + L)) = 30t ) +(=5)
(o 4y + 4 ) + (Y*-6Y +49) =3+ b+ 9
(x+.2)1 " (3,3)2 = 16

T’?)ED Cé?ﬂftfi‘f I.ﬁ (s—-lf 3) & ‘-Hﬂ,a \*a_(,t(us S q:Lf

)UO'tf : _
(oc-h) +(y-K) <&
“the interior reg icn of Hhe cirde
(4'-75—1")2—# (j‘ k)1> a

e €x%€rior rejion o"‘F‘HZle civele

&= B4 (y — B > a?

-h)z‘l'.().'—.k)z'a_zaz

LALE




Pavabolas

iy
The (3enera{ eqm:t‘uan is

Y=z ax? 4y boxic

a= o
if a>o = the parabok open upward,
f a<e = - % o dawnward .

1he 33’:-‘%]9}1 O'JE an E?f.{a.ffon of “(’5\8 for‘rn
j = Cl‘DC2

1‘5 a pa\mbolq GJ}’WSé axcy s (Iaxis of SJ??)W)Q'{,}ZJ) IS J(fqe 3-(13(1.5
he foambo{a’s vevtex (point where the paralbola and axig
cvoss) lies et flhe orgjin .

Notes :

/- 77)6 /arje'v” %e Valué‘ o'[ /qf,%e rayvoley {’ke pqw.--ul:)o\q .
2. If a=o (¥hen we have y=bx+c which i< anequation
for a t[ne .

3. Jhe axis is~the line o= -b/2a . Tts > - coordinate is

x—:-blia.; its (‘j--cooro{fﬂa.te is founcl l:J Smbsfi’txxkinéj
>x=_bfaa in the parabola’s equation.

y=a?
ol @4

Hi y=-t
RN el |
2 o] 1 2 F y = —x?
Example: Grqp}'; the €€laa,f'l'on
= _._L:xz_:x:—;-q

2

tj: a'.DCZ -\.—|DDC + C

Sdud’sbn .

_';_{ , b= -1, C= 4




e ———

-y
Since a < o, 'FAe ()(lt’aloofq O‘OGHS (/‘{OMHW’GV’G{ .
> = *LD_ - _ ('-j’)___ =] = = o) (Vertical (e )
2a 2(~if2)
ooy = - _%_(H_:)Z _ =Dy =3

—— — q
_ =D j__ —_
he vertex s (-1, CI/Z)

he ':c'_.{ntt’rcelo‘ts aye where J?O
I Ly = O
2

Verex is [4, 9) ¥
2
A ]
Voo
) — Peint symmetric’,
¥4 22X ~-¥ O |

with y-intercept i Interceptaty = 4
(x—2)(x+4)=»

. (=2, 43, _‘ %
™<= 2 / o = Uy “

N )
Intercepts at
x=-dandx =2

Func“ﬁ'or)sl' Domaia cch QQngG .
-

in C'cz_l(’\.tlu.s we Ma}j wank Lo velfer to an umspeci{:\'eol fuv{.c.%\c;n
uq'.-t\noud \r\ow‘n\S a“b pcwﬂculcw foxrmu\q \

to say “ 9 s a function of o ”

Y=f=)

n e - A Symbsiic NCLJ
s l:’j wr{’c\'nj

("Y equals £ of >c ”)
Tn ki ‘no’(q_.‘t‘\ah,-fhe -SJM'OO] f represents the finciign - The
letter <, callecl the indepen dent vaviable | YePresenks 4he npuy
value of f / aned Y, the clepenclerct eriab\e,- V’CFresevds Yhe
COfY‘ﬁ’.SPDY\Cl\‘YI\.j owtput value of § at .

- DEFINITION Functian

A function From a set D 4o a set Y it a vule Haet aSsijnS

x e D

he set D of all Pc:SS‘\ble input values iy callecl the
clo‘mcun of the ‘pvmc.’clcah . "I}la set of GL“ Va(LLQS of 'FCDC) as

> VAvies ‘{‘f;woujhouit D iy called ¥he vange of 1}&@ fanction
The range may not nclude evey 4 element W the set Y.




x o j—— i)
M Output

(domain) (range)
sz‘a‘mplc 1 F;‘na/ ‘fﬁ;e clohmin & r’c?mg(’ ol(‘ ‘ﬂrx(ﬁ fa“aw;vﬁ
J==x", I=[> , Y-I= , I= fux
8«.. 3 = \/l'— >?

So‘u{ia‘ﬂ
J——bcl |
Aomain = g::cl‘.sc s YG?OL‘% or (—e0,02) )
yange => ialjz,o 3 - = J;x
O
}:.oi 8)0) ) [
2 4
-~ ‘
- Lj
domann %{Iixﬁlzo j? or (-M,O)U(O/w)
x |Y=t/x
ge s {3140 ] or aF
‘ |
(—o0,0) U (0 00) 2 |
-1 .y
-2 -1/2
Y ==
domain = {x}x}o} oY [o,- oo )
Y”"’mc‘je:? %jlj}og oY Eo,co)
3= J - = 4-x 2o = x4
dowmain => {DC(:)CQQE oY (..ab,-tf.j
Yange = %3 ) )03 ov [0/%})
— x <\
- P xZ 2 o »
V= or-x - > #>>C\<‘<,_x

Ao wain D {xlxg\ or DC>/.—13 s E-—’,




T
\+

Ic‘e\’rﬁ{b ins Functian g .

_ Lipeaxr Functions «+ A function of 4he 'form /CX) —mx + by, {or

Constants m and b, s called a linear fanction .

y
m=-3 1
y = -3x
m= -l
y
V=X
3
; ? A
/ [ t 1 i 1 L x
-0 1 2
: The collection of lines
y = mx has slope m and all lines pass A constant function

through the origin. has slope m = 0.

]

_ Power Functions : A funcrion f(:x:)-: > . where a s a consrant,
'3 C._ql(ed a Powe\r 1Cumdiovs. “theve axe seveval l"nf'\\bu(ﬂ\q“‘t cascés
to consider.
CO A=1 , QpPosihve in‘\egev.
n
fex) = = for n= 1, 2,3,4,5

b) a=-1 or a=-2
fix) = =" = [ =>< &. SC‘JC)zDC-Z = V[ >c?
Roth p\incﬂo\ns ave delmed {fov all =< # 0 (You can
ney ey c:l'-.ufdg IOJ 'Zaro)_




i

L —> X
o| 1 - k
Domain: x = 0 Ly
Range: v+ 0 0 1 .
Domain: x # 0
Range: y =90

(a) (b}

{ 2 3
<) a= ——‘2— /3 3 & 5
f(x) = DC!/Z = Joc squave voot -j()\mc\lon .
j (x) = =" 3\,/-5(._‘—- cube Yoot function .
{3 2
Note - J = DC - (Dci,‘g)
e

32

g=x" o G

¥

>l

y=\/;
L y- %
1._.
: : x i > X
0 1 01
Domain: 0 s x < Domain: —o < x < %
Range: 0=y<w Range: -—=<y<®
¥
¥
y = 232
y=x2/3
1r l/
1 x L x
[t 1 0 |
Domain: 0= x < Domain: —o < x < ®
Range: 0=y<o Range: (=y< o

‘Po\_jnomic{\s 1 A function P is a Po\j\'\omla\ f

g L
PO = Ay L A, X 4 -. . 2 AKX + G

wheye w s a -nonneﬁa:tiv’e inte{jer and Hhe numbers Go,Gydy, .. an

ave veal censtants Ccalled +he coeflicients of the pjjnomiql).
All poi‘jnomials have domain (-00,00). T¢ +he leading
(’o€¥£€c§em{ Gly,:#(? and Y\>0 / Yhen n 15 Ca”ed +he cféﬂ‘”ﬁf
of +he PoUmom{a\.




ﬁ iq

, P - e 2 = D(x -—'CDC [:)DC C = b(aot\’alc\c
Po[dhomm,\s of \63‘\’(’6 2 = pPlx) -+ + "f Cunckon

Do\jhom-al& o+ Clﬁafee I P(DC)-—Q'X +\7'JC + X 4 < d = cubic
‘ 'Q\A.m’.kio'n,

B 3y 8xt = 145 — 922 + 11z — | y= -2+ e - D

16
\ | \
x
2
I 1 A_“X ] [P s
-1 1 2
-6

-10 A
-4 -12

<

7

/ﬂ ebmfg F\‘md{ons : /’)’U fumdior\ (On5+ru(cfecj from POUnomCa(s
| atien (addition / sub‘hrad;on, multiplication

using algebraic oper
I o0 voots) lies within the class of algeloraic

vision, a.nol ‘tdkma
Lunctionss.

Y ¥ =1 — x"

(X2 _ 1)2."3

1
Fafo

¥

L
-10 Ol TS
b E
) L
-3

S{ne / Cosiné€ 'f\mc’r;or\s; PR

7r§30 nomc’{ric F«m(jions -

A A A R e

VIRV ANV VARV

f(x) =sinx Jlx) =cosx




Escponential Functisns
the base a > o

(_..D{),,’)G-) QV\O{ ‘('C’\Y\S (0;"0)

e ——
2¢

‘ b F:{Y)Cf{ahg a'F +BE ‘ﬁorm f(“)() ~‘-:Qx, where
'S a positive congdgpt and A1, ayve called
eﬁcponenfﬁal 'Fund;ong-

All e,xPQnevL‘th( functiang have damain

—> e

12t ye e 12

10 10F

8 ak

o s y=3 6F

4k r= TS

= k- 1 |y=2x y=2¥ 2
1 <03 0 05 1 * s 0 s

(@) y=2%y=3"y=1p*

(b) y=27%y=3%y=10

LO@Q‘(H&L}MIC Functions - These ave +Hhe fund;gns -)C(:c)JOJ x,
Where the base a1 15 q Positive Congiaet . ",')76,5 are +the .
Invers e ')Cwnc%ic)hs ot the ex.Ponen-Ha.\ *pumc-\ior\s‘ Tn each case
+he Homain is (cre6) amd the Yange is (=0, ).

“lranscendental Functions - These ave functions thet ave not
algglg-rqic, *’,),ej inclucle +he fr‘{jonome’f\r‘i(‘_ [ (Nverse {-riﬂohome{rig,

exponeh’r-‘a,\, cmo| |03aviﬂ\w;‘\c ¥um<;£:ons,qnd mcm_j o‘t‘ne\r
functions as well ( such ag e hd‘bwbg\:g funciions ).




A

Increqsfn(j Versas bec-(eaginj Fuanctions

T0 +he (grqp}) of a fanction climbs or vises as you move from
le f¢ to w;jhf, we say +hal the function is jpoveasing. TE +he
graph descends ov falls as You move from left 4o r‘_{t)h*, +he
function s dec_rec(s{nj-

Function Where increasing Where decreasing

y=x2 0=x< -0 <x =10

y=x> —00 < x < O Nowhere

y=1/x Nowhere —00 <x<0and0D < x < 00
y = 1/x* —o0 < x < 0 0<x< o0

y=\/; 0=x<x® Nowhere

y = x*? 0=x< 00 —o<x=0

E ven and Odd Functions .

F} il"uncf:on 3:7[(3C) s Qan _ |
even ‘Fumd'-on 01(_ >¢ (‘F f(-x) - -7[’(3()
odd fuactiow of x il fosds - Fe0

For e\le‘:j >C N +he wcvm'd:an *s  Aowsain.
ExamP/e Re“’ﬁ”."z‘f even &~ odd {unch'@ns of ~the fo“o»c};y:

‘F(x):DC/ F(‘x}:xz ; f(:c): 13 / f(x) = % | , & F(x): >+ 1

Selution : Fex)H -t Even Ffanckion (__;c_)z' -’ Loc a il >
S;jmme‘\tfj abouk Y- anis.

3 3 _
: OC_‘(:I “["\kv\c;klov\: (_:)C) . & ‘Cf}( C'c“ x;

Sdmw\e_\fj aloouwt tae @r{sin.

" 4

f(:c) = oC 4 Even qf\mc_{:av] : (__-x)L.\rl :3::.2+l for all x,
Sj*rnmﬂc(\j about Y - axis

f(¢) = X 4\ = —X 4V FE DXL =D ok even

B | 7£ — (3¢ +\) = va\ odd

“The SJMMC{U is lost.
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fix) = . Ddd fwndlov\ v (=) = -2 for all ¢ =
Symmetey aboukt the ovigin.

(-=x, -y)

Survss,’bifferences , Raducts , and Quotients .

| If f and g are fanctions ; then for cvery >c Hhat L::G‘/Ce‘ngs
‘tD "f’hf c{omains DF 'OO'HI\ F C(nc;t 3 (‘ﬂlaj J‘Sf ror o G'D({‘)ﬂ])(a))
Wig def:ne F\.\Y\c%\qns ‘::j ‘?H;\(’_ 'Fov‘mxqus )
(F+ 9006 = fes<) +9() .
(F=9) (x) = f(x) - g .
(F9) (<) = fex) g(x).
At any point of DHE) N DY) at which goo)+# o, we
Can a/.so c’ef{n@ Hae fundf—on bﬁ “+he rOrrmlla
f S0 L
(F)er =42 (b 5010,
Func-ﬁong <an a_]so be mult’ipfc‘ec[ b ConSJrqn'kS: if ¢ 'S
a veal nwm\oer, then +he ﬁmdion <of is defined {or all >¢ in
e c-lomqin of -f 'Dj

(cf)(x)-cfx).
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Exampfe : the f%nc'f{Ons Cfle‘cine;cl bj +he ‘fa(m\l\\o\g
foor=/=  and goo = Ji-x
have Aomaing D) = [o,o&) ano, D(ﬂ) =(- ¢, ]
he Po{n‘fs common to ‘l‘fw_sq dcmmn& axe "’(('\t’_ ’pam‘ts

ED,OO)H(-— ,l]:[O/i]

Function l«ormula Domain
f+eg (f+ ) = Ve + VI —x [0, 1] = D(f) N D(g)
f-g (f—)x) = Vx— VI —x [0, 1]
g—f (g- Ny =V1-x—Vx [0, 1]
f-g (f-2)x) = flxlglx) = V{1 — x) [0.1]
: f S
flg g( x) = 2 VI f P [0, 1} (x = 1 excluded)
g (x) —x
g/f ?( x) = i(x) ! X {0, 1] (x = 0 excluded)

flay + gla)

Com posi te Fanctions

IF IGnJ j dre Fqncﬁonsj Jr(ue C@mPoS,-'fe ﬁmcf(&n {'c’fj
(" f Composecf with ,jk) is delined bj
( f 03)(x) = /f(jcx)),

he omain '9'{\ foj consists of e numbers > tnthe
C:‘DW\&‘\H O'F 3 {}ﬂr" th‘\C_.\\ 3(:() {"ES in e C-(D'wa,Cv‘\ Q{ 4“

x - g ——i-g(x)—-)l »—-—-—) flglxh

Two functions can be composed at
x whenever the value of one function at x lies in the
domain of the other. The composite is denoted by

feg




' | 2
E':cqmp/e : F}‘no/;‘rzj Foer’Qg for Comloosi'tc"s

T foo = /> and 9oy = >+t , Find
a) (f“’j)(x) b) (G Fio) O oflxy) (> 9) 060,
Solution . L
Q) (foj)c‘x) :f(g(x)) = ¢ 900 :/x‘ +1
‘Downa’\h%[_—\,‘}d) DCH:P/O D x > -
b) (3*’4)(1) = 3(&1‘)) = f(::) ol = 4
Doman = [ o)) .
O (fefiocy)= f(foy=Fx) = [/= =='"
Domain = [ o, 00)
) (992G = g(9x)) = Jtx) 1 =G+ 1 = >c+2

’fDomaih == (-0, 05')

E::camp/e: If /CJC) =x® = 3(x)=t/;, 1ct'nal .(F"-‘j)(x) &

Hie domain”
Solu'hOﬂ : (f o\j)(DC) - (J?C_)Z —
Domain => [AO/M> / Y)O—(_ ('- Doloa)

Sh\‘["c‘ma a c\\raP]n of a Fuanction .

Shift Formulas -

(. Vertical Shifts Y= foxy 4 K

a) Shifts He graph of f ap k units f k>o

b) Shifts e jrqph of § down IRl wnits if K Lo
2. Horizontal Shifts Y= )C(x‘+ h)

a)  Shifts “+he 3rqp_)y 0‘7[ 7[ [ef{ /7 wnits :f ,"l>o
h) Shifts e graph of £ right [h] wnits if h <o

% K e« h are constants .
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y=x+1 Add a positive Add a negative

y
y=xl _ constanttox. - constnttox. ¥
- \% y=lv-21-1
4 y=(+ 32 y=x [y=(x-2? -
y=x%-2 -
! 1 l \ 1 1 1 X
{ unit I -4 2 LN 4 s
1 bt x “; | | 0 l[ : ' ]
-0 '\;1 ' " Toshift the graphof ¥ = x*to th ' Shifting the graph of
SN units o shift the graph of y = x”to the _ . ifting the graph of
b left, we add a positive constant to x. To shift the ¥ = |x| 2 units to the right and 1 unit
graph to the right, we add a negative constant to x down (Example 4d).
(Example 4c). ) [

To shift the graph
of f(x) = x*up (or down), we add
positive {(or negative) constants to
the formula for f (Example 4a
and b).

ch\if\a anol RQ‘F[ECRV\J Q C\ra\sk o‘f a F\AhC{“iQV\

LY
-

o scale the 5raph of a 'quncﬁ'on Y= f(’x} s to Stretfch oy
Compreg;s j‘f, veri—ic*af[j or hovizontally. /s i ac*compi:‘sheo( foj
mulﬁ‘oljinj Hie function §, or Hee independent variable >, by

an C!PPY‘OPY'I(Xt(? constant C . Reflections acvess the coordinate
axes are special cases (iheve ¢ - _ 1 .

— —

i. For <‘> I

Cl) 3 = Cf(DC) S'f\”@t(:hes ‘f’{qe jral_)}, O]f «f Vﬁr{"fa“\‘j b,j
a facter of < .

b) - '{;‘1— fix) Compresscs the 3mpl~: of f \}er{;ca_[(j by
Qa "JPCICI{OV o-;f < .

C) \\j: ]C(CDC) COMPY@SSGS \I»Ke jmf)}’ o)c j( l’)OY’f’Zon‘tQMS
l?j a facdor s8¢

d) 9= f(xfc) Stretches He 3rap|a m(f horizordcq“d
bj d ,quor ot C.

2. FOY‘ C=
a) 9= - fox) Reflects +he jmph of § acvess e > _axis .
5) Y= F(-x)  Reflects the graph of  across the §-axis-




5L Y= 3Vx 4
y="V3x
4 -
4 3F
z B stretch y= Vi 2l o COmpress 3= N
J ! ~—Stretch
1 compress ¥ h 3\/; 1r = y=Vx/3
| i I | i
T e B A o, 1 2 3 4 F
Vertically stretching and Horizontally stretching and Reflections of the graph
compressing the graph y = Vxbya compressing the graph y = Vx by a factor of y = Vx across the coordinate axes
factor of 3 3
Ellipses
S v ° the Standardl : .
RS E e Standard equation for acircle 5 f

vadias v Cemferec( at He Orijfn )
5,&&\33-%:{“-&279 = fo-r oc 35\/63

2
CDC'?’+:!?":Y‘Z .Y

- £

i. 1f o< C <\

, t{ne ﬂmP}‘ lr\or}?_ov&a\\d S‘WE*CL\Q&%Q Uvele .
2.IT¢ <>\

, the circle s compressed hon‘z:;rctcx\\j

—
-t

T elx? 4 y2 =2

2 4 y2 = 2

) T T

—r|

Bl
N
/‘I—
e
]
i
-
~

L1k ]
S |-

(a} circle {b)eilipse, 0 < ¢ < | (c) eltipse, ¢ > 1

NO“I“@ 5

. In {-‘jdre (b1, ‘f'ﬂl(‘.’ line Sc‘_;smenf d‘oin;vgj ‘+6\E Points (ir/crg)
fS C_q”ed ‘{’616 MGFJDY‘ a>s 0.4" %e. e”"PSej -f&,g minor qxXis
is the line segmcnt Joininj (o, 2 )-

2- In fiyw (), the rm‘t)‘or ascis 1y Haie Gne seﬂmeni J'Qinlrg
Hae li)oin’c.s CO,:‘_‘ Y ) aned Hhe minor axis is +he line

Seﬂmem’c Jowmning +Hhe points (rfc,0).
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3. In both cases / e 'mcu'or axis is the [ine SQJme.nf ]‘?au’i'rg Hae
{onjer (enﬂﬂn .

T4 we divide both sides of equatiam (i) bj v 2

DCZ 31 — 1 . .
o + [z = ~ . (2)
()Ji‘\ﬁ‘(‘f (o »(‘/C_ Ee. = v

[ IF a>|5 / ‘f’f']é’ n’)aJ'or a>cis is i’lor:‘zonfa{.
2. If a<l b the mcﬂow axis s vevtical |

¥ Graph of the ellipse
2

2
y .
5,5 + = = 1,a > b, where the major
_a\ya x
-b

a b2
axis is horizontal.

Subs-k{w\(lns x_-h Lor >, & Y- K foc Y,in efuq{.‘on(l)

<><_am2*<:>—‘<)z o (3
a’ b*

+the Sw‘ano{aro{ e(/uw‘tfon of an ellfpse with center at
("I,' ’{) .
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‘)r.r;go nometric Functions .

Radian Measure -

“he vadian measure of e angle ACR at Hhe center of
fhoe unit circle e?u,a,fs “the (c.’ng-fé of fhe arc ~that ACR cuts

From e unit cipcle.
S’:Y'él

wl\e\rg S *f‘g\e (en\rj-k(,\ @f arc cut frc;m OLC.‘\(C_[e~

Vv: e vadius of a circle.
o 1&, a(wlg Producn‘nﬂ Ye arc p fac!?‘an.

-4

T vadians = 156
Conversion Formulas

| Hegree = T (X 0.02) vadians

b g
'Degre,es o fa,cf(ang: mu{f.‘,;-/y E?j ._;I{Z_:

: . - .
For exqmple, LS in vdckarn measdveE

48 x I_ —Efacp.

i¥o L

i yadian = \‘_%f__ (% 57) degeees

Raé’kxns o dﬁjv‘f_ﬁS N mu\f‘P\j \DJ o
. ar

Fo L. -
oy c"xampie e N cJ(_Jr"ee

77 X i%’j :3; c.:l@juref_m




An& les
{97}9[65

Terminal ray

Positive

"\ measure

Initial ray

The §

T
hyputcnuse/:.’_ iopposnc
L0 S
. adjacent
h
sin § = opp csc = A
hyp opp .
adj hyp
= — 9= -
cos f hyp sec adi
) d
tan @ = E cot f) = aa
adj opp
Sine Sin &
Cosine
tan 9 eat =

| D qul‘ C

~

Cog & =

M EASW FC(‘J

clockwise = Ylgaq}riut MEeASWTELs .

Radians

S

Initial ray

'&Qﬂ(_?’ =

Terminal

ray

~

-~

) chgativc

measure

:,..,_:'
tva
3
ol

Cosecant -

mea&v\re_cl Couvﬁerdockv\}i&e == pasi%;de MEASWES .

et

Secant

co fcmj ent -




2o

g Si‘n& Cot & = ‘-__.._‘ _
tan & - Cos & 4an & _
! R i
Sec 4 o ——

-— -fan(ﬂ £ Sec& axe 'no+ deqﬁin@d ’\‘; X =a oy Not Q‘e_éfneol E(
T ‘
R PR SN

— CD_fﬁ' &~ CSC(}QY‘G hot c:‘d’r‘nco( f"?clj:c oY Nat dﬂ‘hﬂ@d [{2
(5’4“—' 0,.1' YT( il-ri_, - o~

tf

s I - sin I - 1 sin T = ¥v3
R =N 6 2 £ 2
n_va m. |
I ! Cos o= Y2 cos I = 1
CosS = 4 ) =
L 6 V3
The CAST rule, The triangle for
remembered by the statement “A]] calculating the sine and cosine of 2m/3
Students Take Calculus,” tells _ radians. The side lengths come from the
which trigonometric functions are geometry of right triangles.
positive in each quadrant, '
I : N;,_'_M, e T ———— _gﬁ_j'
| Values of sin @, cos #, and tan @ for selected values of 9 4(
i Degrees —180 -135 —-90 —45 ¢ 3 45 60 90 120 135 150 180 270 360 |
¥ . =3r -7 7 s T g i 27 3r 57 3 !
-8 (radlans) i T T T 0 E I 3 2 3 4 6 kis 2 | 2 Jl
- o TY2 o 2, 1 Vi VA VA ovE o -1 o |
- 2 2 2 2 2 2 2 2 .
y _l;ﬁoﬁlﬁ[glo_i:ﬁ;ﬁﬂ(,l
cos 2 2 2 27 2 2 2 2 |
- -3 1
tan 0 0 1 -1 0 ? 1 \3 -V3 == 0 0




>
' . ; _ T e
Fwncf.‘ons o‘} c/o .

E-qumiofe :
+@»e pﬁ/ﬂ O"‘hﬁ'r 'fﬂgor)ome-(r(“c ,

Solutian .
“an =3 |
&=

+he vight triangle o height 3 (opposite) f vi/|
\8 B

ond base 2 (QO!J'L1Cﬁm‘t) : oS
\n\\j\ao‘tey\uge = \/(2_)1 +(?>)7- = m— _ kJ

C S = i ] = d =
080 = = NI T e seed =
Vi : _ 2

cse F= .,‘/3'3, / Cof & = =

Periocl{c:i”tJ and (raphs ot He 7r.30homefm“c Fanctions .
Cos (@+217) = cos&* Sin(@4217) =Sin@ tan(F+2T) = tan®

sec (F+2T )= sec® Csc (¢F+ 2T ) = csec? cot(F+2T0 )= cotct
sin (-2 )=Sin&

AL
7 T

Cos(&-2T )=cos &

¥
y=sinx

¥ = COS X

/|

ST R

T X
-7 m 0 q‘r T 27 —7 __1-n_-

I 2 2 ! 2 2

| | 1

Domain; —o0 < x < % Domain: —= < x < @ Domain: x ¢i%,i ’%T

Range: ~l=sy=1 Range: -l=y=1 .

Period: 2w Period: 27 1;:253-‘ ;:0 <y ®

(a) ® : (©
¥y v y
¥y =cotx

LML LML DAL
T A T

Domain: x #t%, + 32 Domain: x # 0, £, =27, ... Domain: x # 0, =4, =27, ...
Range: y=-landy =1 Range: - <y <
Period: o7

ST

X .

