Matrices and Vectors: Lecture 4

M atrices:

When a system of equations has more than two equations, it is difficult to discuss
them without using matrices and vectors.

The size of the matrix is described by the number of its row and columns. A
matrix of n rows and mcolumnsissaid to be n° mmatrix.
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Types of matrices:

Square matrix: It is a matrix whose number of rows are equa to the number of
columns (n=m). For example:
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=5, 43 . B=3 2 1
W2 & 8 og,

Diagonal matrix: It is a sqguare matrix which al its elements are zero except the
elements on the main diagonal. For example:
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Identity matrix: It is a diagonal matrix whose elements on the main diagonal are equal
to 1, and it is denoted by I,. For example:
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Transpose matrix: Transpose of A is denoted by (A"), means that write the rows of A
as columnsin A'. For example:
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Matrix addition and multiplication

If A=[ajJ and B=[b|jJ andboth A & B are n” m matrices, then
A+B=|a[+[b]=[a; +1]
Ex.1:
€ -l & 3u_& 20
D 2% s %

For any scalar (number) ¢, we can multiply A by c asfollows:

CA = c[aij J = [Caij]
Ex.2:

£ w8 -
D 24 @ 64

A matrix with only one column, n” 1 in size, is called a column vector, and one
of only onerow, 1 minsize, iscaled arow vector.

Matrices multiplication
Let A be an nx k matrix and B be a kxm matrix then C=AB is an nxm matrix,

where the element in the i row and j™ column of AB isthe sum

c, =a,b, +a,b, +..+a b, =§ ab,, i=12..mand j=12,..,p.
k=1

Ex.3
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Suppose A= a 5 1 Bu , B= & 3 H then
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Determinants
With each square matrix A we associate a number det(A) or |a;| caled the

determinant of A, calculated from the entries of A asfollows:

For n=1, det(a)=a,
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Minors
To each dement of a 3 3 matrix there corresponds a 2” 2 matrix that is

obtained by deleting the row and column of that element. The determinant of the 2” 2
matrix is called the minor of that element.

For amatrix of dimension 3x3, we define

éa, a, a,l |a, &, ay,
det(?a l:I: - )r'zz 8,y _ )r'zl 8,3 + )r'zl a,,
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where | ? ?|is the minor of a,,,| -~  °|is the minor of a,,,
a32 a33 31 a33
a, a
and| ? %lis the minor of a,,.
a3l a32
Ex.4:
Find the determinant of each matrix
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b) & 4
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‘6 12‘—2(12)—4(6)—0

Ex.5: Find the determinant of A where:

él 3 -850
_é a
g0 -7 9¢
Sol.: By choosing the first column we get
1 3 -
4 3 - 3 -
det(A)=|-2 4 6|=1 -(-2 +0
-7 -7 9 4 6
o -7 9
=1436- (-42)]+2X27- 35)
=78-16=62
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Ex.6: Evaluate the determinant of A if:

él 3 -50
_é a
g0 -7 9¢
Solution:
By choosing the second row we get
1 3 -
3 - 1 - 1 3
det(A)=-2 4 6|=-(-2) + -6
-7 9 0 9 0 -7
0o -7 9

=2(27-35) +4(9-0)-6(-7-0)
=-16+36+42=62
Note that 62 is the same value that was obtained for this determinant in Example
above.

Note:

If a matrix A is triangular (either upper or lower), its determinant is just the
product of the diagonal elements:

Linearly Dependent and Linearly Independent

Definition: the vectorsvy, Vo, ..., Vimare linearly dependent if [v1 vz ... vm[=0, and
if |[vi V2 ... V| #0thenvy, vy, ..., vimarelinearly independent.

Ex1: Let vi=(3, 6, -1); vo=(8, 2, -4); vs=(1, -1, 1), determine whether vi, v,, v; are
linearly dependent or not.

Sol: Since
3 8 1
2 - 6 - 6 2
6 2 - :% J‘% J‘+ 4‘:3(2—4)—8(6—1)+(—24+2):—681O
1.4 1 -4 1 -1 1| |-1 -

then v, vy, vz are linearly independent

Ex2: Let vi=(2, 4, 6); v2=(1, 3, 3); vs=(1, 2, 3), determine whether vi, Vo, v3 are linearly
dependent or not.

Sol: Since
211

‘

then vy, vy, vz are linearly dependent

4
6

jzz(g- 6)- (12- 12)+(12- 18) =6- 0- 6=0
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Exercise

1) Determine whether the given vectors are linearly dependent or linearly independent.
a8 (3,2);(1,-1)
b) (4!_3!1)!(10!_3!0)!(2!_6!3)

2) Find determinant of the following matrices

&4 1 0 10
€0 10 o:
a) -
0 0 2 o
él 0 0 34
& -2 190
el 10 -1:
&3 -2 1y
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