Differential Equations: Lecture 1

Differential Equations
A differential equation is an equation that involves one or more derivatives, or
differentials. There are two types of differential equations ordinary and partial.

Order
The order of differential equation is the highest order derivative that occurs in the equation.
Degree
The exponent of the highest power of the highest order derivative.
Ex1:
:— = 5x+3 1¢ order-1st degree
Ex2: i
(5207 + (55)7  3rdorder-2nd degree
Ex3:

457 4 ginx (2X)+ 50y =0  3rdorder-1st degree

ox" et

Exercise: Find the order and degree of these differential equations.
1. Z— + cosx = 0 anslst order-1st degree
2. 3dx+4y’dy=0 ans:1st order-1st degree

=+ v =y ans2nd order-1st degree

(y")?+2y'=x* ans:2nd order-2nd degree
y"+2(y")*=xy ans:3rd order-1st degree

w

ok

Solution
The solution of the differential equation in the unknown function y and the independent
variable x is afunction y(x) that satisfies the differential equation.

Ex: Show that y=c; sSin 2x+c; cos 2x is a solution of y"+4y=0
sol:

Yy=Cz Sin 2x+C;, COS 2X

y'= 2C1 COS 2X. - 2C2 SN 2X.

y'=-4 ¢; 9n 2x-4 ¢, oS 2X

-4 ¢y Sin 2X-4 ¢, CoS 2x+4(C1 Sin 2x+C;, cos 2x)=0

\ yisasolution

Note:

The solution in example above is called general solution since it's contain an arbitrary
congtant ¢; and ¢, i.e. the general solution of differential equation is the set of all solution,
and the particular solution is any one of these solutions.

Ordinary Differential Equations:
Ordinary Differential Equations are equations involve derivatives.
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A. First Order D.Egs.
1- Variable Separable.
2- Homogeneous.
3- Linear.
4- Exact.

1- Variable Separable:
A first order D.Eq. can be solved by integration if it is possible to collect all y terms
with dy and all x termswith dx, that is, if it is possible to write the D.Eq. inthe form
f(x)dx+g(y)dy=0
then the general solution is:
¢ f()dx+ ¢g(y)dy =c, wherecisan arbitrary constant.

Ex.1:
Solve & ey
dx
Sol.:
& e xe’
dx
dy =e"dx
ey

(e ’dy = ce dx
-ce(-dy)=ce’dx P -e’=¢€"+c

Ex.2:
Solve (1+ x)% =x(y* +1)
X
Sol.
hY dy Y X X X+1'1
()7:0—dx - =
(y*+1) “x+1 x+1  x+1
1 X+1 1
tan™* :‘X—OX—‘ dx ==
y=¢ +1 X+1 x+1
tan'y=x- Injx+1]+c _q. 1
X+1

Ex.3:
Solve ﬂ:(y— x)> (D)
dx
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Sol.:
dy du dy _du

ut -X=u, —-1=— b —=—+1 ... (2

P y dx dx dx dx @)
From (1) & (2)
du ) . du -
—+1=u P = ¥
dx Q21 ¢

1 A

= + B (partial fraction)
(u-DYu+1) wu-1 u+1

1=Au+A+Bu-B

0=A+B

1=A-B , A:1 B=—
2

L1/2  -1/20

! %u— 1+ u+1€juz@lx

%[In(u—l)—ln(u+1)]: X+C

2- Homogeneous:

Some times a D.Eq. which variables can't be separated can be transformed by a change of
variables into an equation which variables can be separated. This is the case with any equation

that can be put into form: & f (X) ..(D)
dx X

Such an equation is called homogenous.