}}::253:; 2: “tandy=1 Period: 2w
(d) ) 0
PGYfOC\ ( b “(jan (x+n—) - Hfan >

cot (x4+T) = cot O
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Reviod 2T S (X 42T ) = 8inX
cos (X421 ) = cos X
sec (X421 ) = Seex

cgse (o 4277) = <8<Xx

Ei/@n L« OCIC‘ )

Fven Qdd
cos{—x) = cosx sin(~x) = —sinx
sec{—x) = secx tan(—x) = —tany
csc(—x) = —esex
cot{—x) = —cotx
| T <lentities s
i y
‘D¢ = TCOS& P(cos 8, sin 8} 2 -1

:j =Y 5‘:"1(9 ' | jsin 8| "\
RN :
{F " l & xz+j?_: } Q/]

25 .
s cos (9'-{—\5&(] 252 = |

L2
gL { + 'f(JFIzC'} = Sel C}
[+ Coti® = csci&

S Lo :Di\c'rcive,nce Forhqu,las

Cos (A+8) =cos A Cos 3 _ SinAsinld
Sin(A+3) = SinA cos R + COSASIn
Cos (A-13) = c6SA 5B + sinA sin R
Sin (A ~8) =514 6sB8 — cosA sinB

Double - /JU/P bernvt(a <

-
by

CoS2A6 = c?oézcﬁl _ sintces
Sin2® = 28in& cos &



- 2 o
t L cnl0 Cos’ + 'S = |
Cos & +53in = 0?9t sl = o032
coster _ sinlcd = o8 2 T oS-

2 ,
-- _ (- cos2&
Q.Coszo‘?' = lpcos 2@ 285N I =

Ha(f—ﬁnj't’ formulas -

Cos2&
C‘osgcg - !+ 205

- CoS2&
anzj = / 205

Lim{ts o-ﬁ Funcﬁ@r) \/OLIHCS:

Let p(:c) be defined on an oPen ntecval ab ot xofexcept
Possibly at x. isel{. If fi=) gets arbifra\r“]fj close to L (as
close 4o L as we (_.‘l<e) ‘po{ all >¢ 5\4”’-@.‘@“&\3 close €t Xo,
We Say Hhat fapproac-Hes Hhe lim A L as >c approaches ¢,
ancl we Wl te -

lim  feo - L

x~9Xa
€™

which s read “the limit of feo) as x aPProacfzes o5 L

lfh’\ (Lf) _ Zf
x> ( (im (5x -3) = IO -3 =7
[l.m (C}) = 4 x—>2
x=I3 3l — b 2
! ((m — = - ""——"‘_3
(imn ¢ = 3 x—>-2 X+5 -2 +5
M3
¥y
) If fis the f‘C‘je?”f;fj pdncﬁon )((x) =2C : ' y=/y/
) xp hr*i:?ff
(;YY) fCI) = [fm x = DX / |
XXy - . X2 Xy d Il X

E) [ f f' {A S ‘1L£, e C'C*US +Qn-r chf‘an (CX) = k (a) Identity function

y

(I‘M fC:x_) = (-\m K = k

x‘)xg DCajco , k*

]
Il
o~

) SR

0

(b) Constant function
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Escample . Discuss e Lehavior of e fo’{owﬁ functions
<@ S B G, §

O / x < o

a) Ctx) - 2 [ / X >o

/:;) \9()() ) f i/ﬁf / .DC¢ o

()/ X =0

Solution
y }P ;
0 x<0 ‘ I i
- =, t#0
’ { I =0 = ) ) T -
T !_U ﬂ /
/
: S _ —_ _ lL/ .
\\ , [ \ / 0, x=0
S V=
'-._ ‘ \ f' } sin lr x>0
‘_\ -1 _,l KJJ{
(a) Unit step function U(x) (b) g(x)

(©) flx)

A) It jumps : 7he anit step Function Cixy hay no limit as
> —so0 because s values d'umi) at x=o - For neﬁa‘tfv‘e
values of o a\rb.‘fmr:‘/j close to zeres , UCx) =5 . For
positive values of x avb;fmr{(j close €o 2ers Uoo =1.
'7)781"8 (s No Srﬁj{e Ua[u@ L CLFPTOQCIQQA bj (}(x) as xX—> 6 .

to
b) It Jvows oo fcwﬁf‘fhaue a (imct :

because i values of 9 grow avbitvar;
v"a{ufe as X —>o0 anal P

9(x) has no limit as x—so

[3 {arge in absolute

o Mot 5’1‘63) close Ho an real numher,

) It oscillates foo much to have a limit fexy has no limit as
>c—so because Hhe function s values osciflate between +1
and _1 In every open interval conta'ininj o. 7he values
deo na s+aj close o Any one wwmbber s x—s>o .
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Cafc;mlai{ncc) Lim?ﬁs U&inj 'M«E Limif Law,s :

THEOREM 1 Limit Laws ’
IfL, M, ¢ and k are real numbers and |

lim f(x) = L and lim g(x) = M, then /
X—=*C X—>g

1. Sum Rule: Iij] f)+g(x) =1 + i _

The limit of the sum of two functionsxis tile sum of their limits, l
2. Difference Rule: m(f(x) — g(x)) = L — ps '
The limit of the difference of two fungtiocns is the difference of their limits.

3. Product Rule: x!j_xzic(f(x) gx)) = LM

The limit of a pr;)duct of two functions is the product of their limits.

4. Constant Multiple Rule: " lim (k- f(x)) = k-1,
X
The limit of a-constant times a function is the constant times the limit of the ‘
function,
. fx
5. Quotient Rule: xh—rpc g“]:z;;— = %, M#0

The limit of a quotient of two functions is the quotient of their limits, provided
the limit of the denominator is not zero.

6. Power Rule: It r and s are integers with no common factor and s = 0, then
lim (f(x))7* = p7#s
x>

provided that L/ is a real number. (If s is even, we assume that . > 0.)

The limit of a rational power of a function is that power of the limit of the func-
L tion, provided the latter is a real number.

Excamp (es :

. 2 3 g
i {im (’3(3‘_,.(,;3(‘._3‘) = [im xg_;. (im 43¢ _ (im 3 = C +4C -3

. XX>C = 2 K
., . 4 2
| 2 (fm xq"':xz—"l — ag-';:' (x + X "'l)_
x> xXiis (o (<4 5)
x>
livs 4 (w2 _ (i 4 2
Tty X0 Ly oy - " _ _
— X + b Y y_f_)c _ C -+ C ,
B (im =<2 ¢ 2
H S + :c-—;‘?: S C T S

3. {:rm \/4362-3 = (in (4x%-3)

s A2

= {im Gax? _/:'m 3 :/;(_2)2*3 = \/ I3

Ky.-2 e - Y- |




THEOREM 2 Limits of Polynomials Can Be Found by Substitution
fP(x) = aux" + ap—1x" ' + -+ + ag, then

lim P(x) = P(C) = anc" + an__lc"’_i -|- -+ ay.
x—c

THEOREM 3 Limits of Rational Functions Can Be Found by Substitution
If the Limit of the Denominator Is Not Zero

If P(x) and O(x) are polynomials and Q(c) # 0, then
fim £&) _ Ple)
w—e Q(x)  Qe)”

E-xamplé’_

2 3 2
(i x> -3 B AP i A 0 Ml SN
Xt >4 S (-4 §

Elimmatin 9 Zevo Denpminators ﬂfgebrafca[!y
777€orem % aPPf{es onij {fﬂf,e cjenomfanor 01C Me Y‘q‘h‘ona‘
function is not 2evs at Hhe lmit peint ©. If Hhe denominador
1S 2€vo ; Can cel\'nj Commion 1(ac+ors in Hw numevator and
de nowinator may reduce He Lraction to one whose denominator

IS no (Ongei’ Zzevs at c.

Escample s -
2 —1)(; :
f- (f'm X hx— 2 = {J‘n’? (x |)(DC+Z) - [lry, x+2
X} x Z_ X x> < (x—1) XK1 o

{2 = 3
/

2 ! rer sz+foo —o
i xl

—_— —

[’am \/:JCZ_HOO —lo / X “4loo + (0
X ' 2 T

o > | %% 00 + 1O

¢ ploo — oo

—

( /o

2
s - /f'm <
/ Z /
\

20

K30 ﬁz+|o@ -+ lo oo + (O
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THEQREM 4 The Sandwich Theovem

Suppose that g(x) < f(x} = h(x} for all x in some open interval containing c,
5 except possibly at x = ¢ itself. Suppose also that Le o

lim g{x) = lim h(x) = L.
X X—>c

Then imy—, f{x) = L.

. The Sandwich Theorem is sometimes called the Squeeze Theorem or the Pinching Theorem. 4 The graph of f is
i sandwiched between the graphs of g and 4.

Foca MP (e

4

/ — D: \< U < ]+—J;—z- for all >c# o0
find ["m UCx)

e R

Solu‘ﬁan H

(v /_ X2y - () 2 )<

x—:: ( 4 = ( 4 ) | !
) x \ _ g o - |

;(Lf-:: ( 7+ = ) = {7+ - )

[ rs U(x) = |

B e

THEQOREM 5 If f(x) = g(x) forall x in some open interval containing ¢, except

possibly at x = ¢ itself, and the limits of f and g both exist as x approaches c,
then

Hm f(x} = lim g(x).
X—>C X




Fr'n{fe Ll.m:‘-fs as o< _5 o0

7he §jmbof for infinity (o0) <loes nat vepresent « veal number,

We use 00 to cescribe the behayior of a funchion whew the values
its cdemain oy range owtgrow all {inite bounds . For exawmpie, e
funciion '(:Cx) =\ [ s C;(‘;“C\‘Y‘e()l 'Cc;y- all =#o0 . whew = g Posiive
and becomes Q“CY‘&LS%«U\J far(jc , o< becomes \‘w(reqsinj!j simall .
when >« 15 nEja‘cNG and  ts mqgnl&&o{e \‘DG’C,OMeg i“tregg}ytj‘j (.owael
I/:x: a‘jain becomes Sma\(, We SMwivaav iz € ‘H;\&se sl sevdations ioj
S“D;“j el foy=ifx has mit 0 as xc—>39¢ oy Hat 0 ic a

Limit of fex) = (/2 at mfinity and mf?cmve c‘nﬁ‘n.‘fj )

DEFINITIONS  Limit as x approaches ¢ or — o0
1. We say that f(x) has the limit L as x approaches infinity and write

Jim, flx} =L

if, for every number € > 0, there exists a corresponding numbe: M such that
for all x

x> M = Ifix} — L] < e,
2. We say that f(x) has the limit L as x approaches minus infinity a:: write -
lim f(x) =1

if, for every number € > 0, there exists a corresponding number A such that
for all x

x <N = |flx) — L] < e.

rhe basic chzCh 1o be UEV‘EF:EO{ b\_j Q‘DPGJ,‘HJ ‘ffﬁe ._-r‘orma‘

cje’Ffv’) tion ave

(f'm K = K can o! ( Yy =0
o -t o 23t o <
THEOREM Limit Laws as x — L o0

If L, M, and £, are real numbers and

lim f(x)=L  and lim g(x) = M, thet®
x—r400

1100

1. Sum Rule: lirilw(f(x) +gx)=L+M

2. Difference Rule: lillloo( fx)—gxN=L-M
x-—'

3. Product Rule: liTm(f (x)gx))=L-M

4. Constant Multiple Rule: lililoo(k‘ f) =k-L
x—*

5. Quotient Rule: li f—(ﬂ =L M#0

smiog(x) M’
6. Power Rule: If r and s are integers with no common factors, s # 0, then

x-'l'iil:}':loo(f(}:))r/s = Lr/s

provided that L' is a real number. (If s is even, we assume that L > 0.)
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E=x aml:)[e S .

i. /i‘m (5 -+ ‘l:z':_—) = (-.m & -t (t\m

f
o —> 0o x -0 Sc—> 0 %

5 +0 =5

1

{
X OO e > —2»= =

- [ 77'_47? . /r‘m i (¢ i
HK—>—ob X -2l > oy B O

“:7?_\/ OO0 = =

Limifs at Infc:‘n{fj o‘f Rq‘\‘\bna\ Fumdr\-m\s s

E'xample : ( NMumevator & Devanminator ol Same '—Deﬂree ) g
[ir, 5x%8x-3 _ 7 & +(&/x)-(3/x*)
K2R 3x &4 2 X—>0 3+(2f>x?*)

( Divide numerctor and denormmotor I?j >*)

5+0 -2 =

2+0 3

Escample : (fDeﬁrec.’ ot Numevator Legs han D@jree of Dehomindoxf:

P HXAZ o, GHx) ¥ (2/x2)

¢ Divide numevator and deno mnactov bj x3*)

= f_t\l = O
A —-O
E‘xamp{e ) (’Dej\’eé’ 010 Ndmev‘afar Cveater ‘hﬁan 'Dejrcf’ oif- Deno m;nq-fur>
[ oo 2x2*-3 _ i (2x) -(3/=)
xX->-2 FC A+ x> 7 + (4/2<)

( Divide rmuwerctor and deneminator by x )

2(—0) = O
F+0

= — o
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Hov i zontal ﬂsjmpfofds 3
I€ ‘ﬁﬁ cl:S'\"QY\Qﬁ l':)e’kque\q ‘(’{J,\e 3\(‘L’tph o‘f e f‘*“\c%\an U\Y\d some
F\'x_e_ol lne a

Pproaches Ze¥o QS a ?oin’c on Hae Srqe\w ™Moves incfmginj\j
Fav (Y“cm

e er;gin, wie 'Saj ook ‘(-{',\gﬂm?'h a")proqc\neg e tine
OLSJMPT“TL:CQHJ and thaxt e tne i¢ an asdmp”fo‘fe of fhe 3}’2[’3)1

¥

Vertical asymplote

o -Horizonta] 1
- -asympiote :
L — =
'h-\w\ o 1 Horizonta]
: . A asymptote,
y=0

Vertical asymptote,
x=0 :

Tn g ﬁjure , we obsevve Jhat e >C_axis is Gn qum(rts{ﬁ ot
Hae cavve on e v‘tj\\*t lb ecamse,

{I.m -__L - D
X0 X
Omci on “-H)\e (eh lot"¢<WlS€
(fm J_ﬂ - O

X0 X

We say Hat Hhe x—axis is a hovizonta \ as:j\rn\rt«:ic of Hae
3v‘apk of ftx) = i/x ]

DEFINITION  Horizontal Asymptote

Aline y = b is a horizontal asymptote of the graph of a function y= flx)if
either '

' lill’Dlo flxy=5 or li.rzloo f(x) = b.

Vevtical ASijfo tes o

he distance betuscen a Poin’( on the jmplé) of Y=t/ anof

the Y-axis appvoaches zevo as He pomt moves verticall

aloh_g Mﬁf&p}) oand aniay from the oﬁ'jin ( same f.gure above ),
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WPis behav:or occurs becaunse

’ ' = o : {t' _..L_ = —- o)
fmy = ed I <
We Scxj “Haat He lne x=o (‘(‘Ag Yy-axis) /s «a vert éal qgjm!o‘to*te
ot ‘Hfu;gmph of Y= /< . Observe +Hat Hhe clenomimatov is zexo
at x =o CLYLC‘ *l"e\e 'eumci{on s V\Y\G(QFMEJ ‘ff\ere .

DEFINITION Vertical Asymptote _
Aline x = ais a vertical asymptote of the graph of a function y = f{x) if either

lim_f(x) = +o0 or lim_f(x) = oo,
xX—>q x—*q

E—:»cqm‘o[e : f-_u;o/ ‘('Ae /’?G}"iaan‘fa( an@( Vcrfica‘ a%jmp‘fdfes o‘f'({le

CAYVE
> + 3
oC -+ 2
Solation: { ~—+ 3 (i (+ (3/x) _ l+ 0 _
; sy = ’ - T -
;c_-:: X+ 2 x>0 (2 /=) I+ ©

j = | hor(zaw‘ka,\ Q&jmp{u“ht

[im X*+3 _ 0 = x+2=o0

X -2 =>C + 2

' . > = — 2 ver tical Q%JW\P"'D'\—(

i o " Vertical
= asymplsite, 6
F=—l 5+ _ X3
4.,y x+2
-+ .~ Horizontal 3 = Y+
- asymptote, 2l
.y=l E - -___________'

Ly 1 L

1 1
SN2 1o 12 3




e

E‘j‘:amiﬂeé y

f. /j‘m ( Dc“lez+l ),

X —>00
"

//'m (x-\/;cz—u) . >+ = o

2 0b > 4+ xl+|

e - (241 i

(i'm —
x>o0 o4 fxra K> o0 Xt fany

—_ [a'm (i/x) - > -
x> 00 (3</>) -\[z N z B e = °
+ () +0 [ x?) ) I + [i+o
. 2y 5 i/
2’_ ['-m > — J o _ /‘-m xfis R /s
X2 ~00 . i W5
= 3\/ —~ + 5 = X -5 —00 DC/3+ ~ /5
B i/s ,IS .
e i — (X /x ) i | — ((/_lers)
o 500 - (Dct/s/xtls) g P+ ( ’7./ x;/rs)
- ) — O = |
i+ 0
3. {i.m 2 +3x — (fm 243
X I + 5> X —> ol f+5x
(ivn (202 +(32¢/xX) _ [ (2/x) + 3
= x>0 (Ifx)+ (5X/x) H—>R (i[x)+S
o+3  _ [ 3
= o+5 h S
L - [imn X*x3 = {r'm I {3/ S © =
x.>00 = —/ o(—>00 ] — (1/=x)D [ — ©
:j =1 ‘norizonJra( agjmpfofe )

Xl =0 = X= ( VCV‘hCC{( Cls_jm(?‘fa‘fﬂ .
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X—>»2 x-2

x4 Qfof A X b +32
~<¢_ €4 > -2
el Pedl
2>¢® - 64
F2x°2} 4

4

L _ gL
The¥t gx?

gx*_ ¢l
38> X
16 »*_ 6k
3/6 %X 3>
DL — 64
+32 =< X g4,

2

o

[ im 6 _ ¢k
x>z X -2

) 5 4 3
= Lma %25 ol g€ vigxy-32
x—>2 :

5 4 3 Lx |
= (2) +£202) 4+ 4(2) 4+ 8(2)+16(2) + 32 =

~ 2_ 3 2>C — Y




hé
Co‘nt ;Y\\k('t:)

DEFINITION  Continuous at a Point
Interior point: A function y = f(x) is continuous at an interior point ¢ of is
domain if

lim f(x) = f(e).

X
Endpoint: A function y = f(x) is continuous at a left endpoint @ or is
continuous at a right endpoint b of its domain if -

lim_f(x) = fla) or xli,n;_ f(x} = f(b), respectively.

-

1f a function ‘f is mot cortinwous at a poin‘( C W say Kwdc {
s discontinuous ok ¢ and ¢ (s a Point o} cl?SCon’(inui-\j o {.
Nofe ot ¢ neecd not be in Ve domain of £.

1
I Continuity Test o

USRI e

A function f(x) is continuous at an interior point of its domain x = ¢ if ar:i only -

if it meets the following three conditions. '

L f(c) exists (c lies in the domain of f) i
2. limyo f(x) exists (f has a limit as x — ¢)

3. lime, f(x) = fic) (the limit equals the function value)

E'chMIO/P: ke ﬁumc%'on Y= '; ‘s continuous af t?de,fj Jaluae
of x exccilo‘(? x=zo . It has a poiat o f c’{rSC‘a~nfa'nut'+J at

X =0

THEOREM Properties of Continuous Functions

- Ifthe functions f and g are continuous at x = ¢, then the following ¢ - )inations
are continuous at x = c¢. .

1. Sums: fteg

2. Differences: f—g

3. Products: f-e

4, Constant multiples: k-f, for any number k

5. Quotients: f/g providedg(c) # 0

6. Powers: S, provided it is defined on an oy interval

containing ¢, where r and s are integers

[-'J/Y} ()F.‘-j)Cx) - [fm ( ‘)C(‘x)—t-j(x-))
D

At =<

= (r‘m ‘F(."x)_f- {t'm 3(.:() = ‘F(C) -+3CC) 2(’[’*3)@)'
o3 <

o o L

i Shows +hat £ +9 (S Contipuons .




THEOREM Composite of Continuous Functions

If f is continuous at ¢ and g is continuous at f(c), then the composite g © f is

continuous at ¢. .

e fo[(owinj -r'j‘p(’s of functions are centinuCus ax eutU \agm‘t in
%Ec‘y’ C"omaa'ﬂs '

[+ Folynomials .

2. Rationcl fanctions: %fj have points of Jisc:meblff\j atHe
2€X D o+ ‘l'ﬂea‘r c\enomi\r\aiOY‘S .
Root functicas: ( 3.—.“{; . noa positive \'n"fécjﬁr
greater “tHhan V). |
. ’?rfﬁonome’h’fc PWnc%lons.

3.

£ = P’c;'r\c’_ﬂ"( el Q’\-&v\t‘\‘l ONg -

L
= . Inverse +\f';3onom¢¥ric:' fancdons .
6
7 Logaﬂ“{’(amic ("wr\c—\‘;aﬂg,

Note . The Invers CANCA v Corhs .
nJerse gunchon o& G\w\3 Comtinuons FQY\Q-"“DH s C.on+3nu0u5

E’xqmla(es :
2,’1;2-1-1 3
[. ‘F(IX-) = o2 — | x#‘
| 2 > =|
W fay = 2
@ l:’m ‘z_xz+x-3 _ [.‘m (2x+3)(x-—t) ':-[i.m (2x+'$')
2>t 20— x| (x —) = -3\
3 lim fc (1 - e
@ L~ <) 4 fay ,  SF2
1['(1) Aiscontinuous gt = = |
_ 34+ = i
2- ')[('D() _- <

3- % x > |




Timn 3-‘_3(:3.__\::2

‘—
o= |
- (f'm 3 — 2C
[‘mx— 3+x % x-;lf
x-> |

10(:() dicontianoung at »>€ =1

x 2
3 - ';(:x)
= = 2
@ {(Z):
@ (fm J :_i_ - oo
X7 X-2 6
No limit , . fey Hiscontinwous at X=2-
x%_-16 o £ 4
l—f _f()C) = o — L'
q = =4
icey = 9
Do { x* 16 [ (> —te) (X +H)
- ; _ - - i
(© i_:: {:CDC) ) xj::f -4 XY (x-h)
= (inn (2xa4u) = yF— = ¥
P

@ fa) == 2_:;: fex)

o feo Aiscontinnos at =X=14 .

[ =-3] <43
5.‘ {LI) =
2 o>C =3
0 f(g,) =2
@ lf'm (1-3) - D
x->3"
[irmm —(x-3)=0o
A3
(:M (JC-—S);‘:. /fm__-(DC—-B) =0

x—> 3

x>3




fim fox) =3 o =2

X >3

. fex) Jiscontinuouy at X =3




74!73@11‘3 and Devivatives

\I- L Passes ‘fﬁroqﬁk P Pev'?enc(-‘tu‘m’ fO‘fﬁé’ ffne

L meets C only at P
but is not tangent o €.

"7-0 clec{ng -&anggncﬂ )Co(* (9eneml c.uwes, we “&Efi € Cljﬂa.mic; IQPPVOGI_CJ\.
Haot takes inte account Hhe behavior of Hhe secants —i(;\wz;vga\\ .‘P and
neowbj pols Q as Q moves toward P alonj e curve . |

L is tangent to C at £ but
meets C at several points.

. We starl with what we Can c:q,lcwlcd?t{ nameLj ‘(‘&e Slope of e

secant PQ.

2. Inuesfgqte the limit of Hhe secant slope as Q appreaches P a(O\'\ﬁ"‘

Hhe cuxve .

Prwith His slope.

vl
o
Secants 7,
ry

- I e Gimit exigks, taKe it to be the 5’0{96’ of Hhe curve at P
axwl O(E'Fu'ne the m‘anjent to ‘%e cuyve at P to be ‘Fﬁe line ‘f‘af‘ou{j})

L

P

from P ts He center of C. ¢
2. L jPasses ‘hﬁmﬁ‘? onfj one Po‘\""lr (’{ C, namegj

P .

. . ' L is tangent to th

g . L PQSSC’,—S ‘MYOO\L)L P aYIGJ ’tfs o ONfE gl(}{f—‘ 9£ circlcatPiFitpassesLhrol:ugl-?Pe

C., ( ' perpendicular to radius 0P,

, onJ.

.K ’

P

L is tangent to C at £ but lies on
two sides of C, crossing € at P.




Escample - Find e slope ot He pavabola Y= >? at He point
]9(9,{!,,) . Wvite an eqqmi-'on for “the fanﬁfn'f {o ‘f'ﬁe
paraboela at Hhis point.

S{)‘\\.’Ck‘: (2] L0

Secant tine = P(2L) & @(2+h,(2+W))

Secant SIOPE (PQ) - Ny = (2+ lr\)l - 22 3 hz—t—‘-(vlw+'-f L

Wb
h

As < appvoaches P along ‘fhe curve | h c‘tppr;ac.l\es Zexs
[im (”!-{- Lr) = U

h—>o
he pa.mbo(a s slope at P i‘s. gy .
he fangcﬂf( fo ‘t‘ﬁe Parabcs(a at P s e (ine “P{]Vo(fﬂh P i,
J‘foroe y -
Y=Y, o (o —2¢)

yr heh(x-2) = J=Ux-h.

= !‘I—f-l,

2 2+m—4
Ml "=k
[

+4.

y==x Secant slope is

02+ h, Q2+ A7)
Tangent slope = 4




e

F.tha‘a'r;j a7angent to e Crrap)q oJZ a Fanction :

F DEFINITIONS Slope, Tangent Line
The slope of the curve y = f(x) at the point P(xp, f (xp)) is the number

+ h) - :
m= gin}l fxo i)z flxo) (provided the limit exists).

The tangent line to the curve at P is the line through P with this slope. i

y=f)
Olxg + h, flxg+ h))

!
0 Xy xp+h

Eacample: Show ‘f'ﬁai‘ the (t'né JZMDC-I-‘O is its cwn —fqujen:t at Q.'LJ
jpoint (2, MG +bb) -

SG[UL{(OYI:
(et 'f(x)z-mx—q-b
1. Find fxo) & flx.+h)

f(xs) = MmXo+ b

f(x,1h) = m(xoth) b = mXo +mh b
2. Find He sfope

(i FOorh)=FOS) [, Unx, amhtb) - (mxe+b)
h—éo h ‘n—)o h
= (l"nn ___Ph\r\_ - YT
hso h

K 'anal ‘(’ﬁle %anj(?n)t (Cne (,L,Sir!j '-{‘6\6 faofn‘tzslope GC{DUEUOV\ .
3: d‘_\__vv\ (DC._X\) { (DCOKMDCQ-(-ID)

Y- (mXo+b) 4+ ™ (-2C)
‘j: o _\_\o,_\.w\:)(_ w X o

3= wmaC A+ b




Finding the Tangent to the Curve y = F(x) at (X0, Vo)
1. Calculate f(xo) and f(xo + %).

2, Calculate the slope
_ flxg + B) = f(x)
m = lim .
A0 h

3. If the limit exists, find the tangent line as

y=yo + mx — xp).

g’““9(¢@ﬁnd e slope ofHhe cuvve Y= V[ at x=a Fo
B Wheve does Hie glope C(UL(L\ vy ? |
© Whak (f\wepens +o ~the "\'lej(y\x to-the Qarve ak e polnt
(a; \fa) as a changes?

SoluXion -
a) fuoy-tfx , (a,\va) l \
Slope = lim F@+h)=f(@) [ axh  a
i>o h h-so h
2 (ing 1 GQ-Caxh) _ (in, _—..h
hso h ala+h) hss ha(a+h)
- (i.m -1 - - ! / a#: o
h—so ala+h) a? |
l ’ —— z e 1= 24 O a=-2
= - ——_— =2 Q :4 =
b) - — 3

The cuvue has S(ope -4 a:f‘('&e tuwe Pofn{"s Cl,l[?_)
o'mcl (—2/""1/2)

slope s f:ll
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C) Notice ‘Hfmi' Me 6{0P8 _(/qz 'S q'wCLJS ng‘ja_'tq/e v F Q:ﬁo .

As a—=0" = slope w5 w6 = tangend \'V\Cx"e;;lS\"Jlj steep .

As «a Mmaves GLUJ“LJ ‘Ffom "HAE @fl‘j;‘n 'n ei-/—[,er— c:'lu‘red.'ar\(‘rg,g gIQPC
Ctppfoqches O“ ano! #-e 'f’anﬁf‘n‘(“ fe,fe/s off 1‘0 bgc_-oméa hor;-amﬁ%(_

-

1
Y=x

Jone 15 —-=
sl(:bpcls—2

Differentiation -

e Derivative as a Fu.nchon,

3: F(x‘) / OC = DC,

iy FCxawh) = Flx)
h—o I

DEFINITION  Derivative Function
The derivative of the function f(x) with respect to the variable x is the function
/" whose value at x is

f'(x) — }}Elﬂf(x + hz - f(-x)’

provided the limit exists.

T we wete 722 >« h = h=7-x )2 l’?-—»o-@Z—abc

.ﬁ/férnq;hi/e Formu(a For ‘H’:e Devrivative

f,Cx) = ({m ;(Z)-ch)

Z-> X 7 -
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y=flx)

Secant slope is

£2) = 110
Hz fiz) Z—x
Pix, flx)) 2 — flo
O\ l

E.:x“qmp[e . 'D«.‘ffe,\renﬂoit 'F("x) = 2C /(DC-\)

Solution -
foxy - > , F(:c—\—(q) = (= +,l“) )
o —1 (xxehy) —
X\ >
T
|’|——)o I.-] '1_99 h
i [ ‘ (scah ) (oe=t )= 2 (3¢t —1) _ ("m P -~ h |
h->» h (5c4+h-1) (¢ —-1) hso D (xxah-1)(x=1)
- {;M — ! = __.__\__
h—=o (xah-t) (3¢—1) (:_3(-——\)2'

gxmnp'«é . @ Find “the devivative of ,j-.-\/—ac_ for < >0 -
@ F?'QJ ‘{‘ﬂe ‘f'Gl\l:ljenf fine 'fo‘fﬁe Curve \\):\/; akt
DC:;LG -
(S(:'(»Lf'lon : —_
) £ = lim fzy-feo (i, VZ -
23X Z =X 253 Z -
{-"M \/_—“R- — = [“M ___.__\__-—---"
wex (J7 _yx)Jzelx) e 7 x
\ -
2 (=<
b) The 5/0}36’ of *H?me cwrve ot ce=4 s .

