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Vector:
A vector isamatrix that has only one row — then we call the matrix arow vector

— or only one column — then we call it a column vector.
A row vector is of theform:a:[a1 a, .. an]

A column vector is of the form:
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A quantity such as force, displacement, or velocity is caled a vector and is
represented by a directed line segment

Terminal
point
B
~ -~
e
Initial ~AB
point -~
X

A vector in the plane is directed line segment. The directed line segment AB

hasinitial point A and terminal point B; itslength is denoted by |N§| Two vectors

are equal if they have the same length and direction.
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Component form
If v isatwo dimensional vector in the plane equal to the vector with initial

point at the origin and terminal point (v,,v,) ,then the Component form of v is:

V=(V,V,)
If v isathree dimensional vector in the plane equal to the vector with initial

point at the origin and terminal point (v,,v,,V,), then the Component form of v is:

V= (V3 Vo, V)
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The numbers v;,v, and v, are called the components of v.
Given the points P(x,Y;,z) and Q(X,,Y,,z,), the sandard position vector
vV =(v,V,,V;) equal to PQ is

V=(X- X, Yo Y1y %~ Z)

The magnitude or length of the vector v = ﬁj is the nonnegative number

Vlz"'sz"'Vs2 :\/ (Xz' X1)2+ (yz' y1)2 + (22' 21)2

The only vector with length O is the zero vector 0=(0,0) or 0=(0,0,0). This

vector is also the only vector with no specific direction.

Ex.: Find a) component form and b) length of the vector with initial point P(- 3,4.1)
and terminal point Q(-5,2,2)

Solution:

a)v=(-5+3, 2-4, 2-1])

The component form of ﬁj isv=(-2,-2,1)

b) The length or magnitudeof v=PQ is M=+ (-2%+ (-2)? + ()? =/9=3
Vector Addition and Multiplication of a vector by a scalar
Let u=(u,u,,u;) and v=(v,V,,V,;) bevectorswith k ascaar.

Addition:

U+v=(U+Vv, Uy +V,, U +V;)
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Scalar multiplication: ku = (ku,, ku,, ku,)
If the length of ku isthe absolute value of the scalar k timesthe length of u.

The vector (- J)u = - u hasthe same length as u but points in the opposite direction.

<

If u=(u,u,,u;) and v=(v;,V,,V;), U- v=(U - V;, Uy- V,, Uy~ V)

Notethat (u- v)+v=u and thedifference u- v asthesum u+(-v)

-y

u + (—v)
EXx.:
Let u=(-131 and v=(4,7,0), find

a) 2u+3v b) u-v C) %u

Solution:
a) 2u+3v=(-2,6,2)+(12,21,0)=(10,27,2)

b) u- v=(-5-4,1)
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Properties of vector operations:
Letu , vand w bevectorsand a and b bescalars.

1) u+tv=v+u 2) (u+tv)+w=u+(v+w)
3) u+0=u 4) u+(-u)=0
5) Ou=0 6) lu=u
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7) a(bu) = (ab)u 8) a(u+v)=au+av

9) (at+bju=au+bu

Unit vectors
A vector v of length 1 is called unit vector. The standard unit vectors are:

i=100) ., j=(010 , k=(001

V= (%,V5,V) = (,00) +(0,v,,0) +(0,0,v5)
=v,(1,0,0) +v,(0,1,0) +v,(0,0,1)
=vi+V, | +Vvk

We call the scalar (or number) v, the i-component of the vector v , v, the

j-component of the vector v, and v, the k-component. In component form,
R, y12) and B(%,,Y,,2) is

PR =(% - X)i+ (Y- Yi + (z- z)k

If v1 0, then
Hu = |V—| isaunit vector inthe direction of v, called the direction of the
%

nonzero vector v.
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2) Theeguation v = |v| expresses v in terms of itslength and direction.

I 0P, = xyi+yaj+ ok
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Ex.:
Find a unit vector u in the direction of thevector B (1,0,) and P,(3,2,0).

Solution
PP =(3- Di+ (2-0)j + (0-Dk = 2i+2j-k
PP, =y (22+ @2 + (D2 =+9=3
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The unit vector u isthe direction of PP, .

Midpoint of a line segment
The Midpoint M of a line segment joining points PB(x,y,;,z) and

P,(X,, Y,,2,) isthe point

getx) Mty (2*7)9

e 2 2 2 g

OM =P, +2 (PF,)

P|L'.T|__‘.'|_,__|:|

=OP, +%(OP2 - OP)

(X + 3 ¥ +¥:s I+ I3
|. T 2

M

= % (C)—P; + C)—PZ))
Pgl‘.‘.’:. ¥a.Za2)
2 2 2
Ex.: o

The midpoint of the segment joining P,(3-2,0) and P,(7,4,4) is

+7 -2+4 0+4¢
B , 9=(512)
e 2 2 2 g

Product of vectors
u & Vv are vectors,
There are two kinds of multiplication of two vectors:
1- The scalar product (dot product) u.v. The result isascalar.

2- The vector product (cross product) u” v. The result is a vector .