Put X:u p y:ux,ﬂ:u+x><d—u
X X dx

and (1) becomes

xx% +u =f(u), this equation can be solved by separation of variables.
X

o, du
X u- f(u)
Ex.1:
2 2
Solve ﬂ:x+y
dx Xy
Sol.:
y2
1+ 2
d_" X gt You b ﬂ:lﬂ':f(u)
X y X dx u
X
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dx + du dx du dx du

— =0 p —+———=0P —+—5——=0
X u- f(u) X u_1+u X Uu°-1-u

u
dx u’ y?
A—+y uxdu=0b Inx-—=c P == =Inx+c
00 2 27

Ex.2: Solve the homogenous D.Eq.  x dy- 2ydx=0

Sol.: xdy=2ydx b d_2. 2u =1 (u)
dx X

My WM _op XM 6p |- InjulEc
X Uu-2u X -u
X X X
Z=cb —=cb y="— o y=kx’
u y c
3-Linear
The equation of the form %+ pxy =Qwhere P and Q are functions of only x or
X
congtant is called linear iny and %
X

Let (1.F) =eT™ pethe integrating factor, then the general solutioniis
yxl.f)=¢(.f.) Q.dx

Ex.1: Solve % Y X xe*

X X
P(x) =- l, Q(X) = xe*
X
1
(.f)=eX%=gm=1
Solution is

1 1
X= = A xxe”* xdx
Ym0

Y —gie

x|

Ex.2:
Solve % +Xy=X
dx
P=x, Q=x
7

(I.f)=e9"=¢

Solution is
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X2

yxe2 = p2 xxxdx

x2 x2 -2

yxe2 =e2 +cp y=1+ce 2 isthesolution
Remark:

The equation % + pxx=Q, where P and Q are functions of only y or constant, is said to be
y

linear in x and % , and here (1.F.)= % and the general solutionis:
y
xX(1f.)=¢(f.) Q.dy

Ex.3:Solve e?dx+2(xe®-y)dy=0
sol:

e” o, 2xe™ - 2y =0
dy

Xy ox- 2ye? =0
dy

Ky ox= 2ye ? islinear in x and &
dy dy
P=2, Q=2ye?, | F.= eTV¥ =¥

xx(1f) = §1f.) Q.dy
e”x = g 2ye' ¥dy

e¥x=y*+cb e¥x=y?+c isgeneral solution

4- Exact
_ . . M _ 1N
The equation M (X, y)dx + N(x, y)dy = 0 issaid to be exact if ‘H_y ™

Ex.1:
Show that the following D.Eq. are exact D.Eq.

a) (3x%y + 2xy)dx + (x> + x>+ 2y)dy =0

M:3x2+2x , m:3x2+2x
Ty ix
M _ N

Iy I

\ TheD.Eq. isexact.

b) [x cos(x +y) +sin(x + y)]dx + (x cos(x + y)dy =0
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™. Xsin(X+ y) + cos(x +Y)
Ty

1‘1”—2 =-Xsin(x+y) +cos(x+Yy)

\ theD.Eq. isexact.

2 2
Ex.2: Isthe D.Eq. dy_ Hy) exact or not?
dx 2xy
Sol.
2xydy=-(x*+y?)dx
2xydy+(x*+y?)dx=0

™ fiN
- =2 , —=2
v o "
™M 1N :
—=—, \ theD.Eq.isexact
Q fy I ;

General Solution: the exact D.EQ. M (x, y)dx+ N(x, y)dy =0, has a general solution

f(x,y)=c where
f(x,y) = (Mdx+ ¢(terms in N do not contains x)dy

Ex.3:
Solve the exact D.Egs. (3x%y + 2xy)dx + (x* + x> + 2y)dy =0
Sol.
f(x,y) = (f3x°y + 2xy)dx + (Rydy
3 2 2

- X X y
_3 poa +2 poa +2v
Y 3 y 2 3

thesolutionis X%y +x y+y? =c

Ex.4:
Solve (x+y)dx+(x+y?)dy=0
Sol.
M =1 , m =1
iy fix

\ theD.Eq.isexact
f(X,y) = (Mdx + ¢(terms in N do not contains x)dy

= (x+y)dx+ gy°dy

2 3

X y
== +xy+-—2—
> Xy

3

2 3

thesolutionis X 4 Xy +Y = C
2 3