7 \
+ (4) = = l_,
fran 2 u B

—
e

he ’fanjc‘n‘t is the line 46’«0-\91\ the point () Wi
S'ope‘ '\/q ‘.
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; ' - |
Y= 2+ L (x-k) = Y= o+
¥y
y=ix<l
\
“.2) y=Vx
~H
5 ] 'y L ‘1‘ ] x
Notations ,
Y= f (x) > = inc!e_penc\erf\. varialole .

NI ciﬁpenﬂev\k variable .

f,(x) = \\jf = cf\_j___ - f;j_f-— - < {(x) ;-_-‘_D(()(DC) :ng-bc)

<= <A x A x

f ((a) N éf_ .2 fe)
Ax A Axc
x=q X =a x=a

[ i

=k A

Differentiable on an Inteeval ; One - Sided Derivatives .

A Function 3:{(:@ s c:‘i“"ere,n’t\‘qlole on an opn mterval
( finite or infiite) if & has a devivative at each pont of +he
interval . Tt s differentiable on a closed interval [a bl
it s Aiffecentiable on tie inkevior (ab) and i Hhe Linits

({m .}'(a.{.l«.)_—-f(a) Rghf-— hahoi devivative at a

h— 3 h

{ (b+h) - fb) Leff -~ hana‘ olér{mfdfe at b

({m
h—>0 h

exist at the endpoints.
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Slope =
tim 12 h}: — flb)

Slope = ey

lim f@ R~ Sl
h-0" h

1
|
|
|
|
|
|
[
|
|
|
[
|
a+h b4k b
=] h<0

|

|

1

1

1

i | I
a

[ i

E?:ctqm‘:(e; Show that He fanction y=lxl is diflecentiable on
(-oefo) & (0/00) bt }’Iaj ne devivative gt >c=a

Solutioy ,
ri ‘t ) e E — ) — ca— - ) -
jh S ({xl) (x) = (t-x) = |
= < -—__..___...d (— = —_ (= _—
feft = __;(le)_ (-=) (-t.x) =-1

v‘;77€|"‘C. Can be ho CICY‘{V&*\V@ Cd: ‘l’(‘te o\rﬁ\j\h lO(fCCLUL,SC me_ one _

S.-‘c)(@{ devivatives o(-‘ffcr ( | = -l)

Qijhf—haml decivactive of Ixf at zere = - ,0'['“'_ [ol
h>o' h

= {fw) ”1' = [c‘m __I."__: . [ = |
h-3 h h>3 h  hsd
Leﬁ{-l'lar\o{ C:’Qrfua;ﬁt/é O‘[‘ ,xl ok zere = {fm ‘O+hl"0|

h—-s |

:(‘M 'l‘, = (;m —L‘ -——'[m - = —
h>o h -
o [hl=h When h Do y
4 y=|x

= lh(:-h w\nen l’l<0

RO V=

— X

y' not defined at x = 0:
right-hand derivative
+ left-hand derivative

Note : /é) Jct{nc,ffon P S Cortinyous at e,ueU ‘oofnt (;dl;\er'e ot has 6(.
Jdevivative - (Diffecentiable fanctions are ConffnuO‘&S).



Di {ferentiation Rules .

RULE 1 Derivative of a Constant Function ) w
If f has the constant value f(x} = ¢, then |
df d .. _
de — dx ) =0

A A=

Se(T)=e & F W)=

E:Campl&: 7[(3();-? = C\‘g - <—_-l (g)__

- T ' N - ¢ e v ho
Proof of Rule 1 We apply the definition of derivative to f{x) = ¢, the function whose ! : -
outputs have the constant value ¢ . At every value of x, we find that : !

| 1

x+ k) — - ' ‘

f(x) = lim K ; 10 _ lim &5 = lim0 = 0. " Loh
hA=0 h—=0 h‘"’U Q x x+h

The rule {(d/dx)(c) = 0is
another way to say that the values of
constant functions never change and that
the slope of a horizontal line is zero at
cvery point.

RULE 2 Power Rule for Positive Integers
If'# is a positive integer, then

e e et s

Exam,o’(i M

foloc | xtoxe®| x| ...
Folor aocaxtfex®| ...

_.  First Proof of Rule 2 The formula
" — X" = (z _ )C)(anl + zn—?.x PR zxn—z 4 xn—l)

can be verified by multiplying out the right-hand side. Then from the alternative form for
the definition of the derivative,

flz) — flx) % - x"

) = 1 = I
X 1m — im pan
f Zry z X Z—X z x
= lim(z""' + 27 %+ e+ T+ 2"
Z—*X
— nxn*l

5¢



Second Proof of Rule 2 If f(x) = x”, then f(x + &) = (x + #)". Since nisa positive
integer, we can expand (x + /)" by the Binomial Theorem to get

Cfa+r ) - flxy  x+ R X
' — LM = LA
f (X) hlgz}) h fIE]O h
_ nln — 1) —2,2 -1 n n
x" + nx" 1h+42-~x” he +---+ nxh + K" —x
"+ ___'n(nz— 1)x”72h2 + oo+ k"4 BT
= A p
: - aln — 1) . n—2 el
= lim tmx" '+ ———x"" 2 + -+ nxh + h
h—0 2
— nxn*l

RULE 3 Constant Multiple Rule !
If u is a differentiable function of x, and ¢ is a constant, then |

i(cu) = c@
dx dx’

In PQY'I'I"CLL(QV‘/ ["F n s a PoS;foe i‘y\"{'ejer{ .f—é(jn

o : ny _ h
E(C"C)-CHDC

Ex-amp /6

2 .
=
d —uw) == cCiu)=-t. —3—_ (u) = -
Proof of Rule 3
icu = lim cu(x + h) — cu(x) Derivative definition
dx h—Q) h with flv) = culx) -
,oulx + h) - ulx
= CJETD%_—;H*() Limit property
= cdx 1 is differentiable.
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RULE 4 Derivative Sum Rule

If u and v are differentiable functions of x, then their sum « + v is differentiable
at every point where u and v are both differentiable, At such points,

d du _ d
aWTV =gty
E:cctmpfé: Y= x"+l2.DC
ci‘j = 4 < 3
| = x —= =
A d.x( )‘+ (llx) L"x + 1L




D ————
Sy

- it e - N

Proof of Rule 4 We apply the definition of derivative to flx} = w(x) + v(x):

) + o] = Jim PET I A 2 0] Q) + o)
- [u(x+h)—u(x)+v(x+k)—v(x)
fr—% h h .
o w B —ulx) vix + ) - w(x) g 4
B I e L e e
EthmI.’.)‘e : d:xg--{— B‘S—Dﬂza 55 4 |
= = b + —— —
< x ol x el SDC)__:T:E(S‘X)ﬂ‘_?x_(l)
= 3?4 %-Qx - S +0

ExQM‘O(ﬁs Does e Curve 321)(1'_“212_{_2 I-,a,\;e anj l’yorf?,an‘fq‘
_-(argjéni‘s 7 Iﬁ So, wherc?

SD[M*;OV\ :
he hor‘:’ zon’fce( '(‘a@r:’nfs y IF a'fj t OCCUY wl\e\re ‘\'fne -S‘O\)e
dy/c>c is zers .
3
<ly = <l (xq_,zxz—(-l) = 42 _ kX

Aoe dx
4y = 4x?_ 4o =0 = LX(x%11) =0

o > =0 p { / —
7776’ CUuvve j'—" x"..2x2+2 has Aorizonqu {a@c”nffs at
>C=0 ;1 , 8 —| . the corrESPondinj pPoints on Hae

Carve ave (0;2),(1,1) & (-1,1)

Y ooy=xt-2x2+2

©.2)

1 -
LD (Ln

! 1 T
-1 0 1

Note . (. The devivative of +he sum of +wo Fanchions is the S wm
GF ‘wlei(‘ c{ev‘iva‘f'{ves‘
L. "he derivative of +Hee Proolvlcf of tweo F\M\C‘Kcns in nok
e p-rcdqcf of Hheir~ derivatives
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RULE 5 Derivative Product Rule
If u and v are differentiable at x, then so is their product v, and
d dv du

a(uv) = ua;-&- Vi

EICLMP(E : Finc:l "?(ae cleriuai\'\i‘e QF 3 = \T_JE (Xa —+ -_\—J-C)
i

Solution : U= —_%C , Vo= x? 4+ ¢

Se[ )Ll ) v x) (- 5)

S S A IO

o> 3 ch

2
-
Proof of Rule 5

d . ulx + B)u(x + B) — u(x)u(x)
2w = i, i

To change this fraction into an equivalent one that contains difference quotients for the de-
rivatives of « and v, we subtract and add u(x + #)v(x) in the numerator:

d - ul(x + Bu(x + h) — wlx + Rv(x) + ulx + hp(x) — u(x)vix)
ar (uv) = Jim, ;

v{x + k) — v(x) + u(x + h) = u(x)

= Jim |utc + TSI 1 Y
+ h) — + h) —
= limu(x + A)- lim v+ h) —vlx) o(x) - lim ux + h) — ulx)
h=0 h—0 h A0 h

As h approaches zero, u(x + &) approaches u(x) because u, being differentiable at x, is con-
tinuous at x. The two fractions approach the values of dv/dx at x and du/dx at x. In short,

'"gx"(uv)=u%+v§x—u. ' L
E.DCGIMP{E’ : LC{. d:b{\/ bé ‘(‘h? [Dfoo{ucf o'l[ ‘Hﬁé )p\,mcf,'chs v ar\d
V. Flind 3,(2,) f
Ue) =2, U@)=-4, V)=, & V7i(2)=2

Selution: g/ 2 (U) = uv v

3'(2): u(z)v’(:z,).\_ \/(2,)+u’(1)
: = (3)(2) 4+ ()(~k) = -k =2



R 6o

E::ccxm?le . Find e devivative of j = (DCz—t\)(DCgﬂ—'S)
L oluklon
> A U= x4 & U=z XT3
—Z—I; [(”Cl‘“)(xs‘fﬂj = bcz*-l)(‘S'x?') 1—(:>c3+?>) (2x)

4
L‘—(—3x2+23c‘; +§

- sx¥ L 3x? 46X .

= 33X

__ .
b) Y= (x*+1)(x*+3) = 4+ 42X+ 3

: 4 2
-c—:l—‘—j?- = 5 43X 46X .
Ax

Note : The devivative of e C{UO‘“CWZt of two functiong is et
H.oe quof‘"erd: of Haeiv devivakives .

RULE 6 Derivative Quotient Rule

If u and v are differentiable at x and if v(x) # 0, then the quotient u/v is differ-
entiable at x, and

du _ dv

i(ﬂ)=M
de \V i '

E:cam')le . Foad “he devivedtive a1

y. _t -t
£+
Solution; W= €2-t , V=t
dy _ (1) 2t - fﬁ:‘_)"“t '
At (€241 )°

2434 2t —2t 42t
(¢241)°
4t

1

i}

t241)°




) _ &l
Proof of Rule 6

ulx + k) _ulx)
d(uy _ " vix + h)  w(x)
de \v ]~ ;,EH) h

- vixhu(x + k) — w(xh(x + &)
h—rﬂ) hu(x + R)v(x)

To change the last fraction into an
the derivatives of » and v, We sub

equivalent one that contains the difference quotients for
tract and add v(x)u(x) in the numerator. We then get

d (u) - v(xulx + B) — v(x)u(x) + v(x)u(x) — w(x)v(x + &)
w\v )= lim

A0 hu(x + h)v(x)
ulx + hY — u(x) vix + &) — v(x)
. v(x)—'—h—-— - u(x)-—}l——w
= vix + Dvix)
Taking the limit in the numerator and denominator now gives the Quotient Rule, []
RULE7  Power Rule for Negative Integers ‘|
If» is a negative integer and x # 0, then |
%(xn) = nxn—l‘ |
- —_—
Excamples - t
] -2
cl / = -1 ~
———e g b 0 =(-1 ) x -
Ad /4 | -3 (~3)> ' - 12
2. = —D-'C—s):[;.—-u-q(DC):Lf"‘)x - = %
x = ' <

Proof of Rule 7 The proof uses the Quotient Rule. If » is a negative integer, thety
- — n
n = —m, where m is a positive integer. Hence, x" = x™ = 1/x™ and

d J?) — i L
a(l _dx xm

h

= Quotient Rule with e = T and r — ¥
- my2

(x")

0 — m™! , d el
= — Simcem = G, (") = o6y
- 2m oy
x

a— _mx*m*-]
= pxtl Since ~m =i | |

Fiad an equation for the tangent tothe cuvve
in :

g: o+ & at +he pont ((;3)
N o<

E~ amp(e

Solation :




The slope of the cuavve at =1 13

dy - [1-- 2 ] - -2 =1
o x ¢
o = = |
The line «%rowh (1,3) with slope m=-1 'S

Y= 3 +W‘(x""'-‘>cl)
Y= 3+ -D(x-1)
Y= =X 4+ (3

j: — > 4k

(x-\)(x 2x)

E’xample: Y=
xg
Solutian: 3“'13‘_23(;2,—1‘.2_;_2'3( _ )CS_'gD(Z-q— 22C
x M o
- -2 -3
:j = DC - 3K 42X
-2 -3 -4
=23 = cx -3(=-2)x + 2(-3)x
Ax
_ 1 & 6
- z ¥ 3 Ty

oC > o >
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Seccmc:i - anc’ Hfﬁ‘?t’\f_Orcle.r Devivatives

If y=Fx) is a Silfeventiable ﬁmmm then its devivative foxy is ake
a faaction. If {05 alse diffecentiabole, -f(en we Can cluercni\afe I <o
gc?f a new funchion sf 5 cdenated bj f” <€os ;f”_ (J ) e rﬂ\me on
§7 s called +the second devivective of § because it s “the derivakive

of the /’r.sf cfeh\/&’f:\/d ,

y f
feo. = < (dd . =y = D) = DL S (0

c:lx | > PE' =l

Ihe .Sjm’ob' D2 means “‘fﬁe opera‘fion oF c\‘.ﬂe\fer\-\\q-\\ov\ .

6 / s it
J=== = I =£(x ‘53“301#

_Lf J \5 Cl ‘i’[QV’CY\'\\C{\D\Ci i‘f’s Qle{“j‘(‘b‘t‘vre j - iy
-I'f\e ‘Hﬁda{ C”CW\Jf—\i!v‘e o‘f j W +‘| resped 1o > .

(n) | S An-i) " "
S - SV

—féé’ n-Hn c‘ﬁriwa:twe 0+J wH"'a Y’E&?ecf o X ‘rcY arv
POSE‘hJ& infecjer n .

Eﬁcamp(e : F}‘ﬂc‘ ‘F{\E ‘firs‘f )cour devivotives of 3= xF-3x 2

Sc;‘v:l-‘-ﬁn : :j :3(3~—-33Cz+ 2
j':sx."_. £oC
y' = 6x-¢
:jf”: ¢

€))

j = 0
4 How o rqu +the {j*nbo(& 'fw cleﬁucdt.‘ue
3/ — J pPrime .
:jil — \j c\oub\e prime .
‘Eg:xl - 4 squavea’j alx 5quareJ )

Y5 Y Hviple prime.

J(") — Y Super N .
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1he Devivative as a Rete of Chanjf .

Instantaneous Reates of C"'han\je .

DEFINITION Instantaneous Rate of Change
The instantaneous rate of change of f with respect to x at xq is the derivative

|
flxo + A — flxq) y
i

f'ixo) = lim P

provided the limit exists.

E_Scamp{c’-. 7A€ ayea A of a circle is related 4o its diameter |:\>j+\a€
€_qu.ax.'on

A=T_ D

How fast dees <he area C‘”}’Ialgjf Wit res,aecf to e diameter
when the diameter is 1om ?

Sslution : e vate of Char:jc ot He avea with respect te the diameter is
dA _ T, . TD

-— ——  r———

<D b 2
D=l D <l A ,___TD - M:S?f_ \Mz/hn_,
<l D 2 2 .

Motion F)/onj a Line : -Z)Esplacem¢qt, lfe/oci+J . Speecl, Accelem)ti_anf
C&no‘ Jef‘k %

Position at fime 7 ., and at time f + Ar

s = fe) ot
' oS = f(t+ot)- ()

s:'f(t) 5+ As zf(t+1AT)’

DEFINITION Velocity %
Velocity (instantaneous velocity) is the derivative of position with respect to |
time. If a body’s position at time tis s = f(¢), then the body’s velocity at time ¢ is J

ds /

_ds |y ft + A1) ~ f(1)
v(ry = d Arlglo At '

DEFINITION Speed
Speed is the absolute value of velocity.

ds

dt

Speed = ju(t)| =




DEFINITIONS Acceleration, Jerk
Acceleration is the derivative of velocity with respect to time. If a body’s posi-
tion atltime tiss = f{(f), then the body’s acceleration at time ¢ is

_dv _dis
a(t) = iy
Jerk is the derivative of acceleration with respect to fime:
o\ _da d
J(t) - dr - dt3-

Hear the Suvface of Hhe ecarth all bodies fall with 4ie same constant

accelevution .
. i 2
S= 9t

S : <listance

g : dhe accelevation clwe 1o eartWh’s Jrau‘\%d.
g= 32 ft [sed Q E"UL‘&J\ un:ts)

(j = 9.8 met’cz ( Metric Unifs)

the jeck of the constant accelevation of JYaVIU is Zevo
-

J':*:]T(‘j):o.

Examl:’fe : F':'jwre S’I]OM& ‘-me fﬂ'_’e fa“ o‘Fa l‘lem:j I’.‘)Q,u bmﬁ"é)

YeE lcqgeo{ "Ff'om vest a‘f time t-o scc.

Q) How Mq':l) meters does ‘MG ball Fall m —he {irst 2 sec 7

b) What is its v’efoc‘n‘J ; .sfeea!, and accelevation %en?

g‘-"“‘-f"on : _
Q) S:ngfz > 9= 1% m [sect
S = 4.9 fa = S(2) - if.q(l)z: I49.6 w . r(sfcf'(')ds). 5 (meters)
- o
) ) =t L
| b)  v(t)=5'() = _z_:? (4.9¢%)= 99t o
At t=2 =D v(2)= 9-§x2 =196 mfsec =2 0 Lo
- 25
SPee’o[ = |V(2)| = 9.6 m/[sec 30
2 - 35
aA(t)= vV (€) = 5”({) = 9-8® m[sec e
t=3 < L
.’ 145

At t=2 = a(2)= 9.g m[se




...
Examp|c~_ A obnamic blast blows a l,eqy:j Yo K S*fafjhf “‘gwu\n A £6
(aunch \feloc;-tj of 160 f4[sec ( Fiyuve below) Ty veaches
a height of s=1leot - 16 +° fe after + sec.
D How L\‘:jh Aoes Hye vock 66?
b) What are Hhae \ie.(ocifj and speedd of the vock when it s 256 ft
al:oVé’ ‘(’fne 3munc/ on ‘fﬁe W'G&j qf)) On ‘-f’(e WU c‘cwn 7
C) What s .‘{ﬁe accelem:tn’on o)c ‘Hzle vock q"f av 4time. € c'mrin(j
(s fl{jhf (aftey ~the blast) 7
cD When cloes “the vock hit the J""Ot{hd C‘ijdl'n g,

S":‘Iu.'t:oin:
- C‘(S __d___ i 2
a) v-;l_{_bd{ (lgot -16t°) |
v = lgo-321t f[sec. :
lbo .32t = = +=5 se¢c smax—ﬂu:o
. The vocK’s he'ﬁh‘f at t-¢ sec is | | Q_(

EG—@D.I‘:?

Smay = S(5) = 160 (5) —16(5)" = hoo f+.

Height (ft)

b S =leot—i6t* =256
[¢ t%? -ibot +256 =0
fo( $%- 10T +16)=0
(¢-2) (t-®) = o
t=2 sec , t=% sec.

V(2)= (6o _32(2) = 9¢ t[sec
V(8) = l6o - 32(8) =_-96 {t]sec

v(2) > o “‘he vocK is mcwir:j upward (S 1 increqsimd).
\/(g‘) <o = =« A < - clowr\wmrcl ( S s c‘L’CYEu&Iv\J} .

Cr' _ av - d ’ N - .f - . ¢ 2
D a= Y-S (leox2t) = 32 fifsce
) The vock hits Yhe 3rovch at the positive time 1 for Which
S=o . '

ffot —ilt =0 = 6t (1o—t) =0 — t=o, t=l0
the blast occuvved and He vock was Hicswn woward |
Tt Yc+w¢'neol to “the sro\mo( toscC later.
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Devivatives of 7r'30nomeff‘:'c Functiang,

Devivakive 0("‘&6\9 Cine F\kV\C"\‘\BY\ .
Sim (>~ \r\) = Sinac cosh + CoSx Sinh

I{ fox) = sinoc, then

If f(x) = sinx, then .
i flx + ) — f(x)

' =1
i) Jim P
. sin(x + k) — sinx —
= lim ——————— =
A—0 h
. {sinxcosh + cosxsink) — sinx
= lim
h—0 h
. sinx(cosh — 1} + cosxsinh
= lim
h—0 h
. . cosh — 1 . sin A
= lim | sinx-—"—— ] + lim [ cosx-—"
B0 h h—0 h
. . cosh — 1 . sink
= sinx* lim ———— + cosx* lim
P h h—0 h

sinx+0 + cosx-1
= COSX.

The derivative of the sine function is the cosine function:

d. . .
e (sinx) = cosx.

E.DCqm'\‘)Ie:
(- Y= > %_ Sinoc
dY _o5c - = (sinx) = 23X - cosac
A <=

2. Y=xsiadc

dy - ;xz.il___ (W) 4 2.8
ax A

- Dc_zcog:x; 4+ 2X Sinx

, _ SanDC
3. 9= 20
d (i 3 <A
—_ \S\nx)—- Sin>x
=iy — X - ax
Y K COEX ~ Sin X

A= xz




D@-{(Va‘h’vg O-F *{ﬁe Co’&%n& Functian :
Cos (x+h)= Ccosx cosh — sinx sinh

T8 {0y = cosx

cos{x + h) — cosx

i(cosx) =
dx h—0 h
. {cosxcosh —sinxsink) — cosx
= lim
h—0 h
. cosx(cosh — 1) — sinxsinh
= lim
0 h
. cosh — 1 . sin A
= lim cosx+———— — lim sinx"
h—0 h h—0 h
. gosh — 1 . . sink
= ¢cosx* ltm ————— — sinx- Iim
=0 h =0 A

=cosx'0 — sinx-1

—sin x.

The derivative of the cosine function is the negative of the sine function:

%(cosx) = —sinx
E’xamlofe :
I Y =52 + CosX
‘313 — < (5 _“‘”E.l._ COS 5 = 5 _ S .
= < o= ( )+ = (cos o)
2. \3-: SindC Cos >
dfj = SnX fg_... (cosx) & Cos X = (sin™)

= sia>x (~8mx) 4 cosx (COsx)

p - 2
- CDSZDC — Sn DX

_ cos X
:j =

3. .
|- Sin2< |
=y = (I-Sln‘x‘)
- * - — O

Jdy (1= sinx) S5 (Cosx) —cosx T |

A (1 — Sin X )1
) (;_sinx‘.)(_s‘mx) —cosx (O —CcosX )

A= (/= sinx)?

c‘lj = = S;ﬂ > = \ J ..Sl‘naz:(_-l- COS?':K'. =1

e (1-sin>)* I-sinx
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Devivatives ot _‘Hne Other Basic ’_)r‘gjohome{’(‘ic Fanctions .
| 1

, Seco=——— ,and SO =
Coso Smx

COSC
Sin X

SindC / Cofx =
COsS

tanx =

Devivatives of the Qther Trigonometric Functions
d
Ex—(tanx) = sec’x

ii—(secx) = secxtanx

dx

a4 2

i {cotx) = —csc*x

d -

E(cscx) = —CSCxXCotx

Ei—xampi@ N
. Find o (tanx) [dx

1 d .
(sinx) — S S5 (cos x)

, € CosxX =<
= (danx) = = (5‘“ = n
. » . 2 N ch

Cosx Cosx — S (—SiaX) COS ¢ +Sm" X

- cOs T cos?x

| e
! - - e =X
C\')Szac

2. Find J” '\‘c Y= s€c >

\j = Sec ¢

‘= secx tanx
\'j”: = (secx tan>c)

<.:\ x

= + =2 (secx
= Secx< _&(+an)+ awn X <:‘x( )

- S€C (Sc’c?:() + tanx (secx tan x)

2 z_ .
= Sec X 4 Sec>C tan X .

[ v/ R+ sec>
tm
X>o oy (TT—tanx)

_ \/2-1—.5€C0 _ J 240 _ VER _ _(3"

3. Find

Cos(T —tano) cos (- 0) —1




E:xfCamP’e ;A bodj hm‘lj“‘?j {eom a sPrinj is stretched 5 units }p&:jonc!
its vest position and veleased af €time t=0 to bob up
and down . Tts posiion at any leter time TS

=5 cost .
/. What ace its uelodU and acceleration at time X I

2. F-:"no/ ‘(’hé dﬂeff c.d’ 4+ mce { ?
Colukiomn .,

i. S=5cost
= L _Q__\___(S cost) = ~5ssint .

vz 52 =

=A< £

a-<v S (CssinD=_5cost.
ot <A

Rest
position

Position at
=0

P

- da _ & _5cost) = 5sint.,
2 J c.—|{_CH~( < !

“The Chain Rule and Parametric Cquations .

Devivakive o( QG CO\MIOOS;'{'Q Fumc‘f.'on:

. _ _ . . .
E_xamp/e . The F’umcf,on j.— %x = E—(sx) 15 ‘fée Comtﬂosf‘fe O‘F
+he fuﬂcfc'ons &j = —;—0{ dno{ W= 3> . Hows are fhe

devivaties of 'fﬁfsc* :rvlnc‘f.‘ons Yé‘[afeo{ 7

gol%f:@ﬂ: ‘
=Y _ 3 <y
- R
o
3 { '
S5 3 = 29 99 <

dx T AT Ax

o



E"xample : .
/b fqnc.fnbn Y qxi'%— 6124— | = (sz+ \ )1

fs ‘H)e C"om}aosi‘ff o‘{ \y:uz an'lo‘ U-= 3:xl+i . C@‘Cul@ihj
9 £

<levivatives 7 -

Ay du :
Cm~-$_(_2.bt.6x

2 )
=2(3X 4 1) . ¢x
-_—361‘3_‘,|2x

Y F (gxbyexier)
c=\x <A<

k3
— 36X 4 12>C

i

c:!tj Au Ay
"_-_]u T TaAx AXx

Composite f+ g

o liate of change at
xis fgx) - g0,

g At

— .
Rate of change /{ate of change \
—¢— atxisg(x). ————  atg(x)isflgl0). —_——

x u=glx) ¥ = flu) = flgla)}

4

FIGURE 3.27 Rates of change multiply: The derivative of f o g atx is the
derivative of f at g(x) times the derivative of g at x.

THEQREM 3 The Chain Rule

If f(u) is differentiable at the point # = g(x) and g(x) is differentiable at x, then
the composite function (f * g){x) = f(g(x)) is differentiable at x, and

|
|

| (f ° () = F(gx)g'(x).
In Leibniz’s notation, if y = f(u) and u = g(x), then

& _ b du
& dudx

where dy/du is evaluated at u = g(x).

e

Tntuitive “ Proof " of the Chain Rule .

Lf‘f Al be “féjé’ C‘bm:gf ,‘n v | C_orr@SPQnd,'v {e a C'ACMJ? o‘F A>c

fn >C , +Hoad 1s
MU= g (3¢ +82x) — g(x)

ihen e Carresponal«'rg Chat::jf’ m j (s
8y = f(u+au)-Ff)




AY _ Ay Au *2
N o A

‘Eake ‘fﬁe It'm:'f' Al DA —= 0

ii_: 'om -1_3_.3__ - ,jm Aj ~ A d I i?_‘ f‘hfl A

o x ax—»p O Ax-»p DU BX  axws AU 8xas OX

(A .