1) The dot product

In this section, we show how to calculate easily the angle between two vectors
directly from their components. The dot product is also called inner or scalar
products because the product resultsin scalar, not a vector.
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Def.: The dot product u>v (u dot v) of vectors u = (u,,u,,u,) and v =(v,,V,,V,) is:
U = UV, +U,V, + UV,

Note:
i X u i X] u
jxjig=11=1 , j*k3=0
k kg kxjg
EXx.:
a)
(35)°(-1L2)=3(-)+5(2) =7 scalar

B +5))x-i+2))=7

b)
(1-34)°(152) =1-15+8=-6 scalar
(i-3j+4k)xi+5j+2k)=-6

Angle between two vectors

The angle g  between two nonzero vectors  u=(u,U,,u,) and
v =(v,V,,V;) isgiven by

>M>cosq
! gea)&g where 0£q £
§|G>M q (OE£q£p)

L, £ .

u.v=0 u.v>0 u.v<0 Counter clockwise

UN:|U

q =cos

»
»

A

Ex.: Find the angle between two vectors in space

U=2i- j+2k , v=i-2j+2k
cosq = usv _ 2+2+4
|G >1\7| Ja+1+4x1+4+4

8 18
cosg=— b =C0oS —
= 9 d 9
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Ex.:
Find theangle q inthe triangle ABC determined by the vertices

A=(0,0) , B(3,5) and C(5,2)

v

CA=(-5-2) and CB=(-2,3)
CAXCB=(-5)(-2) +(-2(3)=4
A= o =
o8 = 77+ 37 = I3
q :cos'lge—4 9
éV29%/13 9
Orthogonal vectors
Vectors u=(u,,u,,u;) and v=(v,V,,V;) are orthogonal (or perpendicular)
if andonly if u>v=0

Ex.:
a u=(3-2) and v=(4,6) areorthogona because u>v=0

b) u=3i-2j+k and v=2j+4k areorthogonal because u>v=0

c) Oisorthogonal to every vector u since
0>u=(0,0,0)>(u,,u,,u,)
=0

Properties of the Dot product

If u,v and w aeanyvectorsand cisascalar, then
1) wwv=vsu
2) (cu)>v=u>(cv) =c(u>v)

3) w(v+w)=uwv+usw

4) uxu=|u*
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5) 0>u=0
Vector projection
Vector projection of u onto v

5
proj, u= %I—)ZV:V ...... (1)
2

proj, u (" Thevector projection of u onto v*

)
Scalar component of u in the direction of v
usv %
lucosg =— = ux= ... (2)
MM
Ex.:

Find the vector projectionof u=6i +3j+2k onto v=i- 2j- 2k and the

scalar component of u in the direction of v.
Solution:
Wefind proj, u fromeq.(1):

0 -6- - -
proj, u=60¥ R =Wy = 8646 o oy =4 2o 2 ="4i+ 814 Bk
| g v 1+4+4 9 9 9° 9
We find the scalar component of u in the direction of v from eq.(2):
% . . . 2. 2,06 4 4
ucosg =ux— = 6i+3j+2kxc=i- —j- =k==2-2-— = -—
leost =wig J é 373 T3 73

Problems:
1) Letu=(3-2) and v=(-25). Findthe a) component form and b) magnitude
(length) of the vector.

1. -2u+b5v

2. §u+£v
5 5

2) Find the component form of the vector:
a.  Thevector ﬁj whereP =(1,3) and Q(2,-1).
b. Thevector OP where Oisthe originand P isthe midpoint of
segment RS , where R=(2,-1) and S=(-4,3).
c. Thevector from the point A=(2,3) to the origin.
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d. Thesumof AB and CD , where
A=(1-1),B=(20), C=(13)and D=(-22

3) Let v,u and w asinthefigure:finda u+v ,b) u+v+w,c) u-v and

du-w

4) Express each vector as a product of its length and direction

a 2+j-2k

b. 5k

e i+t
5' "5

d.

1. 1. 1
o6
5) Find the vectors whose lengths and directions are given. Try to do the calculation
without writing:

Length Direction
a 2 i
b. /3 -k
C 1 §J+ﬂk
2 5 5
d. 7 8i. 2743
7 7 7

6) Find a) the direction of ?P; and b) the midpoint of line segment BP,.
a PR(-115) and P,(250)
b. PR(0,0,0) and R,(2-2-2)

7)Findvsu, |V , |u , the cosine of the angle between v and u , thescaar

component of u inthe direction of v and the vector proj, u.

a) v=2i-4j+/5k,u=-2i+4j-+5k
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b) v:(g)i+(g)k , U=5 +12]

0 v=-i+j , u=+2i+4/3j+2 k
d) v=5i+j , u=2i+/17]

y=BL 10 .=l -1
&J2'V3g &J2 ' V3g
8) Find the angles between the vectors:
a u=2-2j+k , v=3i+4k

€)

b) u=+3i-7] , v=A3i+]- 2k

0 uz=i+2j-2k , v=-i+j+k

9) Find the measures of the angles between the diagonals of the rectangle whose

verticesare A=(10) , B(0,3) , C(3,4) and D(4,1)

References:

Sl JLAJ\ e Lua BB
J‘}S ;LA.u: e L wJJA

1- Advanced Engineering Mathematics (Erwin Kreyszic)- 8" Edition.

2- Cdculus (Haward Anton).

3- Advanced Mathematics for Engineering Studies (<& sl galy i)

10



