Differential Equations: Lecture3

C. Higher order Differential Equations:

How to find roots of an equation:

Let x" +ax" " +a,x"*+K+a, =0 bean eg. of degree n, we denote thiseq. by f(x) =0 then:

1) r isarootoftheeq. f(x)=0 Iif f(r)=0.

2) r isrepeated root of theeg. f(x)=0 if

f(r)=0.

3) If r isarootoftheeq. f(x)=0,then r mustbeafactor of a,.

4) If r isarootoftheeq. f(x)=0,then (x-r) dividesf(x).

EX.: Find al rootsof x®+4x%- 3x- 18=0
Solution:
a,=18: m1,m2,m3,m6,m9,m18

f(2)=8+16- 6- 18=0, 2 isaroot of the eqg.
There are two methods to factorize f(x): long divison & fast division.

Firs method: Fas division

P x*+6x+9=0

P (x- 2)(xX*+6x+9)=0
(x- 2)(x+3)(x+3) =0
=2, X=-3, X=-3

Therootsare 2,-3, -3

Second method: long division

X3 +4x*- 3x-18=0
P (x- 2)(X*+6x+9)=0
(x- 2)(x+3)(x+3)=0
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Higher order linear Differential Equations:

The genera form of with constant coefficient
isy"” +ay"?+K+a,,y+a,y=F(X) ... 1)

If F(x)=0 then (1) is called homogenous, otherwise (1) is called nonhomogenous.

The general solution

The methods of solving second order homogenous D.Egs. with constant coefficients can be

extended to solve higher order homogenous and nonhomogenous D.Eg. with constant coefficients.

a) Homogenous: the characterigtic equation of nth order homogenous D. Eq.:
yV+ay™? +K+a,,y+a,y=0is
r"+ar"t+K+a, r+a, =0
Let rq, I, ..., rn be the roots of characteristic equation then:

nIf rp,r,, ..
yh :C»_Lerlx +C2er2x +K+Cnernx

r aredl distinct then the solution is;

''n

2) If r1 repeated m times, then y, will contain the terms:
Ce™ +C,xe™ +...+ ¢ X" e

3) If some of roots are complex (r =a mib ) then y, will contain
(¢, cosbx+c,sin bx)e*™

Ex.1: solve y™ -3y"+2y'=0
Solution:

r*-3r?+2r=0 b r(r’-3r+2)=0
r(r-2)(r-1=0
P n=0,1r=2,r=1

are all distinct
p yh - C:Lerlx + Czerzx + C?)er3x

Y, =C +C,e” +ce"
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Ex.2:
y?-3y"+3y"-y'=0
r*-3r+3r*-r=0 b r(r’*-3*+3r-1=0
r(r-1°=0
P n=0,r=rp=r=1 P m=3
by, =ce™+ (X" +c,x™ 2 +¢,)e”
Y, =C +Ce +Cxe* +¢,x°€e

b) Nonhomogenous: the general form of nth order nonhomogenous differential equation is:
yP+ay™l+K+a, yray=Fx .. (1)

The genera solution is yg=ynt+Yyp

M ethods of finding V,:
1) Undetermined coefficients

We can extend the methods of solving second order non homogenous D.Egs. with constant

coefficients to solve higher order nonhomogenous D.Eq. with constant coefficients.

Ex.1: y“®-8y"+16y=-18sinx

Solution:

Yo=YntYp

y@-8y"+16y=0

r-8r°+16=0 b (r*-4)’=0b r’=4b r=+2
Yr=C1€”+CoX €™ +Ca8 P +Cyxe ™

let yp=Acosx+Bsinx, y'y=-Asinx+Bcosx, y" = -Acosx-Bsinx
y" = Asinx-Bcosx, y*,= Acosx+Bsinx
Acosx+Bsinx+8Acosx+8Bsinx+16Acosx+16Bsinx=-18sinx
25A cosx+25Bsinx=-18sinx

25A=0p A=0

25B=-18p B=-18/25

) o 18 .
=c,e” +c,xe* +c,e” +c,xe® -——sinx
1 2 3 4
g 25

2) Variation of parameters
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In this method, the particular solution yp has the form y,=viui+Vvouy+... +VU,
Where us, Uy, ..., Uy are taken from y,=CiUs+CoUz+... +CpUn.
Tofind v1, vz, ..., Vn, we must solve the following linear egs. For v'y, V', ..., V'n:
viu, +véu, +¥% +viu, =0
viug+veug+va +veu¢ =0
[
viu,"? +vgu,™? +14 +vu, P =0
viu, "+ vgu, Y v +vgu, MY =1 (x)

Ex2: solvey'
Solution:

Let y"+y'=0
rP+r=0b r(r*+1)=0p r=0, r’=-1b r1=0, r=ti

+y'=secx

Yh=C1+CoCOSX+C3S NX
u;=1, U;=C0sX, Us=Sinx, f(X)=secx
V{+vicosx +Vvisinx =0
ve* 0+ v¢(- Sinx) +v,(cosx) =0
vEe* 0+ v§(- cosx) - v§(sinx) =secx

1 cosx sinx
D=|0 -snx cosx|=sn®x+cos’x=1
0O -cosx -9nx

0 COSX sin X
D,=| 0 -snx cosx|=secx(sin®x+cos” X) = secx
SECX - COSX - Sinx

1 O sinx
0 CosX
D, =0 0 COSX :‘ i =-cosxsecx =-1
_ SeCX - SinX
0 secx - s8nx
1 cosx 0 .
_ -snx 0 _
D,=|0 -snx 0 |= =-89nXsecx = - tanx
- COSX SecX
0 - cosx secx
¢_D, _ — A -
v, —E—secxb Vv, = pecxdx = In(secx + tanx)
D
v2¢:FZ:—1D v, = ldx =-x

-21-



Differential Equations: Lecture3

D
v3¢:E3:— tanx P v, =- ¢yanx dx = - Incosx

Y= In (secx+tanx)-x cosx-In cosx sinx

Yg= C1+Co00SX+C3SinX+ [N (Secx+tanx)-x cosx - In cosx sinx
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