:I.m 3 . ‘. .__Ad (ﬁu‘—:”o < AN Ax%-;o)

Bd>, AN Axdo OX

_ Sy

Ad =dx

Example': An Obd‘c’ct moyves alonﬂ the >¢ —axis Sothat its
position at av time >0 Is Jiven b
> (£) = cos (€241) - Find e ve,fvc;U of He object
as a punc'ﬂon ot t

Solukiaa: We Know “Heat e velocity is A [t . Tn +rs
mstance , > is a Composite funckion :
X = cos (U) cmol U=t |

0
R

= — S5 U
o n(u)
91_“_::2.'f
<l

l%j He Chain 721‘6,
dx | S _du
d+t du At
= -SmlU).zt
= —~ s\ (t%x1) . 2¢
= —2Csin (t240)

\\Ou.‘f&’fal\? —_ IH.S;J(’, ” Rulﬁ
6 y=F030) = j—i-——ff(ﬂf"))-j'(x)-

Exampfe « Dilleyentiaxe <in (xl-\—x) Wit (‘e;’\bec‘t te O,

< Sin(’xz-t-x):: Co&(xz+bc) (2 1)

A=




Repecdted[ Use of e Chain Rule :
E’xamp{e s End Fhe Oleriv‘cdt{ve_ of 3({) = fan(S5—sm 2+t )
Soiu‘(:on .

13

fargfn't s a functian of S-sin2t
Sine s a f%nc{.‘on ot 2+

f?\j %e (};a}‘n RM(Q

g = Sk (Han(s-sin24)

= sef(5-Sm2t). S_(s-sinat)
<\t
= sect(s-sm2t)- (o~ coszt. S (2¢))
<l-¢

= Sec(6-8mn24) . (-cos24).2
-2 Cos2t) Secz (5-sMm l‘t)

7?7(‘." Cha:‘n Ru{le w(-th powers o'F a Fumc.{:on v
T )( 1S a Cl;”eYCV\‘\Ial:‘e function of uand {fu isa olf”EVeni:la\ole
{uncton ok ) then wa&*ﬁﬁciw 4= fCw) Tate Mne Chain

Rule {ormula

dy _ dy | du

-

A= Qu  ax

! .
=N £ (u) =fw) Sw
C\X <l X
I{ n is a pesitive or negative fﬂ*t(jev and fay = " =
f/(h) =n \Ah—\ . If W \s a c:‘ifféve_n'\?q\ﬁ\_e 'S’\Anc,\'lczh ok >
Hhen we can use +he Chain Rule 4o ex{'eno( Hus to he

[fower ( hain Rule:

d e

C:‘x " c:l:x.
Examplez ; . e . .
' - g 4 .
I jx (5‘13-:1") = F(5x ->x") ‘é’;—(sx _ )

A i 2 3
s (st (5 8w
x4 x)

. P4
= 3 (S'DC"S-— 3('-4) ('5




E'xameie !
a) F. nd e $’OP€ of +he line {anjent 1o the curve Y= sin °oc
at e point where oc= T3 .
b) Skow Hiat +ff¢ slope of every line Yongenk e e cwrye
= \/(i._lx) s positive.

go‘vﬁtm)ﬂ
) =1y - SSM - . <=\ S X = ESMJ'DC. Cos Dl
Ax dAx

The tangent (t’ne has Sf.ope

=k e I’
e ( ( )
x=Tif 3
-3 -y
b) _C:\_l_z S (1=23x)  =-3(1-2X%) . = (\-2x)
= x A .




i ) F5
Slopes of Pavametrized Carves 3

Hpamme{riz_e_cl cuvve e = F(¢) and j:(j(f) s Jiffeventiabole at
fF and g ave diffeventiable at ¢ . '

Chan Rule : Ay _ <y =Hx

<4 =i ¢

Pavametric Formu la for C"J /elx
If all theee devivatives exist ano/ clx/c‘“t 4 0
Ay o<y /c:l't

=t <l /dt
é_xamp/@: If x=2t + 3 anO( d:fz-i ‘ -ff'nca/ e value of
dd/c'x at €=¢ .

Solution - Yy _ ‘:U/clf _ 2t - £ = X~ 3 )

< o/ dt T2 | - T2

( Xx=2t+3 = 2t =x-3 = 1:1‘;3 )

when €t=¢ = clj/c\x =t = <Y {;.:!x-_.-e‘.

Exam'ale . Describe the motion of a Parﬁcle whose posil:‘on P(.x,g)
at tme € s given bj |
x=acost , Y= bsint | Dg‘tgz‘ﬂ”-
Find the line f‘ar:jen'(’ to the cuvrve at the point

(a/ﬁ_ y b/\/?)! wheve T= T[4 (e constants
a and b are boih loogh‘i./e),

Solution: We find a Cartesiun efqui-'c?n foy e pa-rfn'c(efs coord inates
by G’fimfnat-‘rv t between “the e‘??omilans

) = ;-f:.\_j_.
c.osf-__;q— p Sin "

Cos® ¢t 4 sin’t =1
2

= |

a: = b°
when t=zo = <=acos(o)=a , J:bs‘{n(o):.o

2 3 \* J
&) + () ="' = +

So the motion starts gt (a;0). As ¢ ,‘ncreqses,-kﬁ.c
particle rises and moves foward e left , moving
connterclockuoise - T4 travevses e ellipse once,
veturning s /'fs S‘f‘ar'f’t'nj positien (a,0) at t=2T
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The sloPe of He {'anjc’nf [ine Ho e e“.'(ose when =T/
dy | - S/ . blast Wz

<:|x {:‘:Tr/“ Clx/cl{

=Wy —a S‘ht t=T/y "“C‘/U 2

= =~ bfa .

The fandent’ line 18
. (sj-jq)_:m(f)c—xa)

L _ A
3'“?;'“"5()(“};)

S 1= __4
J= = T @ (= J’;>
oo T

Pavamctric Formula for d%y[dx?

It *fﬁe equa.tions :(:f(f) ; Y=9¢) de f:ne J as a ‘(uuic-e_
diffecentiable funciion of = , then ax any pomt where
dAx/dt #+0 ,
42y <y'/d

é_:zcamPIE’: EFind C’U/Cl'xlz as a ‘)(’unc'*ion o‘[ t F.‘r
o = t_ fz / \j: f—-fs.

Sslution ;
i Express sz GIJ /cfx interms of 4
3,:: c:]__,:j :dd/d{ = ’-3{2

X dxfde T Tt

2. '_Diﬂerc’nf-‘crtc Jf with Yespect ko t
o' _ A =3ty o e red?
SC AN ST e

2. Divide dy'[dt by dx/dt
A2y Ay e _@-stect)/U-20)0 2 ctegt?

-_—

dxt A/t (1-2t) (-2¢)?




EX;
: \ |
é’:—x-ample: A é:j %if_ss a\'.rc:ra“ S c:\r?‘P?inj eme'l:ﬂ(incj (”mc\ anc»l ‘
5 medical supplies inte a disaster avea. T He aiveraft
Y?refg;es ‘the Suppiies u‘mmecl:afe!lj above the ec!je of an 9pen
‘f:ie[J Foo ff {onj ancl (f ‘fﬁe Carg': moves alory the Pcﬁ'n
=120t and Y= —i6t>+500 , t3o
<loes *{’f\e Ca{jo lomol 'n tHe F.‘ela' 7 The coordinates x
ar\o{ j are MEQSV\\"CU‘ ' hn ‘)Cee'f( thCoI ~the IDaYame‘fef t
(time Since velease) in %Q(.‘oncfs. Find a Cartésian
equ,a:t'ia‘n -ﬁ;r ~the p()aj{'/‘prg{' the fa”fr\]j Ga.vjo and the
Cavygo’s vate of deicent velaXive to s forward metion
when it hits e {jv’ovmo\ .

Position of aircraft at release
5009
Path of dropped cargo

N
-

N

1
b Open field 700

X

Solution : The CQUO hits %eﬁround when J=°

_l6t* 1500 =0 = = [0 _ 3¥>  sec.
/6 2

e x- coovrcdinoXe at the time of —He velease \s x=o.
At -{’fle €time ‘({16 Ccv((‘jO L\H‘S "l’fmﬁ_ 3‘(0\);(\(‘1

x:'ZOf = '20( SV;E) - 305‘1’%_ f‘t

( 300 J_é_- ~ 640.% < Foo ) ; ‘ﬂze C'a(jo c\aes \Omck
i Ahe fie\d . '
=“’6—f2‘+‘5.®b = 3:—’6( o )l+5QQ

3 =—-—-—l— DCZ + 500
Qoo

‘;77{’ vad € O‘F Clef;c_er\_‘k Y‘e,tf.ki\\iﬁ o g 'FC-‘N"W(M‘Cl NP
w\r\en ‘\'{r\.e Cm(‘:)cs \r\\k& ﬂfl\e_ Srg\m\d NEY

(=M _ oyt _224
. /i = o=
1=505]> =t x/dt v=sd5[2 120 v=5v5[2



vhas, it is fa”i'nj about 1.5 feet for ever foot of forward
motion when it 'm"fs +the 3rowno{ .

Siandurd Parametrizations and Derivative fai
27
CrreLe x2 + y? = a': BLuipse ~— + = = L
a® b
X = @cost v = gcost
vy = asint y = hsint
0=t=2r% 0<t=2m
Finetion  y = flx): DERJVATIVES
x=1 ,_dv  dyfdr dy  dy'/dt
y = f(1) Y T A djdr axt dx/d

Imp licit Diffeventiation

Evcample . Find dy/dx i{ y2=oc .

Solution - ,
J =< = 312\/—;‘1 an Jz_— J;::—

<t Y i
'——cjjx = — C(Y\Cl dsz' = — I
2 x = e

o fn‘noj a!jfclx, we Sfm’a(y J'[[érﬁn‘f:‘a‘te l:cr/ﬁ 530[9.5 a‘?’j‘ic{te
equuf,’fbn JZ;- > ith rcsped to

3 x & x 29

Nh=Vx & Yo

Y =x = 2y

<l Y _ \ _ ) and c’;j,___ v _ |
=l 2y, 2 = x 29, z(_f:-—c)—‘ 2=
Exarple: Find +he slope of circle sc+3y* =25 at the point
(2,-4).
Selution . .js= \/‘25‘—3‘:2 and 91:"‘/25'xa

the point (3,-4 ) les on -the graph o1 Js



79

Rut we can alse solve +he "‘D(oblem Move eqs;\j bj a{ﬁf-)%ren‘f"a{;n(j
“H;\Q:){\fcn ¢quation of Hhe civcle 1‘m'\>\:c'\¥\3 with \”CSPGQ{ Yo ¢ -

S G+ T2 (¥ = 5 (25)

22 _\-23._‘:13 = O

Ax
sy o =<
S Y
I ] ! = 3 - ‘3 -
the slope at (3,-4) is _f_‘ Rl
J
(3/-4)

Excample : Find dy/d>e if y7= > + Sinacy
Solution : 31 :x2+5;“)cj.

C“ —(¥7) = :1 — (=) + x(S‘-n:vcj)

23 < clfj - 2X +(Cc>sx3) — (<X
2590 —aateoses)( 90 315

2y

(RY — xcosxy) %{%c— = 2> + Y Cosx Y

(Cobxj)(x ) 2> —|-((osxj)j

c_\x

Y _ 25+ Y cosxy
Zj—DC COSTJCJ

.

Implicit Differentiation

1. Differentiate both sides of the equation with respect to x, treating y as a differ-
entiable function of x.

2. Collect the terms with dy/dx on one side of the equation.
3. Solve for dy/dx.




_ , ‘ ) Bo
E'pcam‘:v(e . Show Hhat %e Po:‘n'(’ (2, Lf) lies on “the cuvve

x3.+kj3_ 9xY = o - Then find e *angcn.’r and
Horma{ %o ‘—f;).p cuy v

By -0xy=0

\

0

SO(“«T!OJ’)‘ 3 . 3
X+ YT -4x]) =e g (2/4)
3 k1
(2)" 4(4) = 9(2)(14)= 8 +€4-F2 =0
> _\—\\j -9 DCj = |
= 3 .
=, () + = U)—é—wx.‘j):é—;(o)
; 2 o
sz+ Bj _d.ix - q( _‘_jQ‘TDC -
2
(3:} -Cix)%%—\—?,xl_qj:o
. L2 cﬁ‘j __ 2
2 Y- BX)ZTSZ =9y -3
dy 3y
A \jZ_SDC
gy _ 39-x" _sw—2 4
x (244) 37___ 3¢ (2,4) qz__g(?.) ”
the -far:genf at (2,4) isthe line %mgk (2;4) widh
slope /5 :
j“"(jo = M(_DC-—-)CO)




=1

sbe normal fo the curve a+t (2,4) i$ Fhe line Pt’rPt’nc{fcv{\qr to
+he tangent here  the (ine Hhrasgh (2,4) with slope —5/4
(Y-Y.)= w be-¢,)
Y= h- 2 (x-2)

12
2

5
3: -—“zf—.x+‘
Deri\/u‘hues o"l: Hi:y}l(fr‘ Org[er s
Example : Find <*3fd>? foax®ozy=@

Selukion: (33397 == (®)
<A

D
cxt_cyy —o (= g/
x*- 3y =2
Y’ = ><* when Yy +0
J
. _ 2 / ) 2 /
v _ < x 2 2xY-—-2>C Y _RAxX = .
3/ = d ( 3 ) = JZ- 3 \jZ \j
substitute  y = ><?/ Y
g = 2X X (=)= 23 _ K (Y4o)
J 3 LY 3 Ok
Ra‘t fona( Powers of ‘D'\-Heren#:q\o\e vac:\'\c:;ns .
Se e
>
, Pl _
T¢ P/g is a vationd number, then S c\:“erenhc‘l\o\e
at euerj et o po‘w\,"t of the dowain of DC(i"l‘:()—
°1q) -\
< IP/q: _E__':;((il)
A > A9
EJCQMPle :
| if2 l -2 | ﬁo{ < So
P, = — R >
c:l:c(x ) z PN E=




g2

2. _C_4_ 2/3 _ 2 -1/3 :
, = ~4/3 _ -#/(z2
3‘.d:>c ( ):,.ﬁé_x ‘*for > ¥ 0
E'JCCIM[OIG’ N
o= (1-x2yh _ e ;3%
e )= o Gi=xT)  (—2x)
. -
2 (‘_xz)iﬂ‘-l
2- Q‘ . "'I/S» ‘-6/5-
a= (cosx ) = -..-157— (cos ) —jx(cosx_)
-€/5
::'--‘LS:-(COSDC) (— S;nDC)

_ { . “ — (/s
= = (Sin ) (c::sx)

Related Rates .
o b 3
\V —;g—Tl‘_wr

.cj\f :é_!_ v 2
EEiieTR v LA

E"xample s How Ya‘Ofo“j w;{(%}e ,C[q;d {eue[ inSide a Vﬁr'ﬁ'Cq‘
C;jfindrfc'a( tanl< ofroP ;{ we Pump %e Hmo{ out

at {%e vote of 3ooo L/min 7

56[%’(';07‘] : /-;S time PC{SSC’S/ \Pf;e Yaalfuj
vrémains constant, but V

ﬁho‘{ I’? Chanj€\

whereé
V : Uo,dmf o": —H”;:e I[MJ

hs height of he flaid
Y : rao{[dj.

SV - _zoes (/776 vote s ?‘76561/’“\/6 Lecaunse
-E -
< Hye Jolume is dEchaser)

dY _ 3000 L/min




zE

V= looo M vZh (1 m*=tooo L)
=V _ v FLE__ — iOOO-’T—YZ dh (\( [ c‘onsi\-avf‘c)

<l <t h £ SRS

. 2V L poo W LU 3e=e

- A <l
dh o _3ee 2 i
A+ 7 loooTv? Y

1he egua;t:on c“a/c:l{ = ,3/77‘\"" shows how %e}rde
at wh.‘c;h ‘ﬁﬁe ﬂ[vv-o( {&'\/6( olr“ops a[epenc{g .?n‘f’ﬁe ‘I['ank‘S-
vodias - TF v is small , ob]dt will be |q,rjc}- o
ris [arjé ; a{h/c{f will be small.

IF vy=1 v = El_.h_::— ~ _ .95 M/m-‘n = -95 Cm/min-.

3
e T

3 . . - .
Y=o = c“" - = N -0 Co95 mlmin = — 4SS Cmf min,
1 =B tooll ! /

Related Rates Problem Strateqgy

L. Draw a picture and name the variables and constants. Use ¢ for time. Assume
that alf variables are differentiable functions of .

2. Write down the numerical information (in terms of the symbols you have
chosen).

3. Write down what you are asked to  find (usually a rate, expressed asa derivative).

4. Write an equation that relates the variables. You may have to combine two or

more equations to get a single equation that relates the variable whose rate
you want to the variables whose rates you know.

5. Differentiate with respect to t. Then express the rate you want in terms of the
rate and variables whose values you know.

6. Evaluate. Use known values to find the unknown rate,




NS L NS Sl U—’:“”" 3k

ExamP[-‘? v A hoet air loa“oon viSin Sfrﬂi;yht A ffom Q,EUC‘ F:C!o{ P4
: . CIadts s %r’j P A5

tracked 6j ara.nj& F-’nde,r“ Soo ft from e /?f;fﬁ Point.

At the moment Hie range finder’s ¢levation angle is Ty,

-fﬁe anjié‘ XY fnCrC'aSFnj a‘f—ﬁe vate of Ol \rac\/\m‘w\. How

Fﬁ&f IS ~the (Da”c,on r‘fs%nj at ‘w\ad hno{mér\{?

Solution :
{. Draw a chfure ana/ name the variables

and constants .
) ((jf—f = 0.14 rad/min

&: ‘Wie ar:jif In Y‘aa[fans ff,e ranjc’, f.‘nde\r
makes with e Jrownol- “’he“"=fff4/// wm;z )
_ d,_- "{'CLE lne,ijki in feet of the \'aa,\\oon. ﬁange_M -

We (et t Y‘CPY‘Q.SCY\,JC Lime W waukes and finder S0 T

Assume Kk & and y are differentiable

functions o"r 1. ’ _ .
n the pictwee is the distance from the vt

he One Coastant oy
finder 4o the \Hioff point (500 ft) - Theve is no need to give &
a special symbeol - -
2. Write down Hhe additional numc\rlm\ informofk‘ﬁn.
Ll
S o4 vad fein when = I
d+
3. Write down what we dre {o -f-‘ncl-\r\le wart d\j/clf when

&= T4 - |
L. Write an eguakion that velates <he variables Y and &

3 = tan & or Y= 500 tan &
- - boo :
5. D}rcrcrantlcd:t with vespect to t us'mj He Chain Rule.
“he result ells l’low Clj/c“t ( which we wmﬂt) s Ye\o.ktcl to
AG/dt (which we know).
=X = 500 (scczfﬁ’-) =

\ A+ d+ |

6. Euvaluate with &= 77-/1; ' ana, d&/c{f = o.14 teo {ia
dy/d+t. " - _
f“i: 5'00(\/’,2”)2 (o-ik) =140 ¢ Secl:::uz

<+
7he balloon s rising at the vake of ko {1]|enin



Eﬂqvnp(e: A Pol(ce Cruisex, appcoalchiv\ a rghf-q%’{;{(\& e::e,c.%‘.an b
Crom the viorth, s ch)&\g?nj a sPeed\'nJ car +hat has furned
+the corner and is now MoU‘iYL() Straight é){;%- When the
CvUiser (s o-6m: north o{t the intevseciion cma\ e car
1€ 0.8 mi -to%e CﬁSf, +he Po];ce Aetermine with vadar
that Hhe dictance between Hrem and the car s int\f‘&k&'ma
at 20 mph. If +he Cruiser is moving at 6o mph at the

instant of measavemenk, , what is +he speed of +he car?

S olui . . ' - 7
o e P.c-\\mrt the cav and CyMisey 1

in the coordinake plane USing

Sitmation when
x=08y=086

ds

the positive oc-axis asthe " i

east ]:Doqnol hfjl)uaj and +he Posi‘ﬁvf
J—axis as +he Southbound Lw\j)wa(j : d
We (et t rcf:rcsent time and set |
> = pesition of cavr at vime ¥ .
Y= Posl*ibﬂ of ceuiser at Aime T
$ = Jdistance between car and Cruiser at time t.
we assume Hut o, 4, and 5 ave olifferentiable function of ¢
We want to find dxf/dt when 7
< = 0-¥ M / ("j: 0-6 m, / %%'_:_60 W\P\q / and

= = Q0 W\P\’I.
=R

Note that oy /clt' 1S nejat‘fivc because Y N cle_mr‘eqs'sna.

Sazbcl—\—ﬁz'

a4 < <A
s | " = S
¢ S (x T +J 3& )

<
<t ey 3= <
1 ( d =
° % Tay

g — 4—»(0»6)(—"60))
[-9)'+(0-6)’

At 2= . Zo M\Dl’l The car s 5Pc1ecl i

4 7

20 =




anvpple :

Water vyuns inke a comical tan at thwe vake of 9 *F{glmin

“he Hank stands Poin'f down and has a lflcfjhf of loft -Gmcl.

a base molfvts crj: S)c{. How 'FQ.S“

18 the wakere level fi&-‘ma
when the waker s 6 f-& ée&p 2

Selution » ‘177( variab/c’s aré %‘{%“fmift
V = velume (£43) of 4he waker inthe 1
4ank at time £ (mind) . & ;__'__:--
= = vadous (£4) of +he sweface of j\ﬁ!ﬁ;::Gft y I 9
the vaaker at time b
3 = cl&?*\f\ ('F‘f) of weker n {onXk ok

‘k\m( 'k. -

e assume thok V| o, andk Y are diltforenviable fanctions of +-
™he ConS"l’O\\r\iS e N'e ‘\"\f\Q A‘\MQJ{\S\QY\S O"; ‘H/\.Q '\'OW\_\<-
=6 ft  and c_i‘!{.:q €] wmin

rhe waker jfmrms a Cone w1 th u’élwmg

— z
\f-_:s—'lT'xJ

<44

b e.q.,cwl:bn involves oc as well as V and AR Recamse Mo informakisg

isd.fuen aboukt x and Axfdt ar e Lime 0 qUestian | We need

te E\im'\y\odce, ~ . he Similay +riar(;j(€$ 3?‘/(’- Uy 4 waj to ex-?rcsﬁ
o> in term of R

x _5_ ov >C = o
;j ic 2

2 :%—(6)2 c:lS = ci\i = “:'F ~ O0-3% ‘)(”(/“Vl;h .

7 he wa.i'ﬁv( ((’_UC( s Y‘its‘\nj qjt" a loouk O*Sl-ﬁ{/m'\n .



Tndeterminate Forms and L/ngifa‘/s Rule .

S LU'Hopital’s Rule (First Form)
Suppose that f{a) = g(a) = 0, that f'{a) and g'{a) exist, and that g’(a)} # 0.

Then i
0 S
e g0 g'a)
Exam,olé.‘
[ (im 3Ezsinx | s-cosx | _
X—>0 po- [ 1
=0
{
o [im YIHX =V 2fivx -
2 p = i 2
oo

THEOREM LU'Hépital’s Rule (Stronger form)

Suppose that f(a) = g(a) = 0, that f and g are differentiable on an open inter-
val J containing g, and that g’(zx) # Oon/Zifx # a. Then

tim L% iy )

x-—=q g(x) - xl—rsz g'(x) ’

assuming that the limit on the right side exists.

Somcﬂmas a‘“&r cla'-ﬂeven’t‘\cdicm, %6’ new hum@rcdio‘f‘ Ou\o(

Aenominakor bo*'r\f\ equ\.&\ 2eve at c=a

E’DCGMPIB :
(. [im ‘/T_:; -1 -/ 2.
: xX—> O xa o
) . -1
|/ (W) (i+=x) 2 _ V[ 2 stifl ,.g.. 5 diffeventiate u@&in.
T xX—>o 2. '
—3f>
- fr'm "({/4)(’+x) ot e . ’im{i 'S a(oum‘l .
x>0 2 o

—
—

L
3




2 /' X — Sin 2C L
e [
- x>0 DCS
— oS X A4 L.
_ Lo { S st
X->0 2 *
[inn Sin> st ©
T x| 6x
pd Q. it is Tound -
= {im co "_—é- not T ; it s Toun
xX = o 6 ‘
. _ o
3. i =X o
X->o X 4
. SinXx
= lim 7 = 2 -6 Not 2. - it s {ouwnd .
Kdo | 423 \ o 7
o, r ) ' . .
US:nj LH3PijcalS Rule with One- ch\eé Limits :
Example -
) : o
[ lim SN =
i x—0" >C
( Cos>x
| - trvm 2270 — el Pa&x*ﬂfﬁ’ for >C O
X3 Lx -
. - D
2. In-n_ “Sm); o
X0 >
= lim CosX _ _ o0 negative for 20
X3 O 22X

Incletevminaie F:orms oa/oo ; °0.0

/ o0 — o
.:':"”:c"am,of.ei
(« S
i« (sp
x—»‘n’/z

[ 4 tan>¢<

The numevator and denocminator ace discontinuony at =Tz,
So e i"nue‘sﬁjaie-% one sicleol Umits theve

{.m Sec xC

] % feom the lefd
25(T2) 4 tanX |




. sec x tan>C . .
x’um_ - {imn Sin>x = |\

z-s(1r(z) Sectac ¢ T[2)

';’be Yyh+~hanJ lirnit s | CL(SO, wifh (-—00)/(—00) a s the wndekerm_
imote Fovw . There ﬁor‘e, +he tvoe-sided (irmit is e.«iuq/_f to .

2
> - 22X

2. {ins

- (;M __,I_-___.L:.-?-C——- = i'.m :_._C-I-- T __.?’_-_ -
5300 Lo+ 5 x>0 6 3
3. {fm (x an._ii_) o0 - O
X3 20
: : -
:{,.,,,,(_{;s.,,h) , Lt h=—=
hsd

= |

o lrn (5 )

X O

Iif :c——;d+, -Pﬁén ,S'fn::c:—aO+ cnd
| \

- —s ©0 —

od
Sinxc o> :

: X 0
L oL o o (—od) =— R
: sSnxC >
{ \ { =X — SindC ©
lin [ —— L) = [ _‘ ©
' N > : 2 5 in2C
[ — Cos x < 4 il o

- (;ry‘} ‘ m'
HK-—>9  Sindx 4 XCOSX

Sin _ o

——

[

il

o
2

X390 QCos3C — XSnX
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Devivatives and ItheJra, s

B

Derivatives of
hyperbolic functions

% (sinh #) = cosh u%

4 = sinh @
dx(coshu) smhuEE_

;
d = 2 di
o (tanh u) = sech o
 du

4 = a2 AU
e (cothu) = --ecsch udx

du
dx
du
dx

d - —
_ dx(sechu)— sechu?mhu

d _ .
7y (oschu) = —cschu g?th u

S Integral formulas for
hyperholic functions

./sinhitd'u = coshu + C
fcoshudu = ginhu + C
/sechzudu =tanhu + C
/cschzudu = —cothu + C
/sechut_anhudu = —sechu + C

f cschucothudu = —cschu + C

=

A

‘-dE‘-DC— ( S‘ﬂ}‘l \l) -

(<

— €
2

“

e ufds + e_u Au

2
— coshu =4
<\ >¢
d \
= (cschu) :i ( SM\\“\
- cosh U u
Sin\nlu = >¢
- ! coshu du
Sinhu sinhw s
= _cschu coth u =lu_
x

Excample s

P

S (tank J14e ) =

sec:hz J et j—{ ( Ji+4%)

-t sech® 714 2
J1+¢2
COSh 5x Q‘DC': —-,-—j ?_!_N__
2. jcoﬂq 52 <l -:/ " 5/ "u

:—é,nlul

+C = ’nlSin“lSDC/+C

43

U= Sinh5x
Ay = scoshsxdx



i J

a2 cosh2x 1 kb
g.}.Smh x e =j <l > -

]
2
o 4 2

)
j(Coshzx - ) A=

\
-1 ,:anhLZx DCJ _ sinh2 i oo
— T - - A

rd 2 S Ly
”)2 ,PI2 4 —2C -’?)2
L*'/ | Qexsinhx e = Le _E ;e =l :/(ngx_z)clx
o
2 © | e
2 2n2
- [e _.le =(¢ _~2W2)-(1-0)

2]

- 4y —2ln2 =1 & 164

-

Tnverse l-bpe_r bolic Funckinns

| -\ ~1
J=sinh = ;3= cosh x / Y=sech s¢
-0 ¢ < 0 >x< 2\ =:(0; 1]
) y = coshx,
¥ y=sinhx y=x + xz0 y=x 7 v=x
1 s Bp ’ y =sech™!x s
r rd . 1 < = h -
= Sy simhx 6L ) ’ 3 (x 2S(;v)c » o
- i . I
L ,” (x=sinhy) - 3} /’ y e
2k J AR ’ 2 e
1E 3k ,"/ d
_é '_; '_5' 'é'i'g'x 2 y = cosh™! x 1N y = sechx
-7 L 1y L I(xln-::oshy.ya:o) e x20
- | I |
St ol 1z345678 ol 1 2 3
. B
P = ®) (c}
/, o
4
(@
-\ h—l 'h'“
Y=+danh < ; Y= coth x ; Y=csch =x
] Y ¥
x=::anhy 11 x-cothyE ) x = cschy
y =(tanh1x | y = coth™!x | | y = eschix
l r | l
| | 4l
Y o 1" U * j} *
i 1 | o
i 1 i ] [
i | | W 1
[ i | |
: | 1 I 1
; | [} 1
g @ . : ) {©

Useful Identitres :

! -\ _ -1\ ) ~1 | -
: sech = = coshll;; / csch x = sinh -'32 / coth = = 4anh
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us

A

Devivatives and Inteﬂm,ls

Derivatives of inverse hyperbolic functions
d(sinh™ y) _ 1 du
dx V1 + w2 _
d{cosh™ u) - 1 du ,
g ,.....__....u T g u>1 ‘

ditanh™u) 1 g

dx —'l-uz?‘;, ]u|<1
dcoth™ w) | 3 du
_dx = 1 ™ bza‘, Iu[ >1
T -
oo™} = u/dx , 0<u<l :
o WVl =u? . o
d(csch™ u) —du/dx 40 '
= . u
dx [4]V1 + u?
Integrals leading to inverse hyperbolic functions
1 — 2 gyt (%) 4 ¢ a>0
) Va? + u? o ’
du -1 {u
2. /-—-————=cosh ~)+C, u>a>90
Vil - 42 (a
%tanh‘l (%) +C ifu? < a*
3 / 2({?—5 = |‘ ‘
“TH ] o™ (%) +C, ifu? > a?
4 / dzu 2“-—%sech"1(%)+c, 0<u<a
uVa*—u
5 ‘/.—_—-\/.‘?.-—:—_-2-=--%csch"l|-z~|+c, u#0anda >0
uvVa®+u

Exam‘o'e . Show Hot -‘f U 1S a c"i-mere_nﬂab\e mex:an of =
whose values ave 3veacfcr than 1, —rﬂen

—i ' \
_3,__... (cosh a) = . ci\ul .
2 \/Dl?"l o>

Solw‘t‘\ch . f
- , =1 -
3 -:Cows\-u \DC / ‘f(x) = Coshx oy J: (x) = COSL >¢

(5760~ | '

l .
_f/ (Ar-'(DC)) ) anh((‘oslf"’x ) - JCO-\SHZ(COS}’I_!X' ) j

( C'OSLZM - S;h,rllu = | f sinh u = JCoshza N | )




—_f 7 ] -1
(f ) (x) = ( ('0'5")((05}7 x)‘:DC) .
JxZ_\
< (Cos,.]r;—‘x) = !
CQDC Il—l
= bl u) = u
o ¢ (C Sh ) - Juz_l = x

Alternate Devivation,
=\
Y= cosh =

:JC:COS“\J = \:5{nh3éi_ = 9y _ _

Ax <\ > Sin\ij
Ay \ A \
_ )
= — =D = = :
A= JCOSlej"' Ao J =2\ (COS]’lj = DC)
Example : Evaluate |
24
—-__—__—__'_'_‘_".__———-'-_;
o’ J3+u*
5},!9(‘(’[0!1 :
UIZD( ( c:f(,{‘: zcl?)( / Q:\/—;
A du -
f 2 - — = sinh (%—) +C
7 3yt Jat+u

SJ'HLUt(%> + C

! |
/ ___..:_Z_j'ic = Sin}rnl (ﬁ;f):l = sinh—|(%)_ ginh_'(o)

o ‘/3+‘fxi

1 .
sinh (-—é—:) — 0 o 0-987F

46



Nechniques o f Infegm.{i on

-
.

ff(x)d:c = Foeo 4 ¢

Basic Intej\faf'bn Fovrmulas

/f(kj(x))ﬁl(x) =l>¢ =/- ‘f(U)c:‘M

Basic integration formulas

du=u-+C 13. § cotwdu = In{sinu| + C

‘-\ :

kdu = ku + C  (any number &) = —In|cscu| + C

. 14.
(du + dv) = / du + /dv

EES 15,

u”du:nuTl—FC (n# —1)

2.

k.._______‘

¢"du =e"+ C

3

]na+c (a>0,a#1)

16. sinhudu = coshu + C

&

i

=hn|ul +C

-~
=

—
T

N e
QNF:
l,“
i
e
+

=

sinudu = —cosu + C

cosudie = sinu + C

19.

tanu + C

sec” u du

o

20.

—cotu + C

f

2
csC 1 du

e

21.

10. secu + C

du o fu
. sec u tan u du = = sinh (a) +C  (a>0)

22,

11. cscucotudu = —cscu + C

12. [ tanudu = —~In|cosu| + C

=1In|secu| + C

w

E’xamples .

ax-9 =l= z
i. ]/ U= o _ g 4 |

x*_goc+|




2.

3.

4

¥
c‘ >C

J8x -

@ox_>c = (e Px) = ~ (X Qx4 16 -16) = - (x®_g>c416) 416
/6 — (-4 ). |

e = xd pash
| JIG-—(DC-——Q)Z >c

/_C:Ji__ - ~"(b( L= Ly ‘
Jo_w S ladre = s (2 ) +C

](566x+fanx)z A=

2 2
(Secx +tan>x) = Sec = 4 25¢cx tan ¢ + tan®>

'{‘anzx + 1 = Seczx —) -{—anl:c = SGCZDC — 1
/( (Sec X 4 tanx )2 clx = f(SECZx 4+ 25¢cx tan>c + Séczx ——-‘)C‘DC

.2jSecz.xe'x ..\.2]56(3(.“(‘(;"]3( C(x _[l =

2 tanx 4 25¢cx — X + C

e
. f J 1+coshx e
. .

Cog’y - 119528 o 4 cos28 = 2cos?9
2

S =25 = 4 Cos b = 2 cos®ax

T4 Ty Tl
j Jl+c054x olx .-:/ J2 Jcosiax <l = J—z—/ ’cosle <d =
° Ty ¢ i
Vz | cosax d= On [0, cos 25 2o

o So ‘(-gsgxl = (DS 22C
_ w4 ‘ Jz [ u=2
\/—ﬂ [mx ‘—‘--\/—2—— ["{ 'OJ = > Au=zadxx



f 3 - |
5_ ettt e ol
Ix + 2
-~k ( Bej\reﬁ o‘f'nume(a,‘\‘éy 3Y€af€€x“ %om O ({qual to dcare,e 6‘(

denominator ) ]
oC - 3

I>x + 2 3x2_ - '

- 2 -
F 3¢ +2°C

-9

"_'Iq:c t¢

+€

2x 3
- X - 3 —_

3xX+ 2 3x +2

3362—?1 c“‘:c"—— ¢

Sx +2

=% s34 2[nl3x+2l + C

BxXAZ A

=

3 2
f___i‘f__. U -z === 42 _ <
J—-x? JT:;

Jl—-:c’-

>C ¢ = 3 (.—\lz)c:lu U= | —>c?
3 /;__x?— \-’ o u :—ZDC'::‘JC
~ 2 kX - ol _ o Hu
-5 fu du--3. 4 ¢ 2
2 2 \{2

—3\/1"11 +C|
L~ ,
-———EJ——-DE————:;ZSM x —+ <2

j—x? 4 28in 2 4+ C

2 2
f-*——i—c:‘:c - - 3
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Secse +tan ¢ c‘x

3. JSecx clx = j(Se.Cx_)(l) A = fSecx e S

2 .
f sec e + secstan> o

Sec s + tanx

= tanx +Sec>c

A= (seci + secx ’&anx)qix

f éuﬂ_ —Inlul +c = In fSecx-c—-taHXI-l—C

f‘se(‘“é“ = lnlsecu v domul + <

fcsc.uéu - —\nlescu~ co*u\ +C

In 'tfj vation bJ Parts

fx.x A ?é/x‘:lx' jx':‘x
f\c(x)g(x)clx =+ /,f&) e . }\3 Gy A
JEKISS =

Cx
j:c e dx / j@ Sin>C DT

[Feor ger = = foo g6 - [ e 9o Ja

/qch/: (/(\/_../\/c’u

b

b b ,
j f(x)‘g/(x) dx = fcx)gcx)] - [ -f(:r,)j(x) <A
a a

aQ




S

Efxa-mple& N

/- fxCosx A .
U= ,  Jv=cossedx
du=<dx / VvV = SinX
juc‘u = UV - chlu
J‘xcos:ccl:c = xs}n:x_fsinx :‘x = XS +<oS::c+C .
2. f’nx = - flnx 1 Ase
u-;'h:ac p Av= dx
Au_—;—c_clx , Vv = D

f’nbc dx— :c\nx#/x~-l—4c\x=:c\nx-jc\x

—Inx — o< 4 C.

3 - /xz exc:lx
U= x° v = e Asc

/

>C
Adu=2xd>x ¢ v=e

j:tze,x c\x = >” e_bc_ ij(’_xc\x
U= > C‘\}:e‘xc\D(_

f
Cl(k: c:\‘JC ( Vo= ex

- @ =
xe:cci:c = xexajexclx — e ¢ +C

2 x = ¢ e
:xe_z(xe—e)-{—

I

2 = > > C
>x ¢ — 2xC +2¢Cc -~



=
& - /C’ CosD< =i

U=e. -, dv= ces dx
c\U\ :exc\x f V = Swnx
o d = . o .
f@ Cosxc‘x = Sian‘-—je Sm:JCchC
uzéx P v = S]h:ﬁ.c‘:c
x i
> - = ’ o =~
I@ICOSXC\DC = € SindX — (—(? COSDC_j(—COS:x_)(e ax))
j@ (osacc\fx: e SIN> & € CO5SX — € Cosax A X
2 = S »1d
.2/6 Cosxc\x — € SN A} € COSDC

x, P-4
€ Sinx A+ € Ccost + <

j (fx Cos x C\DC =

2
ho -----
5- ]'xzéan:xcl:x
| U= x> ! dv = sinscd ¢
du= 2 <l / VvV T —CosSa
fxzé}n:x;c_‘x_ = —=>x*cosx —f(~C05:x) (2.3 > )

2
= - x“cosx +,‘2fx cosscd >

JxCo_Sacclx-_—_ XSinX 4 cosax + <

. 2 _ .
J chSEnx c:-lJC_ Z - X COSDC + 2 X SinX + 2 CosoC + C

= (_xz+ 2)Cosx 2x Sinx —+ C




L. } Sinle o >

u:an"'x / dv = <l
=
Ay = —— / VvV = ¢
[
jSm xc\x x&m ::C__ > . <l
f—>c?%
=1 —
—2X Sin +—I- 2 A::sc,
2 2
I - >
if2
. =l - 2
" =\ .
txsmx«—\/l—x’”-{—(_

Examp(e

—>C

chj Me avea o)c %’e re(jlon boumclecl bj ‘(’gxe Cuy ve

\‘j o @ and e K- a>is from

>C=0 +o

o = k.
Sé(vL ton L
]xéxc\x
ULz > p cl\l:é_xc(x
du-dx , v=-e
&
Jxe Ao = - € ] f(e )c\x
= [ -4 €~ - (0)] "rf e_xclx lt
1 = y ° 0.5F
T oRe - 1, R
.y _ o “ofsL
- _L4e _ e'-(-€) )j
_ [7r
= |l-5¢ X o4l
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“Ja [ou (m’ If?*ﬁjYa)t"‘D“ :

é_xq.-n(ole'& -
l. j > &x c‘::c
foy =<, guea=¢
fix) and its devivatives gexyand its Fn‘ledrak

)
xoon x Oy

i

r e o
sze"ckx - xle 2xe +2¢ +C

2. j3c3sfnac >

AF(x)z 3(.3 / 3(1):5??\'&2
vF(X) and vts devivatives 99 and 7ts “"“(jr*ls
>3 Sin ¢

3’ “); —CcosXx

6:)( “ —Sin
Cos>

¢ ) !

O \ SwinX

2 . . -
jDC?SihDCclx = o kosx 433 SnE+EXCcoSH —£SINX + C .




I""t%fﬁiﬂbn o{: Rotional Functions bj Partial Fractions

Eiﬂm\oies:

{- j 51_3_63(

(< +1)(><~3)

S>3 A i3

- = ——

(X+1) (2x-3) > -t [ < 4
Sx-3

_ A(>¢-3) + 12 (x+1)
(cx+1) (x-3)

S5x -3 = A(x-3)+ B(x+1)

Sx-3 =(A+B)x + (B-3A)

(o€ ) (x~3)

A+EB =5 D
_344+B=-3 )
S RB=3A-3 = A+3A-3=5= A=2 & B=3
e =
j(x«n) (x-3) = "/( Sc+1 * U ) dac
2/ lac -+ 3} d=x . 2]hlac_+|l»+3‘h|x—3l+c
¢+ >c—3
2. j x2+u>c‘-t-| le
(s~ (= +1)(x+3)
ik Tl A R <
(> —1)(=x+1) (x+3) OC 1\ DC | >+ 3
PR YTE oy

| AHx 4+ Blae-Vx+H* ¢ (x-O(x+7)
(5c-1)(=x +1) (X +3)

(=c—\) (et ) (> +3)
o) = A(xa)lx+3) +B(x-)(x+3) (- +V)

et = (A+B+C)x Ty (4A+28)x +(3A-3B-C)
A+8 +C

\
u4A+25 = b
3a-36-C =1

55



f, i+t #C‘x _ _:f,.’.__.—|—-+-'5 x\ _ \ ] }c:\)c_
(se—1)Cac+ 1) (x+3) b oo\ -+ 4 o+l

| .
—i—\h\x-—ll +L’Z. \nl9c+l| - :\hlx+3' + K
3 - j éDC-\-?— \::‘DC
(x+e)?
{ox+F _ A 8
-_— = “- —_—
(‘DC+2.)"' DA 2 (:x_..‘-z_)Z,
6X+F Alx+2)+ B
(ec+2)? (m<+2)?%

bx+F = AGc+2)+ 8
X +7 = AxX +(2A +8)

A=¢ & 28+B =7 = 20)+p=% = B=-5

Jrgi. 5 :/( J — > ) -.::lx
(x+2)? X+2 (x+2)?

G/ —-5f(x+2)—2clx:6’”(x+zl+s(9c+25\+c
X+ 2

L . J 2543 e

x?_2x -3 2
x® 2> -3 25c 4?3
2y x -3 x -3 S+ 2
| - 2., 5X- 32X 24x 26X
>Ci zx—3 %z —3
5Sx -3
3 Fd "
- T — -3
j2:c ¥ - X-3 fQ_JCclx-\—f >x _ =l
5x-32 A 3
(x—t-l)(x'S) - 2 A - x—03
sx —3 - A(x -3 )+ B3(=x+1)
(= +1)(x-3) (X+)(x-3)

Gx—3 = A(x-3)$ B(X+1) = 5x-3=(A+38)>x + (B-3A)
At+B8 =5 i A=2
-34 +3 =-3 3 =3

' 2 2
- 20 — _ i .
2X7-42"—X -3 | ___f2xc4x+ 2 C,x,+/ 3 A
xtzx -3 Xt > ~3

Hon




j 2x3-ux ¢ =3 A = x4 2 lh(ac—Hl +31n|x-3| + C

x*_2x—-3

‘ - 22C+ Yy
5. " - c‘bc
(x +1) (DC—\)Z

—2x+h _ Ax+8 < ,_®
(xZ1) (x=1)* = Sy T xe x-0°
—23 +U ~ (Axt) (xe=1¥t € (1) (xx2y) £ D74
(<) (x-1)* (> Z4) U =1) %

_ 244 =(A x—l—@)(:’(-——!)z—l—c(x-\) (x%+D) +D (x?41)
pxal = (At 4 (=2A+B-C +D)x? 4 (A-284¢)X

4+ (B—<Cc+D) .

O = A+C

0O = -2A4+B8—-<+D
2= A4-2R+C
L= R-<C +D

A=2 / C=-2 ,IS::I 'FD:\
—2xX 4+l _2x+| 2
(1) (x -2 X5 x-t (-
—2x+4 Q‘x:ﬂzx-u_. 2 \ .
(2 1) (x—1)? >x24 >C —~ | A (:c~\)i> >
2 ' 2 \ |
= -+ — |
j(xz"' xl"\"l == -1 + (Dc_\)'?. ) t:‘:)(
=) tanx —2lnlxl o L ¢
o0 =1 )
6 CI.'DC_
:C(IZ_H)”Z.
! . A B + < Doc+E
= 0+t +
sc (x241)? o *+1 (x%+1)?%

I = A(xz+\)l+ (B +c)x(x"+1) + (Dx +E) ¢

—

b= /—)(x.‘*l+2x2+|)+ \3(1‘*-{—3(?‘) +C(x3.\.‘3c_)+fbxl-\- E >c

= (A+R)xt+ Cx® 4 (2A+B+D)x"¢(c+E)x +A




A+B=o / Czo , 20+B 4 D=0 / C+E=0 / A=)
A=1 / 2= —| fC-—O,E::‘-—‘,ZLC:O
':‘3(. = [ ! < - ADC
:Dc(xz..n)l el x4 (DC"z-I—\)l
- C_I.D.C_ _ __ic_fl_.?c__ _ac__c_l_ic___ o(:x?‘+i
> > =4 (x*+1)? A= » x e
B Ax 1 du A I du
i - - 2 U _é_ .LA_Z
|
= |h|x|._l2-lnlu|+3r + K
|
= Inlxl - = In(xx®+0) + K
2 (>4 )
=< \

"’7fl;ﬂonomet(ic Infedra,ls .

ProcloleS o‘r Powers og Sines cmc.\ Coswnes |

. m
me X Cos"-x A

where m and n are monnedgative integers ( positive ov 2ero).

case |\ Tf m s oéc\,wa wrike m as AR+l and use +he 'nc\e,vdt’cj

5'm29c o cosi= teo obtain

. 2Kt <

. ) . 2 K
Sinmx = & o0 = (Smll) Sinp X = (i—COS .:vc) Sind< .

case 2 I{ m is even and M odd i Jsin“xcosnxcz\bc,wc

. - 2
write n as 2K+ and wse the .‘Jenf.fj costx = i - Sin“x
'(‘o Ob{'a:n

2K ! 2 K .2 \K
cosnx = (CO0S 2 = (CD-S JC) cos>xX = (i-—S'nDC) CosoX .

Case 3 I both m and N are eJen in ijnmoc CoSh:Cc\xl we
substitute

. 2 .
cint > = (I- cos2x)/2 , costx = (I+<cos2X)(2

fo Yé’oldcc’ -E[ne intejsmmc\ to one W louer Powers o{ Cos2dx .




-.—*7
E:x:amples .
. 3
l. me o c.os)”_x c:]:x
.3 . -2 .
j Sin o€ CD_SJCC‘DC :—fSln o CD_SZJC Sanxc‘x =j(|~(~0523&'.) Co_SZx (_—c‘((OSx))
U= Cos x

s S
f(“uz)(ul)(—c‘u)‘:J(uh-uz)c'u _ “%.:"“%‘"“’ C

C s Casg
o
.. CosS x <
Ay 3
Y |
2.- fCosxcbc - m=o0

fCOSS-DCc‘D( -:/Cosu:x: cosx <l>c :f(f-s{nzx)zc:\(sinx)
U = Sinx
’ s
/(I—uz)zc:lu :f(:-:zu‘-ru")clu = u-2uwe w4 C

. 32 . .
Sin ¢ +-;-__-Sms-::c + C

. 2
= Sivn X -"'g

3- j ginl;c, cos"x >

2
. - : ‘ osSa2x
jSmlx C.o)u_xc‘x: J(’ C’oslx)( |+ L© _.,.><:\:>C
. 2 2 _

%S;—j (1~ cos2x )14 2¢C0s22<C + COSZZDC)c\x

_‘__f 1+ cos2X — costax —cod 2x ) Sx
g _

2 3
-‘g- \:x * —‘2— Sin 23 -j( cos?rx 4 cos 2X ) c\xx

f‘ (oszz.xc\:c = -\Z I(I‘PCDS Q-JC)C‘DC =3 ( > -\—-—‘-l:

f(osglxc\‘x = /(I-S;nzlx') Cos 2XC <>

A= Sin2Xx , Au = 2 cos2x dx

“i”J( I— u?) <lu :—‘Z— (sim2xx _-_‘.:;,-u Sin> 2 )

jJn‘nl,x C.o5qac c‘x: -ﬁ-— X - -:—_'- Sin LX< +-!3—Sin3'2.DC ) + C .




6o
Ih%ejralg o«t o wers o-‘ tondC and Secx

tan?x = sec = -1 i Sec?> = *an?x 4|
Exqmplé’iz
l. j ‘(anq:x. A x

j*['ahl'xc‘x :]‘(’Omlx - ‘{'Qr\lx C‘x :I‘f‘inx (Sec?'x _l)c:‘x

f‘fdnzx sectx dx - j-(ranax >
[ tan®x sec?sx _f(Seczx_t)ch
[ fan®= sectx dx — j e x <l —+-fc'|x

U= tanx , du = secix dx
. |
juzclvl = '\E T —:-:;* tomx =+ C,

3

/‘(‘thx::'lx = —é—‘(anx- tonx +x «+ C .

2. [ sec’< dx

L= S€c=x / c!u:se.cz;,c_c\x

dd'—-secx“{anacclbc P V= tan <

]Secgi ¢ :jSecx 5ec2;x. A= = S€cx “anx #j(+qnx)(5ecx+anxdx)

= Secx tanx - f (SECZDC -\ ) secx dx

[SCc.3gcc|Dc = Secx tans>x «+ jSCCDC ::‘DC ——[SGCSJC C\JC

s ,
,ZJSGC xclx = secx ‘tonx .+J Sccxc\x

et A= = - 4 "o | ’
Sec x_—-z-Secx qnx+—-2-\n|86cx++qn3<\+(.

¢ IYSCCu Adu = Inlsecu + tanu| + C




Producis of Sines amd Cosines

f;inm-:(_sfnnx dx

SMmdX SmnXx =

1}
N\‘ N"‘

Sin mX CosnX

CosSmX cosSnX = '\—a

E=am ple :

Sin 3 (os §x <l

S’o{m‘-’on :

—

/ /Sn‘nmx Cos hXx dx { [COSM.)C cosnx C(‘JC

[Cos(m-n)x _..COS(W)+“)DC]
[: sn(m-n)x + Sin(m+n)x ]

[Cos(m—n)ac + Cos(m+n)x 1

Sin mac s N = -35 [sin(m-n)x+ Swn (vn+n')x]

m= 3 & n=

fsingx cos Sx dox =

7r{30nome{ri ¢ Substitubrions

_‘_2_ f [sin (-2xx) 4 Sin ‘S?::C] A

= %I(Snn?x'_ Sin Zx)cbc = ———EEI—Z—— +

-

hree Basic Substitutions .

a = q tan &

X = asiné
a’ %= a’- alsin’S
> = asec &
2 4
gcz._az: a SC’CZ(}— a

—

Aex? = a’ratdan?l = a®((+tan?d) = a‘sect

a®(1-sin%%) ~a’cos %9

a*(sec?® _1) = a*tan’®

A /.2 2
artx x p x y Vi g
[ ) 7} i}
a 2_ 42 a

Vas—x

x=atand x=asinf

Val + x> =alsec 8] Va® — x° = ajcos 4]

x=asect
\/;T—iaz=altan6|

&l

+ C.



N

e catmd |, P-tai'tZ)  with
> =asine? ’ I = an-' (%’) with
caseed  O=sel (E  with
e
I
6= tan% i

Examp

" I

:3(’2-::2.‘&17\5', Ax = 25€c2&c1c9'

/

=
T oLl T

Wsec 29

]nlSec&.{—{an&[ + C

2 - ,
o | 5 | e

{

in | e cx |+ C

CI‘= C—‘nl

L,+xz = 4+bf0'n7'c9 = 4( [ +tan'®) = qsecz&
2sec &dF *0dS sec2e 4O sec96l9
) J‘HIZ J 4 sec’d [sec | _
= lsec&l , secH >0 for _f_z_ <8< =

Jq-.—:x;’- oC

5c = 2tan &
tan (¢ =

SQC(P':__\_/__?:-—D—C—L-—




_ 63
2. f .‘JCzc-lDC
[a-=?
x=3smd ; dx=3cos&de | _‘ﬁ?“<c9<‘ﬂ%

g-x*=q-qsin’'@ = (1-8in°?) = 9cos*?

x2dx - ‘ qSin'cd - 3 Cos& d& - qfsfnz(}c_l&
Ja- =? [ 3 coses|

Tl i
JreiB = |seco| , sec®>o for -5 LELT

]

qj l—CosS2® C‘C9 :_CZ?_(&_ .SH"IZQCP')__I_C

2
Y =251 &
= —6-?—(69—-55*152605(9') + C / Sin2@¢<=28inscos
2
.-ix :C‘ \/q*DCZ +C
- (5“" — 3 3 ) 3
— . ¢
— q bl_?.‘.__ = g.x* + < &
= 5 Sin 3 J :
q-x
= =35
Sinct = =
2
(oSO = J -

3
{ I 2
) \/25:(’- by

1
NEEE Sy* :\/2‘5(2: TS = 2\/:x2_(~2?)

3.

2 2 ¥ - "" __c'..... = — S | ——
x —-(?) __—_;L-;S@c&‘ - 25_( €Co¢‘ ) 2 tan &
L _2 .2 fan® >0 for 0<EC T
\/xz_(_g.s___) = L [tane | = S tan & > s

I [ R[s)secH 4an@ d @
]\/25“;( (M SJxﬂ.(;‘?) 5.(2/5)tand?




- _\9*\“ \ 5; + ‘(2‘5362«& \+C

_ _é_./ggc&c‘& :"§In Isecé’ +{a'nc9l-+c




-
-

L e

Infeg\raf(on oF Rational Function 01[ Sin a< anc‘ coOS C

Sin 23 = 28ind¢ €os >C
cos2x = Cos _ SinT>
Sinoc = 2S3n§~— C'o;-'?fa-_-
cCoS X = c_gsz_?s,__su‘h?"?_‘_
2 A
Z = {am_:’f'—
2
. 2x Zx 2 Z
Cosx = Cos™ X _ Swn =X = (oS X _(imcos™2 )= 2 cos X _ )
z 2 z z
2 1 = 2 L= 2 ‘
2 = , - - -
sect = I+ tan® Z P42
2-1 2% _ )— 2%
i+ z° i+ 22
z
OS5 > = |- Z
|+ Z°
“ - 2
Sin>x =2 SmE cos 2 = 2 Sin 3 .CosT X - 24tanX% ‘
Cos = z 2 gectx
) 2
o0
24an T _  2tan F 2z
. 'y -
Sec E_C—?_— |+ tan® = (+ 7.2
S;VJDC = 2Z
b+ 2.2
— > > - | -1
_Z.*‘fcm—z— = - = tan Z == < = 2 tan 7
dee = 27
I+ 772




T 6
; E::CC!MPIGS M
i. j ‘ c.:‘DC
/| + cosx
2
Cosx = 1‘22 / Ao = 247
. i+ 2 | o -Lz.
] | 2dz _/' 24z :/_;_C'Z
"*(’!_:: t+ 2 o+ zi- 27 2
/ClZ'—‘—Z.-I-C':'Ean:’Si-\—C
{
2 . / clx
2+ SinXc
Sinoc =22 e . 292
I+ Z? i+ Z
j ( 2.dz ) tf 2.’3'2- 2 dz
(H—21 I+Z° 2427%+ 22 z ) 2%+l
f dz  _ ] dz -zsl | du-de
2%+ 2 ) ('z-tii)l—\- éq-
O J_—-_‘_?_.
= -1 , 2
- '{:OLY\ —_ C
ur+4a?
| ! -1
L tan (=) +C = (=)
2 'far;‘ ( 2tantZ) + | ) e
ye VT
3. - _
SividC —~ CosSX
. 2
(S"ﬂ}i =_-——-2;‘Z~—2—- /] CoS>x = j — 2 / chC _ lC‘Z
'+ Z i+ 2 I+ Z
T 2
/ - = [+ 27 dz = 2 Sz
2C _I—Za 2Z-t+2 Z427.-\
|+ 2% 1+ 22 I+ 2z




f dz
(z+1)* = (2)°

2/ =l2 =
(z+1)* -2

2 u - J2 secd® ton® A&
u*_a? 2se’d - 2
2\/_{} Sec? tand d& ‘:J_Z-/Secc?{an&’ d8
2 (seck9-1) tan’s
V3 Sec? cl& N EE [ ’/(OSF?
tandd Sin@ [cos&

Jz 'niCSCc}— Ca'f'd“/ + C

i
Jutr -2 uie 2
2% |
e O ST B
/(z—u)’“-l /(Z+|)2— 2
J_Z (\q {un%-}-l _ \’T
j({’an X4)-2 j({;ah = ‘*“)i— 2

ﬂPPfic‘affong o{ ‘l)(:)(fm'“fc Infc:j}’a(s :

Letween Cuvves .

Avrea

U= Z+1 , du=dyz

a=+\z2

U= asecd = 37 seccd
d\l‘—‘ESec &{on(}c\&

4o =3 [cscds

-+ <

1{ ftmc%‘.ov\s )(n and f1 are continuous and if 'F;(x.)> Facx)

f[]?oct{jlqbuf He intevval agl e b, then +Hie avea of He ve

d

1oh

betiveen Hhe curves Y= ‘Fi (<) and :j‘:](z () 'Ffom ate b s

He a'nfij’ou( o'f ("fn*‘lcz) ‘ffon’) a te I s

-3
Prea = /( fresr - 2 60) ¢

Exqmples :

1. Fiad Hie aveq between Hie Cwrves Y= Cosaxc q“djz_s}nx

{rom o o Tr{l




So l\L’*’\O“ 2

-F‘(D(') T oS

gz(ac) -~ 8&inX

fﬁ(x) - Fz(x) =CoSX - (-Sinx)

= €83 4 SinDdC
/2
A= (Ccosaxt + Sinx)dne
O Tr/Z
A = [Sin:( - CC?.SDC‘]
[» ]
A = (l—-o)—(o_‘)
A= 2

2. Find e avea of +he region enclosed bj He parabola y=2->c?
and the Vine y-->c .

-~ \\.
Solukion . / \\\\jw:z,.-xz
fio) = ](z,(x) (-1, 1) L N
2-x% - _x ‘
xi_5¢c -2 =5 -1 © ‘ \‘1‘\ x0T
(x~-2)(x+1)=0 1‘%
%
> =\ ; X = 2 \
| I=-2 k‘\
frsy - falx) = 2-3¢®L (= 3€) \(2,-2)
= 2 .__:Cl—(-x

i
=242 -Xx"?

A = /[-f:(x) - ‘Fz(x)] A=<

2 2
2 2
A -.—/(2+x-x2)c|x = [_2:6 + = =4 ]
— -

A = (4+-"?~—%)-(—-2‘*“‘3+‘|§)

2-

Finel the ovea of e ggion e fiest ‘hachromt bouwnded above
by -the curve JJy= and below by e x-axis and the

[1‘!’15 erC'Z =




4
Solukion An“gjr(f;-:x*z_)cix
¥i(x) = \}DC
FZ.(DC)‘:DC—-Z er 2_\<DC\<‘+

1;
¢

Jx =2 = = = (x=2)"

= XX 44 = XL SX thTo

(x-1)(x-b)=0 = x<=1,x=h
<=1 <loes not So‘d?'tSf) He e,fu.ai'nbn JX=x-2
for oL 2 fioo_ foo0) = Jox —mo ==

for 2<x Lhe fico - fated =« Jx —(3-2) = J>¢ _>c+ 2
4

HYCG—] ff;(x)—rz(I)JAx fj—.; < = *]‘ (Vo —x+2)elx

R R |

/6 2,3y _ lo
9_(2) +(..2_.(4)—-—-—+8)-—( (2) -4 u)._.._é_..

In‘te_jra;t:cn with vespect o j .

3 .
Avea =f[‘xci(3)-1C2(3)] é.\j

Examples :

1. Find Hhe avea of Hhe Yegion between Hhe curves >c=Y% and

= =Y+2 in the Liect C(utacl*mmf 3
A
Soiuﬂon:
i)=Y+ 2
fa(y)= y* 2}

J+r2 :JZ:D jl-j-Zzo
(J+i)(y-2)=o0

67

-, g=2 ©

Pe value Y=ol (9'.\165 e Point of intersection below Hhe x-axis |

fap-fuy)=9+2-y*=2+9-y°



2 S

_Arc..a:f(z-q-j-jl) clj = [ 2y 3 J?]

2 3
o fe)

G
Area = —-—--l-—t-'——-g— = 12
i 2 32

2. Find “he area between JZ= b and le—Sjtlr
Sofu{'fon:

o€ -3y =h D hx=4+3Y = ;x:('-t-rsd)/q
yizpoc = == S

I
f‘ )= > = L'+Lf3j 4 2 ':”‘Bz}h e,
faey=>x = 3:
2.
4239 - 3 5 g2 5y-uee

iy
(I-UdCY+1) =0

g=t , Y=~ /

y

4
era=/(£,caj._fz(3)) CJJ :/«#ﬁ;’sj)_ (y:))clﬂ
—1

— 1

2 : -
Area = [\\j + 32 3 = 122
t 12 | 24

Volumes ’?} Slfonj and Rotation About an Axig

Volume = Area x Heighd i V=A.h

The volume of a solid of known mtegrable cvoss-sectional area

AG) from x=a Ho >c=b is the 'm“cejra( of A {rom a 4o b

b
\/:Jﬁ(x) A=
Q

¥

le(’.u\lc\;tiv\j the Volume o‘( a Sollcl -
(. Sketcl, Hhe <o lid and @ -{ﬂbicd Cross-Section.

2. F?ncl a form»n[a )CW F}Cx),- 4’(1@ aréa o-f a ‘ijiCa,f cross— section .
3. Find ~the [J‘m-'fs ot Enﬁ;:jrcut:an .

4 . In‘feJYCCfC A(x) uSiﬂj e Fundamental Theorem



Tl
Exampie A Pjram:c’ 2m }Ub has a Squav¥t base 4%4;6 ‘s 3m on as de
The Cyvoss- section of Hhe Pjram :d perpendicular tothe alsd ’mcle

> m c:!own {(om 4’6«?_ Uer{'Cx 18 aSc{uare XM on a Sxde.

Find Hee volume of the pyramid

S()‘W‘f]on-‘
i. A skeich.
- A formula for Acx).
‘/Q(JC) = 2

3. ¢ limits of fnfc'jr‘cd’?on.

Me Squares lie on e P[anes

f(om X =6 Hto X=3

4. In'h:jm)f'e ‘o f;no/‘t‘ﬁe volame.
3 7
\/:f//"(x)c‘x :szc'x“-‘ 3§3J = q""g-
0 ]

Solids of Revolution : The Dk MG‘H-"OC‘(. .

Alxy = T (-\(qolias.')Z = 1 ER(x)J :
b b
vV = f Alx) > :/ TT“[__R(;X)]Z Ax . vevolution about x- axis .
a

a

2
Ay = T (vadiuas)® = T [RW] .
o

d - ) -
V=/Agdy = f T [Rey)] dy [vevelution about y-axis.
C C

E xamples .

. The vegion between the curve y=Vx , o > Kk, and He >-axis
iy vevolved about Hhe >c_asxis to geneyate asolid . [Find 45
velume 7

So\\k\lb "

b
V:[ '/—/—[‘R(x)‘]zclx ; Ry = J= .
a




.2,“ ;779 CI.V‘C(E x_zq.jz ::QZ l.\S Y()‘k-a'tct-‘.l abol,ct -{’ae 2 - QI '{’b gene{&‘te’
a sphere . Fiad 45 volume ?

Soluxian "We \'W\agine +he sPherC cut into ~thin slices E?j Play]es Perpencla'cqlqy
to the x-axis. he cross- sectional area at atypical point > between
—a and a is
A =7sz = M (a*-x?)
a a ) ,a |
V=//4(x)clx =/7T(C(2-)(2)clx :‘F[qzx - _’35_ 1a - %Tag ‘

—-q -G




. Fiad <the volume of +he solid jenerafec‘ loj revolw:j the veqion bouncl@:\
bj Y= J= and the lines y=i, x=4% aloou’c the line d—l 2

soluion -

i
vV :J TFL-R(I)] < =

L 2
:/TT[J—.;-—!] A=

L
- W][x-ZJx_H]c'x
4

2
*?T[‘xz-z Zx 4+x

:;W—

-6

b

L. Find he Volume of +he Solid dene.miec\ bj ve\lo\\f'\nj Hae Yej‘\cm
befcween «l—ﬁe j_axi‘& ano{ %e Curvé oc= 2/3 / t\gj QL} p
about the Yy-axis ?

Solution . y

i1
Ny
=
oo
| O—




_ 7
5. Find the volume of the 5ol;ddfnerafea[ {Dj re-\/oluifj He regian between
Hhe parabasla x:\\jz-t-i and Hhe line > =3 about Hhe line =3 7

SORU\'.Q'\L‘)\'\._ '
R{P= 3- (Y +) | N
R W)= 3._37-_1 w ?, R(y}—:;:;f+1)
Ry = 2-y4°%
J—&_ 2 L x
\/:j m[Reyy] dy s
—N2
NES
[mCa-g1 d
-y 2
2
- TT/ [4- 492" ]
i Jz
|
sy -y Y]
-—N 2
_ 642
B Y

Solids of Revolution 11he Washer Methad \

Ry v Oder Yaoutls .

Y(>) * Inney rqo({ots.

AGY =L R(x)Jz_ T Er‘(x)]?‘ = W‘(ER(X)]Z— E‘r(x)]a) ;

I> b
vV = / A(x)cjx ;:/ W(ER(J()]Z -[Y(x)]z) =l
Q a

Examfoles .

i. 7he region bound ed I:J the curve Y=<+t and the line g=->c+3
is vevolved about the >c- axis +to 3enera;h? acolid . Find the velume
o‘f +he Soliol?

Gu{(’—\’ Y&O‘-t‘ds M R(JC): - 2C 4 3

Tnner vadius : Y(x) = x4 |




Interval of

&
Z
\V) :-/ W([R(X)] 2-— [hI’(JC)J ) d)( integration
a (a)

i
:/TT((-—DC-H’)z- (x 21" )
-2

-2
i
2 5
2 oC
ST @x-3xPo X2
[ %
~2
. i . Washer cross section
Wz 7 _ Outer radius: R(x) = —x + 3
Inner radius: r(x) = x2 + 1

(b)

- The vegion bounded b) the parabola Y=>* and +the line y=2x
in whe frst cguaclranf 's revolved about the Y-axis to generate

a golid. Find the volume of the solid ? Gi
S
Solution: R(y) = Vy
(2,4
RWP=VY , Y™ =y 4r
e | Jrm=12
viy)= \j/l ;o y=2x = :>C=j/?. £ ]
S
;I?-:‘Z'.'JC - xz-.._ZDC —_o § y:ix()r
>x(X-2)=0 , X=0 & X=2 g :
= y=x%or
X=o = Y=2xX = Y=o _ : x=Vy
0 5y F
X=2 = Y=2x =D Y =4 _ @

|
V= fw-([ R($)] -Cr cs)J?')clj

(LT 3T

p ) s
:W:j(J-%)cU [ £-2

g,
3

——

o




Volumes loJ Cd\ihckwr'\(:a\ Shellg . 7
The Shell Method .

The volume o‘F -f'ﬁe so(‘.cl Jene\raieci ‘DJ YG‘_VQ\U\nJ‘\"n.e fej'\mwn between
He x-axis and the Jraph of a continuous Fanction d=1’(>c)>/ o,
L éa \<\ DC\<l:> ' about a vertical Wine =«c=L s

\/:/b_zﬁ( shell ( she )cl‘.x
Q

vadius height

The shell method gives ‘Hhe Same answer as ¥he washer method when
b oth are used to calanlate i volume of a vegion -

E=cam P(€‘5 N

[. ;7)" Yy e ‘D Py
-c, 3\ n b \,\“AeA loJ J\’LQ C\m’\i'e j:: E ,%&e = - A3 / av\d "&,e
[ime sc=4 rs revelved about the J- axis togenermte a sshid.
Fiad He volume of e solid 7

Solwhion -
1>
. Shell Shell |
V "a/ < ({aia'us)( h&tjh’t ) CIDC
’ y o
N, =/ 2T (5)(J ) dx = 21 = Jx

o
4
2 5'/3] 128 1
V< ZTT[S-DC . 5 ’

A
¥ y= Vi
@Tﬁ Shell radius

Vi
2 ‘ Shell

Interval of
integration

" Imterval of integration
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2+ the veqion bounded by the curve Y=Vx , Hhe o - axis , and
fhe ling x=t is YEVo\ucol albout the =-axis —to(ﬁentrqic a sslid.
Find the volume of the sslid ?

Solukion . b C chel
e () $)
a:z 2
= [ 2m -yt dy = f 2Ty 7 dy

2
- 2T 23‘_,_{'] - QT

4 - y?
Shell height

=y 4.2)

=

—
et e
I

Interval of
integration

¥ Shell radius
& .

< radius

o
o
&5

Len(gn‘l%s of Plane Cuvves |

Length of a Parametric Cuvve .

If a cuvve C s c‘e-(?inec:\ Pafqmc.%f.‘Cq“j EU oC = )((‘r) ano{ j:ﬁ(-t),
ag+ b, where {7 and 9" ave continuous and not g;mw\*m\ews[j
zere on [a;bl y and C is travevsed exnch once as¢ 1 increases
from t=a +to t=b , +hen —he (enjﬁ-; ot C rs “fhe Ae finite
in-'tejra' :

o
L= /JEF’(HT+[S’(+JT S

if sc = f(¢) &. Y =90

L - a/b/(%)z+(%% R B




Py = (fe). gt0)

Py = (flior) 861D

EDCamP[CS 1
[ - Find the ‘enj% o?f‘me Ctﬁrc[c o‘F YaJ:'us Y clef{nec\ Pcwame%ricd\d
by
xX=vcos ahd d:\f.gin't' / O\<'{:<2,Tl— .

Lo\uXian .
2T

N G

-« = ¥ Cost = :—\5:;— - _vswa\t .
3 = Y S‘\v\.’k —:5 dj - h'S COS{ -
g+
dx )t (B )t = v (siTEa esT) =
Sintt & costk =\

20 2T
L:/\[Fc\’k =Y[‘t] =20 y.

2. l:-incl "r(»\,e \ev@'\’\ﬂ 0‘( ‘Hne aS'{'fo'\c\ 7
x:cass{- / J:S;\ﬂg”t { O\<+ <2‘“—




F4
Solurion: Recause of Hhe cuvrve’s S\jh\ma—tg with respec:t ta the
coovdinate axes , it /enjj% ’'s 7[our times Hhe |enj+1\
O‘f “H’le ;fﬁs t- CiUlClCl\"aYlt Po’*f“‘fcsh .

2
>C = 6053‘{ ; (%_1"’_ )Z = [SCO_SZ'(' (_anf)] = QCosq{ sintt

2
y= st (éj_)" = [3sin* Ccost)]) = qsin"t cos™+
+

\/(cclii B (“‘Zw—t)l = \/‘?Cos“f sint 4+ Gt cos®t

= \/‘i cos®t sint (Cosz‘t +Sm’t) oy cas®t ysint = |
= \/C] cos?tsintt = 3 |cost sin’c\ , costSink 7 0
2Lt LT/2

= 3 Cost Sial
/2

Lengﬁ‘(ﬁ ot f(rﬁ_qtmc!fan’t poction =/ 3 cost simk At

o

Swm2t = 2 Cost sink = Cos £ st = Sin2? /1

‘inz
e ..is—/ Si"l ?«'t C\‘t
2 2 U2 Ti'/z
_ _ 3 Cos2t ~ 3 Cosat = 3
- 2 By Ty 2
o

o

7?7@ (Pnj‘H'l O‘F —Fﬁe astroid 1s )(om' ‘(’s'mt_s %LS > 4 ( ""3?'_') = 6

Len\gﬂa of Cavve Y=o :

1f 7[ is Con-kinuomsij differentiable on the closed wmterval
[abl, +he length of Hhe cavve (gvaph) y=foo from > =a
toe xX=b is

L:f: j:+[f’(x}]1 <l
L = /D /l—r(%—ig;)z 'c‘:c




Escample :

Fion d e \enj‘ﬂn 0(‘ ‘W\ﬁ Cur ve 7
_ Sz 3
Y= T X< - I , oL >
SO\U&IQ“,
3/ i/ |
U.—.L*l_xz—i-pﬁ‘j_.if___’—_-f._xZ:l‘r’-_xla
3 :‘x 3 -

)
L /(f-—-l-gx) c::\DC, = ‘
© 3f2 | ° 3 13
2 X _ 3
L= _;‘%- (—-———-——'—'"f;x) } = 37 (/-I-S’DC) ¢
Z o

Lf_v\ﬂ“r’\f\ of a Cuvve X =303) : Dealing with Discontinuities n Mldx

1f 9 13 Con{immus\j c\\“exe;n‘kla\ale on [___'C,c\] ,‘Pfl.e (Eﬂj‘”q of
-{'ﬁe cuvrve ;:.c:j(j) {:Y'()m y=c 4o J:cl 1S

d
L:]\/ P9 T Y

o
- > \
L—/ ‘/l+(:‘-3_) clj
E'xample:

F-"hci "w\t‘.’. [enj‘”\ c::{ the CuUvrve j:(:»c[p_)zls

;me >x 0o *to =2 )

Soelukion s vz
2y 2 oy ([« _ | ;o I3
2= (F) () =3 (&)

\s nox c\ecineA ak x=o ; S we Cavnina Q:ncl ‘\'Q\Q cwrve S

\e_ns'\"/\ wi-th ‘3"-"7(‘,(*) : ( é;i—s;c ¥a1\s ‘o ebc'\sjt)




% ] z_ 21
I=(F) > ¥ = F > x=2y7

c_"DC-__ 3 JE _ _"_'

c\j*Q -—“2-__*j __'.SJ

2f{3 2/32
<=e > Y= D y=(%) 9=

<222 32 go(2)" 5 y-,
L oesyg ,
i
— Sx 2
L“]\/,+(dj) cl :]‘/ij_'_(-:gdilz)l A\j :/\/[_f.Cij C:‘J
C / o o
/2 ; {
[ 32
L =

2
E_(rom_l)xz,zq

Aveas o‘F Swmfac.e& o‘c RQ\JO‘\'\*’C;QV\ N

Swﬁace. Avrea ]Cor Revolution About the = _A=cis .

If +the funckion ‘F(x)>/o 'S Cor\’ﬁm&oqs\J Afferentiable on
faﬂ::] p +he avea of the swrface an&\rcctf:cS bj Ye\Io\\J\n(j the
CWVEe d = £(ac) a\:cm:\‘ *\"\e_ > - axis \§

S = j QW‘foc)\/l-r()(’(x))z d=x

>
S:/ZTTJ\/!-I—(SC‘%C)Z dx
a
E=cample

Find +he avea of ale Swrﬁxq:

| Sthera:ttcg l.‘)J Ye.\lolvina
the curve 3 =2y , | < X S 2 abouk ¥y x-ax;s?)

Solukion . b

o [omy [t 9

a




qu.

Lan J_T cix—l;TFj(x"H) =i

LIr - —7‘3-(361-1)3/2] = %T(SJS-:ZJ-{).

S

1

\

S

Suxface Avea for Revelwkian About Yhe §- Axis |

If x =9 }-o S COY\'HYI\A,O\k&\J Jdif{ecentiabble on EC,-'C!] ,4{,3
avea of e surface Jenero\jceé bj Yer\V\V}j 1he curve x=90Y)
about the Y -axis is

d

C

Example .

he “nc sejmen,t x:l-:j / O<3\<| / 1S Yc\}o\ueé

abouk the J- axis +to Jenerake ‘he cone . Find its
Surface area ? y

=06 i c_‘:l / DC,:l_j ¢ c_:‘_:_c_:__‘

Y R A

g2




d

I
s-;/zﬂ‘;c \/’*(EC]T?“)Z dy = /2Tr(r—:j)\/'{c\3

o

|
—amyr (1-+) =TV

S=2TJ/2 [j-%—z ]

Sm((u&& A(EQ o‘t Qe\io\w‘\’\on ‘cor pammc\ﬁ ?.dc\ C\M‘\ICS .

T4 a smooth cuvve x=f®) ; J=9) , alt<hb L S Jrro\verzed
exac{\g once as 1 increases Lrom a to by —then the af\ﬁ o
+he suxfaces 3Cne-ro;tecf bj rc\/o\\ﬁn:j Hhe cuv Ve aloouX twe
Coorc\lr\octc axes ave as ‘ro”Dws.

| . ReVolu*\on albout %e > -aXI(§ ( \\j>/°):

>
s- [ amy \/(s‘g-)%a%%)"‘ <t
Q

2. Re\}o\uﬁc‘\an aloouk the J-axis (x >o0):

b

g_-_f:lex /(éfr)l+(%§;)l SR

a

ExamPle :
The standard parametrization of the ciccle of vadias |
Cen'kored at +ﬂe Poin‘t (o,l) N -('(ae :JCj_Plané 'S
>c=cost , Yy=I+8int , oLt 2T
Use +his parametvization to find “he avea of ~the sucface
swept out bj \’C\Jo\\}inj Hhe ciccle D
SoluXion .
b
s= [Ty /‘%"‘% G SR

0130 / b‘:‘—l-ﬂ_
3: ) + S.\Y\k =) CAA_—% = (05{

> = cost = cl-b—i— = st




Jio=

2
)1+Kci\i) = /(—— S;V\'t)z-q- (Co_sf)z =
SinTt + cos®t = ) Cinte
2 i
S = j 2T (f+sint) . 1.t
2T —_
- QTI'/ (I+Sm"t)cl‘t

it
N
=
B
-
|
~
@]
7]
-~
—

I
-

g4
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Conic Sections and Quadratic ECIua.fions:

Parabolag .

A set Hhat consists of all the Points in a plane equidis fant from
a (9:'\/6!1 fixed point and af]fuen fixeg[ (tne in Hhe Plahe IS a Pm‘qbolq.
“the ‘foeJ point is Hoe ’)(DCULS, of Hhe Pambola. The fixced (ine i “+he

ivectrisx .

Directrix: y == p

Vertex at origin

" The vertex lie3 | . '\\
halfway between ol : Focus (0, ~p}
directrix and focus. & I
[_)irectrix: y=-p ox, -p)
Directrix
Directrix r=p
x=-p
Vertex
Vertex x
_————
. x F(-p,0) |0
0 F({O)
e ’ P

J TABLE Standard-form equations for parabolas with vertices at the origin ;
{ (p > 0) |
}f Equation Focus Directrix Axis Opens
| X =4py (0, p) yv=-p y-axis Up |
| x? = —4py 0, —p) r=p y-axis Down '

y? = dpx (p, ®) Ir=—p X-axis To the right i
[ y? = —a4px {—p,0) x=p X-axis To the left

L

E>cample - Find the focus and divectrie of Ahe parabola Y% =100oc ?

Soluion: Standard equakion jz = hPx i o ¢

hP =le = p= 5/2 |
FGCS : (P,O) - (5'/2_ / o)fmifec*f\‘x: =P oY ST 5/2 .




Ellipses .

/)n CHEPSC’. fs “H:IG set OF poin'ts h a pfane a/})o.sc’ c:“S'fanCCS ‘]Cfc)m two
firced points in the plane have q constant sum. 7he two fisced points
are the foci of Hhe ellipse . 7he line %rooﬂh“mﬁ {oc: of an eul‘Psc"s

focal asis . 3be pPoint on ‘the axis halfwcy between He foci s Hae
CenXey. 1he |aoin,i's where_-('&t 'FoCa( A S
@Llipse’s Vertices . '

and eﬂipsc <ross aye the

¥

b

. ; Plx, v}
. ””’/“ " .
Vertex [ Focus Center Focus ) Vertex - Focus -~ Focusé
' F('—c 0) 0OfCenter / a
T Fye, 0)
Focal axis :

standard-Form Equations for Lllipses Centered at the Origin

y2

Foci on the x-axis: —x; + ? =1 (a>b
a

Center-to-focus distance: ¢ = Va* — b?

Foci:  (+¢, 0)
: Vertices: {%a, 0)
7

Foci on the y-axis: § +5=1 (a>b)

Center-to-focus distance: ¢ = Va* — b?
Foci: (0, x¢)
Vertices: (0, +a)

In each case, a is the semimajor axis and b is the semiminor axis.

Eacamples .

. Major Axig Herizontal : “The ellipse

2 PR
¢ +7:i -
l& |

S’em’umad'or axis » a=\le = 4
Semiminor axis » b=J4a = 3
Centev.to_focus <listance :+ ¢
Foci + (H¢,0)=(2f7,0)
Vevtices: (xra0) = (24, 0)

Cender :+ (0Q[0)




¥
TR T [V

Vertex Vertex
4,0 @0
Focus FOEL‘S e x
V7.0 0 (V7.0)
Center

(0! _3)

o
2

=1

2. Major A>cis Ve.rHCa\ . The e“ipse

x*® Yy _
q+lé“‘

Sem'\mqjov axis + a= J16 =
Semiminor axis: b=/g =3

Center- 'to—‘FOC\LS Aigtance v = \/ l6-4 = 7

"

Foet - (Of-‘—"c)“:(oli-\/—?-_)
Vevtices: (0,*a) = (o,*4)
Cenker + (0,0)

¥

%+§zl1(0,4)Vcrtcx
Focuse-
(©, V7)
3,0

Center

Focus

Vertex. [ {0,

—

ijevbo\as .

A h\jpﬁrbo\a 1S the set of ponts w a \D\Ow\& whaose distances

from dwo fisced points n Yne plane have a congtant Jiffecence.
he two fixed Points are +he foci of the \'leeYBO\C\‘7he [ine
%roujh ‘H\C ‘FOC;' o‘}a bjperbola RS ‘Pﬁe ')Coc:a.' axis . 7)’)6 poin't oNn

{{\e axis ha\cpuaj between the foci is +he hj‘aevloola % cenkec.
he pPoin ts where ‘f&e fo(’q,‘ axcis ano‘ lquerl‘)ofq Cross are Yhe
vevtices .




P |

Standard-Form Equations Tor Hyperbolas Centered at the QOrigin

2 2 2 2
. . Y . ¥y X
Foci on the x-axis: = = = = | Foci on the v-axis: — — == = |
at  b? Y a2 B2
Center-to-focus distance: ¢ = Va? + b? Center-to-focus distance: ¢ = Va? + b?
Foci:  {zc, 0} Foci: (0, £c}
Vertices: (xa, 0) ' - Vertices: (0, +a)
2 2 2 2
XY _ b N A S ——
-Asymptote;. 2 p 0 or y==+gx Asymptotes: R 0 or y= 12 b

Notice the difference in the asymptote equations (b/a in the first, a/b in the second).

X

Examplest
I. Foci on 4{66 >C.axis : “he equition
x?. dl -
4 5 |
a*=L4 g b*=s5 ( a=2 & b=J5 )
Cﬁm&ef—‘l’o——focws distonce @ C= Ja2+|oz =y 4+5 =3
Focei (1C(0):(13‘0]
Vertices - (ia{O):(tle)

Cevter + (0/0)

/-)sjml:)‘[’onS: DC: _ Y -0 oYy Yy=x

B



2. Foci on He :j—CDC\'S; The e?ua)t:on

9°

L

a’ = L B b’=- 5
C'erftcx-_te.-a{’ocus clf5+am(;€, v C :\/27-+b2

2

S

= |

((a= 2

g~ b=J5 )

=/4+5

=3
FoCil (O/IC)::(O,i3)
Vertices: (o,fta) = (0, T 2)
CE’YL‘(ZCY‘ N (O/ O)
2 2
HSJMP{'O-ILES R ._.&.___. .D_c_, =0 s - _2._._ >
| .Ll 5 \j 5 ’
Eccentricit %
P 2 (i) s s
i1, The cccentricity of +he ellipse —:’2—;-‘— {; =1 (a>b) s
¢= < . Ja-b" €<
a a
2. Ihe eccew’wic‘\&j of —the \’\jperbo\a x:z BN T
b]_

€ = - _ fﬁz-l—bl
G

a

e > |

Tn both euipse and hjperbola,%é ecceh\’v‘ici‘rj (S

stance between Foci

Eccentr c:’U =

listomce between vertices

3. The eccentricity of a pavabola 1s

€ =1

=9




T Directrix 1 { Directrix 2

=8
e

E-‘-Camp’f’ s

1. Locate Hhe vertices of an ellipse of eccentvicity o8 whese foc;
lie at fhe points (0, 2%)9

SD‘L&:\'\QV\ N

€C=<fa , a=cle = a= o2 =%8.75
the vertices (0,ta) = (0,% 8.35) .

2. Find +the eccentricity ot the \’\J\DQ’X‘bb\Q g IGJZ_

Solukion . -
11647 = 1k k4 = Al
Ax* 163% \ 2 y?
L LM — - =1
Il Tl / 16 q

o6 & b*=1q (Ct:Lf & 523)

Jat b2 l6+9 / 2s

e - S -5
a Lt

qgo



ql
Eoc . CiraPh e ﬁoﬁowmj eyaﬁi:ons :

(- X+ 3% rex -6y =2
(x?jux+ )+ (y°-¢y+ ) = 12
(o244 +4) + (Y2-69+9) = 12 +4+9 =25
(< +2)° +(3~3)2 = 5%

(s —h) + (J-Kk) = a2
Civele = centey (\f\il<) =

(-2,3) |
vadius (ay = 5 ;ﬁl}‘x
\\aj,, A

2. IZ—HDC+3JZ+GJ‘2 = o
(>x?_h>x+ ) 4+ R(jz—{-?_:j-t- )Y =2

(3-43c44) 4 3(Y*42Yy+1) =2 4443 =9

(x-2)* + 20y 41)* =19 J ;
.,
(x-qz) . (tl*rst)l - roroy
e’ = o 2 ) Jf:j+l _*l'“‘_{(_ _
;2 12 S
xaz N (\:fj?)Z

a:? / b:\/?, C':\’q- :J_é-

QJ2+/6J~—?3C2+ Q0= = 24§

by uy+ ) = 9(>x o+ ) =248

(Y ety +4 ) - G(>c*—r0o> 28) = 248 + /6 — 22S
(Y +2)" = 9(x-5)" = 3¢

Ye2)?  (x-)°
q 4 -

79




lﬁsdmp‘tofes: a=3, b=2 r
S Jre=z %(x_g) (Y=2 ';—x

ZY+4 =351 = RY,=3x-19
3 19

M= =2—D¢ - —

[ 2

RYath = 3¢ 415 2Y,==-3x+ll -~ L

_ 3 (
jz_‘—'_?:DCﬂ-%

2
C = \/QZ_F}DZ-: | G4 :J"—S_

Foci= (0,%<)
Vertices = (0,7a)

Quadratic Equations and Retation

sbe Gdadvatic Equation -

Ax®+ Bx Y +Cy 4 Do + EY +F =0
e Cross Product Depm, |
Lgxy
Cquations for Eo“faffnﬁ Coordipate Axes:
> = o>’ cosx ..J’&fno(

/
U = =C Sind +JiCoSo(

I+ we QPP!{f He votation €duations fc%e(generaf quaolra:b‘c
etfu,eztian , we obtain a new C/uaoquﬁc @?maﬁon: '

/2 ’ /
The new C‘Oeﬁf%cien)ts aveé Yelat I
/ g (Wtf-’-ﬂ[ - ""LLG DJOI ones @\-}'ﬁe @(iuaj:{oh& -

A = ﬂcoszx + 8 Cosx Sina 4+ Csinzo(
f

13" = Bcos 2x + (C-A) 8$in 2«

% -2 . -

C/: ASin"K - BSinx cosal + C cos%y

D =D cosx + Esinot

¢
E = -Dsind + £ cosa
/

Fl= F
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F]n&le -o'{ Ro"ta:&'\bn :

A- < / —tQh lo( - 13

(ot 24 =
13 A —-C

E'acam]oles .

1. he o - and - asces ave yotated %r"‘fjh an angle of Ty vadius about
#e orwin . Fmaf an ec{(,(,ail'on fbr%g hjperbakz 21}:9 in ‘H,a new
coordinates .

Sbl\l\ﬁbn;
cos (Mfy) = V/§% / s (T/L) = W2

/ / i / /
X T XX Cosol — cosel = X = — (2 -~ .
Y > = ( V)
Y o’ sinet 4 " cosx > ) — (3c/+ )
b i = —_ -
J 7T J

22y =9 = 2(FE-Y)(E <)) =9

2 e /2 72
/ !
B} R T q
", //\
4 e o 3

oo
%

L -
2xy=9
w/4

> X

2. 7he coovdincte axes ave to be votated ‘l’ﬁ;rowj}\ an cmgle A o
p{oo[uce an equa)ﬁion for ‘H»P_ Cwyve

25 4 Ty +yi-lo = o

Moot has no cvoss pre duct term . Eind onel He new eqawufc'on )
Ident-'fj “HHe cuvve .

&c:aku Xion *

2%+ JZxy +94*_jo =0
A=2 ; B=Vz , and C=1\
pD=o / E =0 / 9 F:'—'IO
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—
—

A-C  a-) s
B3 J3 E

-1 -
2o =cot (Mi3) = T, o= I \

CO"' 2ol =

1 .
A'= Acos’x 4+ Bosxsina 4+ C Sintx
/ . 297 — . . /
A =2 Cos ~—'6—'-+J3 Cosﬂ;-. snng+$)nz_6f > A =
/ .
@:B(OSZ"{‘P(Cu—ﬂ)Ssh‘Zo{

B=Vscos T 4 (1-2)sinT = g

/ ) . ,

C = Asint ~ BSinal cosd 4 C c.oszo(

CI: Zsinzz_ﬁs}nICosl_;.Coszﬂ: = = A
& (4 é G 2

i
vl

D’.—:DCDSO( +ES}no(

- T /
D :060516-’—~+051n.{;_ = D =0

= = ma_DS;nol-f-E‘CoSo(

- /
= = O;Sinré:_—+o Casz_?:;—,) E =—o
6

= F - F/: ~lo

xf2-+ B’X’Ji‘i‘cijfz‘l" D/DC’—FE:j’q-F/:
/2

2C

2
=) 12 A oyr? o —o — 5
X 3 nk | = 3 +

5 =lo

Nj— O

it .
xr?- N 3 -\ = Q,\.\\ PSQ
4 20

3 x
(RS ’LJB 22+ V3ixy+y: - 10=0
b

X
S V10

-5 V5

V10

3. he Cooral{nafe axes are fo be votated "('ﬂl'f‘ot\kjl', an arvle o« 4o PToOluCE
an équwt:on for Hhe cuyve
.‘DC.Z«(—xJ -{-jz—— b6 =0

ot has no cross product term. Find & and Hhe rew equation .
Idem‘.‘)fj %ﬂe Cuv Ve .




Solukion :
A=zt  B=1,C=1 , D=o E=o ,and F-_¢ .

CO'tlo(:*’_a:g,_ :_f.:__,_:o :;20(:“_%0(:_%—_

A= Acos’x + Bcosx slno< +C sin'et
Al (LY (—-)( =)+ (£) = A’

' = RBcosact + (c_ﬂ)sm)o(

B'= 1 (o) + (O=-1D(01) D '\3’—_

C/:: ASin® X - ISSFHO(COSO(-—;—CCOS A

C/=l<)—~f(\!——')(\[—)‘\-l())C:_'_.

F3
D= :DCCDD(ﬂ—CéiHX“jD—(O)(—-*)"I‘(U)(‘"—") 57 =

= — D Sinod +ECO$O( )E:—(O)(—"“)+(o)(~—-—-—) )E-O
F/: F = F =€

A'x’ +6xj +CJ +“D.x+EJ +F' =0
/2

3 ¢ iz it g2 )
-5 +-—- ,.._é _ 0 ,.,_=> 2 *j - —= ' s
) 23 ; + 5 I 36\\ pse
f’:?nof{fi&’ 66\w‘\'lon~, o = Tr/t-;
—~! - 7 j
X =X osd - Ylsia = -~ x'—J
\f 2
, .
J = sind + Y cosa  — y = >+ ¥/
\} 2
DCZ—|—‘.DCJ +Yy?_g=o0
(x~y')* (<29 (xx4y! gl
x~-J 7 ) 2
S + s Jo L G+9Y) f=0

2

;7 2

y'*
T Jz"l Yy

qs
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The Discriminant Jest .

1he quqo[mﬁc Cuyveé F)xﬁ. @:’Cj-\- C\j’ﬂr D::c+EJ +F = o
7he number 82—4/46 ) s called “the o/{Scrn'mEnaht.

a) a paraﬁofa Vf B 4AaC = o

b) an ellipse if RZupc {o
<) a hyperbola if B%yAc >o

E’xamples \

- 3x-€xYy439yt,ax-7 =0
fepresenfs a Parabola becawse

B*-nAc = (-¢)" - 4.3.3 =3c-36=0

2. x*rxy+yioi=o
represents an elllpse because
B:-4AcC = (()*_ 4 .J.) = _ 3 <o

30 XY-Ji-5yl =
YCPYGSQYLJQS Q hjperbofa becquse
B*-4AC = (1)*~4()(-1) = 1 > ¢
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Polar Coowrc\ wnates .

—De'gih'\‘\"\cn 04('\ (DOIGLY‘ C‘OOY‘CJ;haJtCS .

o define po/ar c.“ooro[fhai'es, we first fis an OYi?fn O (celled “’Ce

pole ) and an wnitial ra f from O . Then each point P can e

lo cated %] assigming 1o ita polar coordinate par (v, ) in

LJ}'HCLJ Y giv’es ‘Fﬂp divected a[r‘s{-ance f’ram O to P gnd élj;]/gs

e directed a:?j/f’ From He initial ray o vay OP.
As In frgonometv, & is positive when measure d Counter

clockwise and h%jaiide when measured clockuise .

Py, &)
'D'we_c%ec»{ Aistance Divected ang le £rom
{:ﬁ:m O '{:O P

intial Yaj ‘o OP.

Pla, &) _ pfy U=
(2'6]_P(2’ 6)

P(r, 8)
r
Origin (pole)
e
o

- x
Initial ray

Examp\e . Fond all He polac coovdinakes of He pomt P(2,/)

Solukien .,
For y=2
I/
< rTIZT,-‘g:tZﬂT‘,]E_T—Ig‘IT,




(E‘-Tr = .TT—“GW—:_- "——-—S-Tr *#
- _

r:Of Y¥=-2 6 6
51T s STy, ST 4

The C&Y‘Té’SPonclfréﬂ coordinate pairs o1 P are

(2112:_*-2”-"_)" n=0,*1,t2
an=l

('—2,_5”—@":-+2an) , n=o,xi,r2, ..

Initial ray

Polay Equations ancl c:r';’:rphs ,

'E'qua;tian Graph
v =a Civcle vadius Yal centeved at O.
&=,

Line ‘H;letj}l O making an otryie S, with <he indal vay.

Exqmp/e :

CWC(P)’) ‘i’ﬂe Se‘fs O’f Poirfts w)qose POIQY‘ Coorc:\:na:tes SQf\'s{j
“fﬁe fo”owirg Concli{icms

a)  1grg2 & 0<6K<%
6) -3 rK2 &L @:—’E—-
<) rLo él:_’z:

&e.
4 2T Lo 'S‘ETC (no vestriction on v) .




SO\\A_%;QY\ .

=

L)

~

A A
= 13

Rela‘h’ry pclar ancl Car’ces'\qn Csor::ki\r\cdces

= Y cos (¢ -
J= ¥ sin &

:><;2+:jl = Yz

Plr, y) = P(r, )

¥
8=0r=0
Initial ray ¥

Polo- equation Carvtesian equivalent

YCoS& = 3 > = 2
YZCQS&SM& =4
v2cos%® _v3sintg - I
vV = | +2Yy Ccos @&

Y=1-cos@&

>y = bk
xa_dz =\
dz_ 3¢ . h>c | =0

xi\ylﬁ.zxij ‘¢ 23c3+—2:c\77'~d =0

* Y= 14+2vcos@ = YZ:(I-}—ZFCOS&)?-
TIY = ) phxc g2

2
I -3x* 4 _( =6

= xl_\_JZ = (1 21‘()L
= Z-ﬁ-d*’-_#x"‘_q:c

*, Y= v (o3P = v2 = Y-YCOS&=->.:~CZ+32 = JyXx*y? - =c
— e 2 2
(259%) v x = =ty = (=% +x) s (e )
(XT3t + 2 (X Bgt)x 4 2T = ey

| :c“+zxa:j’"+jl'+2xg-+2;‘}lx 3% =0




. oo
Efxamp‘e: F:'nal a Po'ar equaj;.'cn "for "('ﬁe CfV‘C‘Q DC.Z-{- C j-—- 3)2 =9

Selution . ‘x2+(j*3)a=q = x4yl £Yy+9=9
:xz—kj?-uéj =0 D vi_trsin@=o

Y= o oY Y-—é&in(}:o = Y=65m(9'

Equpfe . Ke P|cu:€ ‘(‘&e 'fo“owinj Po|av ec]tmilons l:\:»j ec]uiwdenf Car{e&ian
Equcd’ions, and fo]em‘ffj Heir (ﬂrap/w .
a) YCos& = - &
YCOSE = ¢ =D =c=-4

he jm,f)}: v Verticel {ine “fﬁrawjh x=-k on+he x-axis .
b) Y®’=4vcos&

DCZ+j2: 4 >¢ =) :x?-__q’x_{_}jq_:o ";‘sz—tfx+'1+:jz___'t*
(xx-2)% ¢ y2 —

be graph + Circle, vadiys 2¢ Center (hik) = (2,0)

) v=
AcosF-sin &

Y (€089 - Sing®) =l = 2rcos© _ YSin =y
21—-3 =L = j:lJC—L}

he 3rqpl7 : Line, 5lop€ m=2 Qj-inf&rcep‘f b =-4 .

Qraphinj In po|a,r Coorclihoatqs .

y .7—0) }’ ¥
F o otrn-6) | 0 | 6
|
:
a i [} B 0 X
(r,-8)
or (~r, 7 — @) r.dor(r8+m

(a) About the x-axis ' (b} About the y-axis (c) About the origin

Symmetry Tests for Polar Graphs
1. Symmetry about the x-axis: If the point (r, 0) lies on the graph, the point
{r, —8) or (—r, m — 6) lies on the graph (Figure 10.43a).
2. Symmetry about the y-axis: If the point (, 6) lies on the graph, the point
» (r,m — 8)or (~r, —6) lies on the graph (Figure 10.43b). .
3. Symmetry about the origin: If the point (7, #) lies on the graph, the point
(—=r,8) or (r,0 + =) lies on the graph (Figure 10.43c).
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Slope .

he glope of polar cuvve v= feo) s given by dyfdx | net ':ij = 448
x=veosd=f®)wosS | Y = rsin®=f(&)sin&
dy _ dylde = () .sin®) _ Ssing + f9)cos8
S e - ‘%(F(@')'COS&) c”l 5 059 - fcersiné

f’(&)s.'n&+ fc8) cos©
£c8) cos ¥ - F(&) Sin&

S t+(r,&).
A= d&#o at vy

Or (9')

If ‘HQ CUrveé Y= I(@') PCtSQeS—{’c.rouJ)q ‘l’LQ orgm at F= 5 f"{'g(".h _,((@o) o
and %e S ope equat-on J;ves

.
C‘B - ‘['((9'0)\5“3’](9;
<> (0/8) f/( (90) Cos &o

= {an (91,

E_Dcamples X

I. Graph +he carve v = /- Cosc-
SolwXions The Cuyve is Symmetec about +he - ascis becanse
(v,&) on the 3mph = Y= |- Cos &
= V= 1= Cos(-&) , Cos&=cos(-&)
=2 vy~ &) on-the gvaph.

& o /3 |2 |2mfz | T |4T[3 | 3702 573 |27

Y= i-cCosS o |in I 13/2 ] 2 |32 | W2 ] o




lo2
Notes

Q- The cosine has period 2T,

b. e cuyve leaves e ovigin with slope tan() = 0 and vetuwrns to
the origin with slope Hfan(am) =o .

C. ke curve (s called a cardioid Ezecause c)( ifs hear-f 37)@9@.

2. C,,-aph Hhe cucve Y2 =L Cos @&
Solution .
7he equition Y=L cos® vequires os& >0, s6 we dcdc ‘e
entive 3mPh éj \’wn"n'\rgj @ fro'm STz o /2 -
rhe Coavve (s fjmme-lric about \I»ﬁe - axis {;ecqu&c
(v /&) on -the 3\’4P|o = v yesd
=D vz fcos(-&) { COs (F=(os(~8)
=2 (Y, =%) on he SrqP\q.
7he curve is also Sjmmefrfc about -"ﬁe on‘&in becanse
(Y, &) on —the 3mph = v = kCos &
= (-¥) " = yeosd
= (-Y,&) on +the (jrccph.
’)a(ge-lf{-er, these fwo Symmetries imply symmetry about the y-axis.
the cueve passes %m%ﬂ' He Or.'\cj;n when @<= -T/2 and & - 2 .
It has a ver tica {rarggnt times because fan@ is infinite.

e ‘cose ri=4cosd
0 1

+7 ﬁ

=6 2 2

r 1 > X

=3 | v

.7 1

-3 2

ig 0 0 Loop for r = {2\/(m, Loop fol r=2Vcos 6,
SETE 4 T =T

l—_2 2 72




= - Gwaph %e Cuv ve Y= | 4+Cos %..

SoluXon - Since 44«2 cosne I':as perfoc] ‘lTr, Wwe must lex @ vun ﬁvom

O 4o 4 to pmafucé e entive (7mplt-

The Cuyvve is SJMMQ'\r;C about He x—axis.

o3

& O | W3 ({2 (2Mfa| T |uTf3 |3W[a|sTfe| AT |sTf2 |aT

712

LT

I+ cos & 2 |1-861 V-2 v-s| 1 o-s| 0-3| 043 O | o3

-3

¢J

(4,m) (©,277) (2,0
(31) (2, 47)

b - Qmpl. He cuarve Y= Sin2&

Solakion : N “ s
Yo “he Curve VS \S&jmmf_’tﬂc q]oow’( ‘e o\r.am

y=13% JSQn’)_&

s ftom o to TF/?. Ee from T +o 37]—/2
“he equation v? =Sin2d requives  Sih2dé o

& o || W3 |2 | T |57l | uT/z | 312
Y=2/sinag | © [+l |+ogql| o o || to09| o
J

CryTly)

A
Q —

v

X

(= Tu)

v
5. Graph #he cacve Y= 1-5n@&

S 11 : : (
olution: o, Curve IS Symmetric about Hhe J-asars .

sin @ = sin(-&)




foly
Y O | W6 [Ty |T/2 |10/ | 27)s ST| T | 4Tf2 |aWf2 | sT/z| o271

=1-Sm&| | lo.s|0-2|043] o 0.13] 0.5 | (861 2 (1-2] |

d,,\

() /(\l°°) > s

{2/, 3m/2)
§. Show Hhat e pPoint (2,772) les on “the Curve v=2cos2& .
Solution : Y=2cos 29

/ (21‘77“/2)
2 =2¢s2(L) = 2cosT = -2
2+ 2

1he  point (2, T(2) <oes not [ie on Hhe CUVVe . The mcghffuole
is Yiﬂh‘r,but Jhe Slﬂh ‘s wyong.

7- Find Hhe Points OP mtersechion of ~the curves

2 - Lcos® &e. = I- CoS¢% .
Solution «
ohthe ¥ = |- COSH & Cosd = (7'/1_‘.

Y= |- cos® = (_ L = LY = L _Y?

4
\(‘1+L*Y._L|.:a3 = Y=_2%x3/2

he UGJU.Q Y= 2—2\/? haj ‘oo

lqrge an absolute value 1, belohj
te either curve . e value 54 @ «

orvesponding to ¥ = -2+ 2¢q qre
& = cos (1=Y) = &= Cos'(f* (V77 -2))
&= cos' (3. 22 ) = S-+35.

We have ‘has identified 4wo Intersection points -

(Y/@')’-"— (2\/?-.2,1?0) .




-1y

see Hhaat the cavves also intersect ok Hie point (2T and Vhe ovigin .

— On the carve €= 1-cos@ the point (2T0) is reached when & =T .
~ On Yhe carve 2= L;(asc9( i1 s veachedd when & =o ’ 'iy""'?-
Coovchinectes (~2,0).

— The cavve v=i-cos@ reachesthe origin when O =0 , (0,0).

_ 2
— The curve vizLcos@ vyeaches e ovigin When 8=Tf2 ;, (o, T(2).

r=1-cosf
ri=4cos8

7 > X
a.m=(2.0\00=(0.3)
B

The four points of intersection of the
curves 7 = 1 ~ cosfand #* = 4 cos @
Only 4 and B were found by simultaneous selution.
The other two were-disclosed by graphing.
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Determinates

A rec{angu(ar arratj of numbers like
2 1 3 |
A=
{ 0o -2

18 called g matrisc of order 2 bJ 3 because it has 2 YOQJS
and 3 columns -

he mateisc A has

ay =2 / iz = | ¢ dyz=3

Az1=1 ;4 Q2270 , C23=-2

.Nofe: A matriz with Hhe same number of vows gnol Olumn g 18
called a SQUAYE mectrisc .

A = a‘”u// matrix ot order 2 (Sciuuwe matri=x).
- -
: Ay Ay
det (A) = c:!e-t ! ' = Qulaz - Az d,
Az Qa2

Ay Gg2  Qpy | MAtrix of order 3 ( Square matrix).

+ - -+
Ay Ui iz

det (A) = et Ay Az22 Uz3
Az dzz Uzz

+ - + - + -
-a'22 A2z Az az3 az] Asz
fae a{( a a - Az + Cl(g
32 “3z3 Qzj Uz Gzi a,
! : 2

= Ay (Uaz Q3s = Uz3832) — Qg2 (U2d33 - d2303))

4+ A2 (azl Aza - aazagi) .




Example : Evaluate He determinate o f +the matvix
¥

+ -
2 ] 3
A= 3 - -2
2 3 i
SO\\&*ian:
-] =2 3 -2
ek (A)= 2 —_ |
3 | 2 1 |t

it

2(-146) =1 (3+y )4 3(9+2)
= /0 - F + 33
- 36 .

PfDP@rf'“e.S O‘F fo@VMIthGS .

-

. "he Valae O]f He determinate is %hchqnjecl A all Hhe
covvesponding Yows and olumns are interchanged -

ay Ay a, Ay
Ay Az - i A2z
E>x : ! 2 l
A=|2 &4 3
3 [ 2
f 2
) vans port matioc A= 2 ki
l 3
+ - % <+ - + -

o2 4 3 2 3
det|2 43 |= | -2 1
21 2 I 2 3 2

+ -
I 2 3| 7 M ©
g g4 | 2 2
ct|2 &4 1] =1 -2 + 5
I 3 2 3 2 ¢ !

(7ranspor'f mairix ) .

1ot



fog
2. If all ‘e elements of avow or d dlumn of a detey minate

are multiplied Eej the game number Kk, Hhen He value of +ie
Aetevrminate s mw‘fiph’ed bj K.

3 qQ s 3 3 5 2 3 <
i & © = 3 4y 2 o0|l=3.2 2 | o
—1 -3 0 -t -1 o i -1 o

3. IF cuv two vows or a,ry twe columng 0‘[: Qa ::!C“ce,\rminfut‘ﬂ

ave inte(chan(je,o[ %en ‘fﬂe Sijn c>7f -l‘ﬂe value o-f Me
determinake s Chou\ae_c\a

&= 2 | 3 | 2 3
A= | 3 - 2 , B= |y 3z -2
2 3 i 3 2 \
-t =2 K |
cle_‘k(ﬁ)=2 - | + 32
3 | 2 2 3

o Het(a) = 3¢

3 - 2
det (R) = |

2 {

et (B) = - 3¢ .

Y. the determinate is 2evo 1 f

a. Jwo vows or columns of a matrise s identical.

D

]

W
-~ W N
W -




i:;. 6/6{7 éfem&nf e anJ YOu or ar:) c‘olumn 15 2exro
E=-

o 0w

o o o O o ol ~
c:IeJc(A):;l?zl—- s:zl"’ s 3
Ex
i o 5
A = '4 O 2
3 o 5
o 2 6 2 § o
det(a) = | -0 I
o & S ©
Cramer’s Rule .
Ay «+ iz Y = by
A2 X -+ anj = ba
c\ A A, 2
= \et
Jdet (A) . an
of D= o
,I:, A all bj
bZ azz. az bzl
XX = / ﬂ: {
> 3
E'::camplc » Solve the gs‘:em
BDC—-J —_ Ci
SO\ALJ(ioV\‘.
-\
D = ® = 64+ | = F
| 2

log




ilo

- = - 2 :ig_.q:fc,_z
7 ? #
|7
y= 1! "" ik AP 3 [
7 7 7

SJ&Jtew\:, ot Hmre.e equa;t\‘ons w Hacee waknowns work -

Az, X + Q22Y+ A3 2 = b,
Ay X + Az2Y 4+ A33Z = by

f

| lD' Cl.z cﬁg

X = B} b, Q2 Qg3
b3 a32 Q33

\ Ay b, Q;z

‘j B ™ A2y b, Aoz
Az '33 az2

l Ay G2 by

Z = ‘—,-D‘“ A2 Q22 b,
asf 32 "33

Example: Solve %e e.quuubons ,SJ u(sir:j Cvamer’s vule |

223 4 4>, +2oc3 = /6

2Xy - D0 —2x3 = -6
4xy + =C, - 2>C3 e

Sblw\-i =91




—{ __2‘ _ 3
D: 2!’ -2‘_1_’"2‘ 2 -+ 2 2{ ’l, - b-_-_-
| /6 L 2
> G L
y iy -6 — -2
o . )
-1 -2 -¢ -2 —¢ =)
— |
x‘__"f_ iél I -2 7 4 o —2 + 2 o I,
oy = |
2 16 2
X = o 12 -6 =2
4 © -2
o2 |7 R P ERE
Lt o -] 7 y -2 4 o
xz:Z
I 2 L 16
X3= - | 2 -1 =¢
L / o)
( | -1 -6 9 { 2 -'I
X3 = — 2 n ¢
3° 7 ’1 o 4 L o |t lb( l
DC3:3
Note
+ - o+t
U TN
+ - +




na

Ecamples -
l.
¥ o 2 0
2 2 2 9 2
L = ~(-2) |s 1-3} = 3(1) W 6
437 s 4 o 6
4 0 € O
l - ' o
= 3(2)(2) , =12(2) | | 5 =24(¢-1) =120
2.
I 4 3 | / Gr(-)(1) 3+ (-3 4+ (-0
2 g 2 S 2 94¢-@ 2+(3)Q@) s+-D()
4 oy | -3 Ty g v (53)() ~3+ (=) (k)
2 5 ,3 3 2 o+ (-4)(@ 3+(-DNQ@) 34V Q)
| o O c; o0 4 .
2 o -k
=1y -20 -3 -1 |" (1) | 20 =13 -7
2 -3 -3 1 -3 -3 |
~20 -1 2 | —20 13 ‘_
=-G4 | g * -3 -3
3.
5o 2 -4 i T
25o -to 4s :(S"o)(';z)(c"f) < < <
-iSo 6 27 -3 3 3
B P 140D
Qoo(s)(3)| 1 -t 1 |=13Soo |, e (1)
- l ! -l | I 4 (V) &)
| | O - |
13500 |, -1 2 = 13500 (-2) !‘:-—27000(1—}-!):-511‘000.
o




| Iis
Pa{'hq\ Devivakve s L -

he calculus o1 several vaciables s bas’~cu\\3
Calculus appi-‘ec\ 4o seveval variables one at a fime . When we ho | d
all but one of “Hhe mdependent vaciables of a function constant
and diffeventiate with respect o —Hhat one vavialble, we  get

a pavitial derivodtive -
Partial Devivative voitly Respect to ¢ §

s’sna\e _vavrialkle

The pa»/‘l'fcv! devivakive of .F(xfy) with yespect teo o¢ at
+he ’Doin‘f’ (=€o; Ys) VS |
o4 ‘ C f(eth 300 - 4 (a0,
5> = S fey) = lim Focot “"‘r" (=c.,3.)
(x"ly-:-) =X,

Pra\}'\c\ec\ the linat exists.

Foviial Devivative W‘\*\\ Qe_s{:ec—t ST

e partial devivakive of f(xy) with vespect 4o y at
the point (X0, Yo) is

%f—_ = _c‘__ ; (¢o,Y) = lim )[)(XC'/H"_‘-'-')_’C(D%I o)
J ) dy h—»o h
XopYa) IJ=Y.

Provicﬂecl —We lwait excists .,

B“ - ?_f_':‘( B__:Z
"—a—D—c'{x ! 2y J / 2% =

E_L (X0/Y9s) = ‘fx (xsrYs) %(Iwﬂa) = ‘rj (xarﬁo)

ocC
L L | \

Pavtial denvative of C with Par tial derivakive of { with
vespect to ox ok (xos¥s) vespect to J ot (%6 Js)

oY f sub > aft (Cey Js). oY F Sab Y at (o, Ys).




]
EmeP‘es s

; . -$) \£
. Cind the values of 3{/31 and B“)j at the PO‘“J( (hy
fixy) =< 43y +y -
Selukion .
2t - 2 (:x +3xj-\—j-\) 23 4+ 3Y-V +0O—
D¢ o>
2f - gocazy B 2& = 20 +2(-5) = -7
° -5
P.'_J;_ _}—(ac+3xj+j,\)-o+33c.\+1_o
2Y 2Y
_.B_i = 34\ :53.}_ = 3(4) +\ = 11X .
23 >J (4,-S)

2. Find 21 /dy if fogqy) =3 sin>y

Salu&(on .

H

m——

bg (j&\nXJ) = 3 _—(Smacj)-}- Smxj-——(j)

= d(osxj . X 4 Smxj .
= >y CosS Y =+ g‘mx\j

3. Fnd ‘F:r_ ancl g\j \£

2
g(xrﬂ) = Y + cos >
Solutiom
fr =2 ( 2J ) (3’“’0&‘)3}( 29) - 2 25 (Y+cosx)
2X \ Y Cos3C (91cosx )
. (j x oS x )0}~ 23( Sin>c ) _ 2Y s
(3+C°51) (Y +cosx)?
fy - .i( 3 _ Utcosx) ‘33 (29)- 23 33 (Y+ cosx)
J RS Y+ CosX (3-&— cos >c ) 2
(d+c059c)(2) —2y() _ _2¢esx

(3+C°57>C) (':;Li»aaj;\c)2




s
the equation

82-\'0'2_::34—\—3

L. Find BZ/Bx £

c&e_j;?nes Z as a fuaction of the two inée\oenc}ent vaniables > &
Yy and the pavtial derivedkive exists .

<olukion:s

we diffecentiate both sides of Hhe e_quajfio'n with vespect

to x, I’)Dic!:‘nj Y constant and 'freafr'nj Z as a difeventiable
‘Fumc*ffoh O‘F o :
? -N D Y
L2 (92) - BDC\n‘z, = 2%~ oo
DX Z d>C
(tj z ) DDC \ 2 DX - 3_2 _\

Functions of More 7han wo Uariables

the c’ef-'niﬂons O'F ‘f‘ﬂe Pa.rﬁal HAerivatives od 'F\AYIQ{CDY\S 01C
move Fhan twe independent vaviables axe like the definitions
-for lfv(ncfions of two uaviab\es\’ﬂ)ej are orclinard devivatwes with
vespect to one variable , faken while +the other independent
vaciables ave held constant .
Examp\eS:
. IF >, Yy and z ave thc\e?ehc\C\r\.‘t Vow:\&blcs ané
f(x,;j,z) = >C Sin (3—\——3“(.)

Find /2= , 2f/23 , & 2 [2z .

SO\W{'\D“
b - 2 A = sin( zz) - \
2 2 2 (sesmlgp3z)) = ST )
9__‘;_.: j—-(XS;Y\Lj“\‘BZ)) = X c:osLj+3‘£) -\
Y 33
{ .2 ._ Ca
3 :_SE(DCS-n(j-l-S?.))- >¢C (OS5 Lj_‘_gz) .3

1"

3> cos( Y+ 32) -




G
2. If vesistors of Ry, R2, & Ry ohms ave connected n qulle\ to
make an R - ohm vesistor, '(‘hc valqe, o{' R <an be ch\“c\ 'f\’om the

ok
€qualion \ | \

TR TR R

Finc\ %c \Icu\ue o-f 3R/3R1 m\ne.\r\ R\= 30, Ra= lrg, tho‘ Rg: q0

ohms -

Solution -
o find PR/IR, , we treat R, and Rz ag constants

and ULSinJ implicit diffeventiation, diffeventiate both sides
og the. e_quwt(on with re&\’md to Ry

- I
2 () =wlmrw? 5, )

RE R = 0
A
2R R? :(R )2
2R2 R, Ra
UJ\E’.Y\ R\:‘E‘,O,Rz-—lfs ,ancl Rz-q0
I 1 1 _ 32l 6 _ \_
" 30 ' 45 ' 4 qo 1S

S'econc\_O*rAer Poxtial Devivakives |

B‘«‘-{i “d sqquec\ {Ax Squarﬁc\ i o ’(xx " ;qu xxﬁ'
x?

?2_?:_(:__ \\c:\ squcu(ec\ ‘ﬁd j squqv’eéﬁ oY J(:yj /" -r Sub th
2y’

28 T4 squared { dcdy " e Bx “f sub y=c ’
‘ax"b:)

Pi " squcweA { 'cl\jctxh oY IXJ “J sub =y )
“a:)‘ax

22 _ > (>t »f _ » (2af

x> %'-32_3;) / 7,31— 35(33)




sunesese e
N : t+
2t _ 3 (3] ;2 2 (2 )
REEN 2~ 93 3Ydx 2y - X

..ﬁ— 'D\Heren\\a’te ﬁ'\rs’r wiih \rcsped <o d (—Hnen wirth vesped

to o< -

-fjx' = (Fj)x Means +he same "’Lin(j-

5>z [ Pyox /T Ty %03
Solution
=
%g—=%(3cccsj+36 ) = cosy _,_:jff’c
3_£__=.§— (oS + Y€ ) = —>cSin -|-€‘:>c
2Y BJ( I*J J
22 2 (24E ) = <
i R
»2f _ 3 Y- _siny+ € /
3%y | X "bj) ) |
\\/'N\;
DN S (anﬂ) :je“ ]
2x? K- CEI A ff
24 2 (Y. coc j
XEERY kaj >c o]

The Mixed Devwoakive Theorem .

I‘F ff(x;‘ﬂ) G\.Y\c\ s PG.Y'*‘-CL\ c\&f\\kﬁk\vfs “F:)c_,{j ,-‘F:(j Ian(}‘ ij
ave defmed %{mﬁ}\ou an oOffnN Tejimn cch’radn\nj a peirt (ayb)
and ace all continuous at (a/b) , then

F.xd (Ci‘(lo) = )Cdrx. (QI b)

Escample  [ind 22w /2y v
J
W = DCj - €

g+




Solution . 7 Sjmbol ‘Bzw/'bxbj tell us 1o ifferentiate {iest
with v*esPech te Y and then with ves\aec.-‘-t to o, TEwe
Postpone +he cl'\cr(’,fe\}\'iq-\-‘\on with «csg)ed to M and
diffeventiate first with vespect Yo > however, we
de’c Yhe answev mave qv&ick\J . ITn two sSteps,

ng

W C\V\A D% w \

o ——— —

2 33336
f we cl:'cj\?@fe‘r\*:dtt 'firs’r with veg\bcc‘c 1o Y we obtain

32w

°x?Y =1 as well. (Mixed Derivedkive Thevven).

Pavtial “Derivakives of St H?ﬁ\wer Ovrdec |

3 S e >4
EEXNE - TEJJ / bxzajl - {inx
E'acamp\es :

[ Find )CJxJ*z. {( 'F(x,gj,‘z):: Iazszz_ .‘_Dczd .

solution . We F?rs* c\'-Herew\iate wH‘f\ fes?ec“'( 4o ‘e \;ow'\ab\c
3 then o, the Yy ajain ,and ?:nq[[j with vespect
to 2.
4b = —4xYZ +x
ﬁjx-_ -—Lf:jz + 2 >C

)CJ:xJ = -4

chsz = L .
2. Fmd Zyyx>¢ \{: Z = X1§3 —+ 2
Solution :

Zy= 339"

Zg9= 6yxt O




, ng
7be Chain Rule .

Cham Rule for Fanctions o)c “Jse Inclependeni Vavriables

1f w:»f(:»c,j) has continuous Pacyal decuskiveg ]fx and ,Cj and
W =X=2x(%) , y=Yk) are c\\CCév‘e\«\’c(q\o\c F\/mc%'tb‘ns of ¢ ; +\rwén the
Compasite W= f(x(4), J (1)) is adiHerenviable fumction of +

and
dw _ 20 dx  >f dy
d+¢ Dx ot S’j’ ¢
Example : Use -{’65 C‘I‘?a{n que te -‘(:né ‘Hr\e c‘ef'.vcdrluc b'g
W = DCJ

with vespect to £ along +he (Dcdh > = cost, Yy=sint.
wWhak is the devivekive’s value at +=T/2 ?

Solution -
D .
— = = St DWW -
>x J =5Sm / -——53 = o = Cost
€ St

dw 2w dsx 2w dy
A& D A4 Y A+
_ ks ‘\n‘t)(‘-—s.\ﬂ-t) 4+ (_COS{) ((OS{)
_ Sin¥t 4 <cos?t
cos 2t

i

A w

i

A+
= Ty _

—;—\‘%— = COS(Q-——E) = cos 1 = _\
{—-Tl-/z

C'ﬁa‘m I?ule For F;Anct'ong c:‘F %ree Inclepencfe\d Variablcs‘

I w=fixy,2) (s differentiable and =, y, and z are

diflecentiable functions of £, then w s a diffecentiable
'lcuncﬂon of ¢ aanct

Jw o f e 3 Ay 3F d2

+
|

d€ T 2x dt Yy d+




E’xqmple: Find c:l\u/c\% f
W=y +2 > =cost , Y=sint , 2=1.
What 15 the Aexivakive’s value at t=o0 1

Solukion:
Aw 2 dx oW Sy W dz
Ax X dx dy ¢ T d+ '
= (PL=sinE) + ) (Cost) + () ()
~ (sint) (=swt) «(cost)(cost) +
p = — S+ + COSZ{ 4+
__c:\”t: Cos 2t + |
.___C\""\ — cos 2t 4| = <os(o) 41 =+l =2 .
S, _

Chain Rule for "o I“CIQPQ“CIQYLJ( Vawialksles and TThree Intecmediate
\Varialbles

Suppose thot w = )[‘(x,j,z') ; 2 =9(v/8)y Y= h(v,s),
and z =k (r;s) . Ifall four functions are A fferentiable,
tien W has partial decivakives with vespeck *o ¥ and S, given
by the formulas

W _ DWW x| 2w DY dw 3z

DY > Y 2y DY vZ DY
oW _ W dx L 2w Y |, 2w 22
DS T 2x DS 3y 2% x2 S

Excample : E=cpress dw/dIr and 2w S in terms of vand s i

W:‘:C+Zj—{-2.2/ x=X ,Y=viilas , 2=2¥

S
So\l&'l"tb‘ﬂ:
M_Bw P> . OwW Y DwW D=2
2Y 23X Y 2% Y ' 2z 2Y
- (D () + @) (ar) +Q22)()
- .._Sl—_ + Ly + Le
= Lty +4@Y)
dw

AR R
v—s+2r




bw:m.“am‘l_aw R, 2w 2 20
$ x 2% NGRS 2z 95

4 1f w=1f(°¢(‘d); 3C=3(Y;S),an¢\ 3=h(Y‘:5) { ~+hen

dwW _ 2w dx | BdW 0y Jw _dW X, DwW 33
3¢ dx o¢  J v / ST - 2 2 39 T3y

Eocample : Express w/ar and Dw/3s in term of rond s if
W= >x*+9y* sc=Yv-S , Y=Y+S

S—Olv\_"t\(')\f\
AW _ dW A, 9w Y
Y dx Y LAY
";(23()())4-(23)(!)
= 2(v-5) + 2(r+S)
Dw - [fY‘

(2>) (=) + (2y2 (0
—2(r—s)+2(¥+S)
S

)

i

|

4 If w=fx) and x=9(vs), then

oW _ dw aw _ dw

e —— — ————
-

—t—

oY dx of / 2% Ax DS

Example : Express DW/BY andd W[5 Tn term of v ands if

W=x2 / DC:IY‘__S
Solution -

bw - Aw -}x

dx  2c

1}

(2x)(1) =2x = 2(¥=5)

I

(2x)(=1) =-25 = -2(¥-%)

dv
aw :dw .b*_)c
NS A x DS
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Implicit Dilferentiotion |

Su\ﬁ‘)ose 4k F(>Y) 18 c\:-@-ﬁererﬂ-iq\o\c and Haox the Qquw&,'m
F(xY)=0 de fines g asa diffecentiable function of o¢ - Then
at any point o here Ej <+ o

dy _ _ Fx
Ao Fy

E_X‘amlofe.- pf'ncJ C’y/cljc HC Jz_.:cz_sin:;cd::o

Scl(&“tlav\z _
Take F(x,y4) = dz_macz__ sinacj
Y _ _ Fx _ —22>x - YCosx Yy
= =~ —
= I RY — > cosx

2> + Ycosx Y

ij - > cosxy
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Complex Numbevs |

COMP'QDC humbev‘s axe n\kmbc\rs o1f ‘\'\n& form (o g ib wherc
A étnci b are real numbevsg anc\ { = ./._ .

a+ 1b

/N

Real Part Imaﬁinarj Fart
Prcpeﬁleeg of Comple:c Mdmber .

. Addition and  Subgtvaction -
(a+ ib) + (c+id) = (a+C ) +icb+d) .
(a+ib) - (c+id) = Cacc) 4+ ((b-d).

E:cample&.
(. (2430 +(4-50) = £ _2i
2. -3(-(243() = -—2-6€¢

2 - Mul\tiplication »

(a+ib)(c+id) =ac 4 (ad+ ibe 4 (2bd

= ac 4 rad +cbe — Ld
(ac - bd) +i(ad +b<c)

]

E xcam PlC.S :

. . . . . .2
I. (6-20)(2344i)= 1S +20(-6C-8B¢(

= 1S + Elff4+‘8

=23 4+ 1 -

2. (243(0(6-2¢) = 12-4(41R(-¢¢"
-::.32+f[l;+é
= 18 4+ 14 ¢

3. Division
cxid _ <+ d a-ib _ ac—ibctiad =(°bd
a~ib

a+ib g-lIb a? 4 b2

i

actbd L (ad-bc)(

(3(2-(- '92

a’+b?




(24
E:camples .

(. 2+37 2+ 3¢ N E+20 Ja+ G +I9( + € (2
6-21 6 -2 6+2¢( 36—1—!2(‘—;2‘("&;(‘&
— €+4+22( _ 3 1T
L= = + (
2. 3, 2-30 - €-9¢ _ 6 _ 4
2+ 3¢ 2 - 2 13
I . Ec]ua(f{j:
a-i—t.b ::C:“l—‘.C{
(f and oh\\‘] { a=< and b=d.
E.:cqn\ple:

1. 243¢ = ::c—\—df-.
S Te = 2 S d:?)
20 X +{(xX+Y)( =2+ 5S¢

X=2 & xX+YyYy=§ =D Y=g5-.2 =23 .

E:xqm[:)les :

(. (3+Sc)_(245)= 1|

2. (3 4+5¢)-(3+20)= 3¢

2+ 2L+t

2-3(=(a+b)(2+()=> 2-3(=2a+ai+2bi + b2
2-3( =2a+(a+2b)c 4 b(-1)
2-30 = (2a-b)+{a+2b)¢

3 -

2 = 24-b X 2
3 = a+2b




= 4a ~2b

-3 = a +2b

| = Sa = a=\[f¢

b= _S’/S"
L. Je-6i = Je-6i = a+bi

Gl =(Ga+bi) = 9-6i-a+2abiy b’

g-6i = a’4 2abi-b? = g-6(=(q% %) + 2abi

2= a’-b*

c& = 2ab = b= 3/a

g=a’- 4o g=a-9 5 ga’=a"-1q
a" qz

a’-¢a’~9 =6 = (a-9) (a’+i1) =0

a’ = = d=+ 3

at = -| ———Da-—_‘i’_\!-l Jv_

ID:_E__ = 3 — _"‘:l
Q 3
Jsi6i = T35 ¢

A v(aané 'Diqﬂv‘am S

Therve ave two écomc:‘cr{c vepresentationg ot the Complexc
numbey Z = > 4 ('J 2

. as +he point P (< 9) in the xy_plane .
2. as <the vector OP from —the or-gm to P

Ih ech’\ YePrCSQY\‘EatIQh ""L\Q o —ADCL S ‘\SCQ\\QQ\ -\ke \('e'q’\ axcrs

and Yhe Y- axis is -the \mq3\nafd axcis . lgo“’\ vepresentat:
axe Argqncl c;“aarams ‘cor 3c+cd

\OY\S

¥
Bxy)

1
[
{
i
1
i
N ¥
(
[
|
1

128
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In teems of the polar coordinates of ¢ andl y , we have

> = Y COS (P g:f&mc}

/ /
an &

Z=oc+ (Y =Y (cos& +(3inc?) -

] ‘{o be
We delime e absolute valee of a complex numbe;(xi;\)y
. 134] M€ | ! ) N |
e (ena*l’h v sf a vector OP fmm +he cmam-k /

2] = [x+ig] ===y -

- Y = /'_DC“'-'.JI = 'z'::l «
: | .
The polar angle & is called ~the CL(?‘“”@TT of z an<lis writken
&__qr Z . > &’ :a‘fg zZ =+an (3]:(.)
THCZ fo”ow‘nzj efaaiion ﬂfves a useful ‘)(ormbth Connecffnj a

Complex number Z, rts Conjugate E,and (ts absolute
volae jz | ; namd\j ,

_ 2
z.7Z =]zl

Euler?s Formula .

e,[.dl_-.— cos® i sinc?
(&
SN L= Ye

. Yo .
€ =cos @ + isin @ e‘9=cos9+ism0

(cos 8, sin §)
r=1
8=argz

—» X g x
Argand diagrams for ¢® = cos 0 + 7sin g (a)asa
vector and (b) as a point,

PTO C\L.LQ'{' S

: (Nbll +

plj two Cbmp(e:c nv{mber‘S)
oy .

(%

[z | =, arq z,= &




Zy Ly, =Y ef "'v.e T = 6(( | ?—).
]2112|: ‘(\Y‘z:"Z,l.,Zz_l

the Pfoclu.ct O‘F ftwo cow\p\esc num beve 1S rePreSQn—\Qc\ bd a
\I&C,{’ovf w“lo&e lenj-ﬂq s ‘ﬂ\e PY’GC‘V\C.‘l‘ 0‘[ ‘H\e 1&n3‘H\g O-’F +twio
f'adors ano‘( whose argumen‘t is the sum of their Qrgumen'fs

When z; and z; are
multiplied, |z)zz| = ry+r; and
arg (z1zp) = 6 + ;.

Quo’t(en‘ts .
Zi o - N 6’“9' - Y1 €£ (S -2)
ZZ_ ()_ et&z fp_
Z Y _ ’ZI(
2—‘2. Y2 ' —Z-z_\

axg Z ) = G- = argz -Arg e

L

Powe\rs

~
-

1fn s a pos}+(ue in'tﬂjef‘

N=-7.2. ... Z. “n {Lactors
2 =Y’€[& -
n (& \n n ((F+F+..-+F)
Z = ((e ) =Y &
S

- Y

tn&
c




; 1%
I{" e *le v=1, Wwe Ob"{‘a.h De MOi.\/Y'C)S %eorem.
(cos ¢ + fsfn&)h - cosnd 4 (Sinn&
Exqmplés >

[. Find —Hae abgolute value and the arﬂumo\t oqr Z=1-Jy3 (

.So\\x\’ic\'\n,
Jz|=v=J;T:J'z
Z:xq—l;j:) x=\ & J:__E
S \Z’:‘/x ﬁl)—l-( G =Ja =2
S=argz = far (»9;) = tan' (=) = -¢o

2 - EDCPYQSS |- C in Polar ﬁ)rm
Solution -
'z_:-_x'-a-t('j ; L= ¢ = >x=1 & J=-

\z1 = ’r:\J"‘l*JL" = JUa) =
&= aggz=tar(L) = fan (1) =45

Z = v (Cos & +(Sinc?)
Z = Jz (_COS (-4¢) + (‘S;VJ(——#S‘)) =7 =0.9998 — 09992 €

2o let Zisi4l , Za=dz_C fad 272, arg(2,2.),
the absolute value (‘rnoc|u|us) of 2,22 and “Z7l
2
Solation.
Z,Z‘DC"-}—lj = Zi= i+ = x=1 & Yy =|

lzl’ =Y = Jx*=y° =

(9" :CH’JZ] - ‘fah_l(_gc_) = {an-|(l) -

& ¢
7—; =\, (Cos & + (Sin@,) =Y €

LU
= J2 (Cos(4s) +(Sin(45)) =J2 e’

ZLIDC+U = Za=J3 - ( = sc=d3 & Y =~

\zz‘ =Y, = J:cz+d7— —




R ———...S
126
-] -1 |
G2 = arg z, = tan (L ) = fan (-75) =30,
Z, =Y. (COS (%, + (Sin %, ) =“1€&2[ I
(4
Z, = 2((‘05( 30)+ES;0(—30)) = 2¢€
Z1Z5 = Y, X, e‘(ﬁ’*&‘)

| (H ) _TI('
! 2,2, = 22 e =242 e'?

Z)Ze=vY, (Cos(@+E) +(Sin (& +&))

Zi-2.=2J2 (Cos(‘ﬂ’/lz)—f— (5:»1(77/}2)) Polar )Corm

EL(IE'Y‘ form .

‘Z. Ce = 2-F3 +0-23¢

axg (2,2,) = &+
C(,V“J (2 29.) -——-f— (“‘ ) ,2

| z,2.1 =¥, = 2J2 (moJu\qs),

_;z_‘__": _Y.L.?Li = v 6(.((9—'#&z)

2-2.. S(Z' et&l fz,

iiT/q _S_'I(’

Z _J2 e‘?r Y2 772 Euler ‘form. |
zl 2 e"‘ /6 2

S= X (cos (8 =)+ (Sin(Fi-y))

Zz, Yo

s

= Y2 (cos (ST ) + ( Sin (&T(12))
Z2 2

DC) ‘Q‘( "rofm .

2 = 0.193 4+ 0.683 ¢
T2




Vector ﬁna{ys s 130

~ Scalay 1 Quantities thet axe Complefelj Known or determined
‘F(om ‘fﬂefr maghffua/e on!y ’ike /enj#, an@/ W@jﬂh‘f‘.

~ Vector : Quantities thext have Majnfﬁtok and dicection like
\/G(OC?‘I’j Glnof ")CDY'CQ .

COm,DonenJc Form .

A d(iir:r is clivected line se_jmuut.'r]—)e divected line
Segmehf AR has initial point A and terminal Poin‘f L its
,eng‘f{q iS C’IQYLG‘\“CCI ’D\j [/TE' N ,7wa vectors ATe eq(,{_a’ if —fée Aqve
+he scame [ehg% and divection . j

/ B
Terminal A ] n
point
P
Initial o — X
point —— F .
R The directed line segment The four arrows in the
AB. . .
plane (directed line segments) shown here

have the same length and direction. They
therefore represent the same vector, and we
write AB = CD = OP = EF.

I v is a two- dimensional vector in+the plane equal to
the vector with initial point at the origin and +erminal peint
(Vi ,Vz), then +he Componenf ]Corm o‘F Vs

V=_0v,JV) -
V= (X2 -3¢, ,31*‘\"1) _
TE v is a Heee- Qimensional vector equal tothe vector

with mitial point act +he ovign and terminal point (Vi Vo, Vi),

then the component Sovrm of V Is
V=(0v,Vv, (V2).

V = ((x; -3¢ PRI PER R NP PR )




13t

z Q(‘xZI}’Z!Zz)
-

i

Position vector vy, ¥2.¥3)

of PQ '

A vector FQ in standard
position has its initial point at the origin.
The directed line segments ITQ and v are
parallel and have the same length.

-

-~ -?WO ve(tors ave e,qua,( f\F CAnc\ onlj l‘{: {ke{f S‘\Q‘\\éoo(c\ po&?“rtcm
\’fed:o\rs a\re‘ \dentical L Tus (U Uz jUz) and (v, V2, Vi) are @uq,l
\‘( a“d O“B 1( b{-I:"J{ { uz:\/z_ ¢ Gha L{3 :Vg,

4 e m@nifqde oy Ie)y% of the vector v :-P—’(:) is the mnn%a{(vc

numbey
WiI=/vzavi + % = [oemne s 92-9,)+ (20-2)

¥ The On!j vectoy wf‘”’; [e}zy-ﬂ, o IS “H)Q Zexo Vector O= (010)
or 0=(0,0,0). This vector is also ‘Hmong vector with ne

specific <divection .
E cam p]c . Find the () COmponeYLt -fom-. and (b) (enﬁ'ﬂ\ of the veckor
o intial poind P(_:;, L,1) and texwinal point
Q(-5,2,2) .
Solution .
(a) Vi=x1~x‘:—5_(—3):_2
\/z‘-‘-‘jz‘*j‘ =2-4 = -2
V2 = 2,-2Z, =2-1 =1
—_
The ComPonen'( 'rorm O'J[ PQ s

\b) 7»e lengH; or -magm‘fude of v= FZ?; s

NMEVANEE, - Je2 12 (0 = 3

V= (-2,-2,1)
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Vector /){96 bra Oper'affons .

Let wu= (u,u,,dy) and v =(Vi,V2(Vs) be vectors with
K « SCq,’ar

Addition ; U+V = (U+V) U+ Ve Uz +V3)

Scalay my I‘leic‘af’fon ; Ku = (K4, lfua s Kuz)

y

A y

(g + v, uy + vy)
: -

f
o ~
I

u+v v |2 -
f
!
I

¢!
u R

'"2

(a) (b)

(a} Geometric interpretation of the vector sum. (b) The parallelogram law of
vector addition,

‘Jf K> = Ku  has the same directon as U -
4 K <o = +he diveckion of Ru is opposite s thak of u.

%

[ <ul =\/(ku‘)z—f(KL{;)l—{-(kU_g)% = /;<2(u,z+uj+u;)

:\/KZ \/ Ut + U4 +ur = K o]
(—V)Uh = -U l’la,s the came |e_nﬂ-}h as U but Points in the
opposite divectian.
Uu-v = U+ (‘V) i fference 0{" two veckers.

i{]- UL:(\A(,L{ZIL{;) and V:(VHVL/VS)

U=V =(U-V, U - Ve y U3 - Vg )
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The vectoy v when U-v = wx(=V) .
doldled to vfdi\/esu-
Excample ;. Let u= (-1,3,1) and v=(4,%,0). Find
a) 2 U 3V b) u-v <) I—‘z—ul

SOlw‘r‘\tm: |
a) 2“*"3\/:2("‘](3(')—{-3_(’-#/?‘/0)“: (-2;6,2)+({2,1],0)
= (lo,2%,2)
b) u-v = (—113,1)..(1”;!,0) = (-t-4,3-72, J-0)
= (-5/=t,1)

2 2 N Vo
O [Sul=CE 2Dl Je @) ) 4w

Properties of Vector Operations
Let u, v, w be vectors and a, b be scalars.

. u+v=v+uy 2. (u+v)+w=u+(v+w)
3. n+0=u 4. u+(—n) =10

5. Ou=14¢ 6. lu=u

7. a(bu) = (ab)u 8. alu+ v)=qau+ gv

9.

(a+ bu=gu + bu

iy

Unit Vectors .

A vector v of [e-H(ﬂ‘HO I 15 called a unit vector . The

Standard unit vectors gre :

(‘:(//O/O) / d.:(O//{O)/ aﬂd k:(afoll)

A).U vector v= (V,,\/z,\/g) Can be witten as 4 [.‘neow-

Combinaxion of 4he standard wait vectors as follows .




v

(34
= (v, Vo Vs) = (Vijo,0)+ (0;Vay0) +(0,0,Ve)
\/:(‘/O/O)+V2(OI’IO)+\/3(O/‘O)|)
= Vil + Vo + VK

it

We call 4he scalar (oy mumber) v, the (- component

of the vector v ;, V2 the (- Component , anod Vi the k-
Component .

(VI
oS

nonzevo YeClor V.

P (i, 9,0 21) i Pr (2,9, 22)

PPy = (3-2) 1 +(32-3)] + (22 =2 K

ZL 5ﬁz=x21+y2j + 5k
vl _

\‘ Pylxy, ya, 23)

L~ Pylxy, 1. 21)
OP; = xji +yj+z2:k

. k
1S a wait veckor in the divection

v, called the diveckion of the //

+ The vector from Py to Py
E-‘-‘CQMP‘ES :

/.

is PPy = (xp — xi + (3 = pp)j +
(- )k

Find a vk vector U in +he Aivection o+ He vector from
PI(IIO/’) to IDz(SfZ/O).

Selution .

P\P, = (:>c,_-x‘) ¢+ (31'3\)J + @Z.-20k
= (3-V) 0 +(2-0) j + (o-UKk
= 2+ 2K

1RP | = @@+ - =J9 =3 .

__ PP 2¢+2) -k 2 - 2 -
UZ—D = = S(+ = -<4Kk
‘Plpz\ 3 3 \?J 3

- f —
The unit vector U s the cff‘recffoy, of PP,
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