Chapter one
Functions
R: The set of all real numbers.
(a,b)or a<xx< b
[a,b]ora< x<b

Cartesian coordinates or xy-plane

(x,y) is appoint in xy-plane

Function:

Afunction f from asset D={x\xeR} to asset Ris arule that a ssigns a
single element of Rto each element in D, denoted by y=f(x).The set D is
called domain of f and the set R={y\yeR, y=f(x)} is called the range of f.

Axiom for domain:

1- we does not take the values of x which introduce division by zero.

2- We does not take the values of x which introduce aroot anegative
number.

Example:

Find the domain and the range of y=f(x)= vx-2

Solution:

X-2>0

X>2

D={x\xeR , x>2} and R={y\yeR, y>0} or R=R"

Definition:

If f(x) and g(X) are two functions then f(x)+ g(x)

F(x).g(x) and % ,0(X)=0 are also functions.

Definition: The composition of f(x) and g(x) is denoted by fOg or gOf
and is defined by : (gOf)(X)=g[f(x)]

Example

Write fOg if f(x)=+/x and g(x)=§

Solution

(f0g) )=Tlg(I=F(>) )= E



Some functions

Trigonometric functions:

sinH:X

r
cosé?:i

r
tan@:l:ﬂ

X cosé
cot@:i:(p_se

y siné
se00=£:L

X Ccos@
csc:9=£—_L

y siné

l. y=f(x)=sinx,D=R,R=[y/yeR-1<y<I}
2. y=f(x)=cosx,D=R,R=[y/yeR-1<y<D}

»
»

N
NI

3. y=f(x)=tanx,D={x/x e R, x =, n%,n, is odd number}



Absolute value function:

Let a be any real number,we define

|a|_ a azx0
“l-a a<0

Properties:

1- lat+bl< lal+ |bl
2- |a|£r -r<asr

Example:

find the value of x satisfy Sx+1

<1

Solution:

3x+1

-1< <1

—2<3Xx+1<2
-3<3x=<1

—1<x<1
3
Step function
Y=f(x)=[x], D=%,R=% ,[X]=the greatest integer less than or equal

to x
Example A

[1.9]=1,[2]=2,[0.5]=0,[-0.5]=-1,[-2.7]=-3

v




Limits
1-The limit of f(x) as x approaches a from the right is the number L if
lim f(x)=L.

x—a*

2-The limit of f(x) as x approaches a from the Left is the number L if
lim f(x)=L.

X—a

3-The number L is the limit of f(x) as x approaches a , denoted by
lim f(x)=L.if and only if

X—a

lim f(x) = L.=lim f (x) = L.

x—a* x—a~

Theorem 1:
If_lim f(x)=L1.and lim g(x) = L2., then

X—a X—a

- Jim(f 0290 = lim f (x) lim g(x)=l,.1,
2- lim(f()-900) = lim f (x).lim g(x)=1,.l,
3- lim kf(x):klim:k_ll.
lim f

- |im(f(x)}=£a ®_L if L,=0

= g/ lim £ 1,
Theorem 2

1- |im(box"erlx”‘l+...+|:)n)=boa”erlaj‘*lJr...ern

2 fim 3N _4

x—=>0 X

3- If g(x) < f(x) <h(x), are three functions such that
lim g(x) = lim h(x) = L then Lis the limit of f(x) as x apprpaches a.

Example:find

X2 +2x+4 19
im—— ="
-8 X+2 5
Infinity as a limit;

.1
1-lim ==

x—0" X

o1
2-lim = = -0

x—0" X

3-Iim1=0

X— X

4- lim 1:0

X—>—00 ¥



Example: evaluate

lim

x> 2X + 4

X =Cc0S@

y=siné
2 _2

1. cosO+sind=1

2

2 2 2 2
2. 1+tan@=secd , 1+cotd=csco
3 sin(@, + 6, )sin 6, cos 8, + cos@+sin 6,
4.  cos(@, +6,)cos b, cosd, —sind +sin 6,
5
6

sin(26)2sin cos & : cos(2<9)cozs 6—sin 0

2 1+cos(26) 2 1-cos(26)

cosé = , sin@ =

Example: evaluate

. 1-—cos(2x
||m #
x—0 2X
2
. 1-—cos(2x ..sinx . sinx . .
lim # =lim——=Ilim—=.limsinx=1.0=0
x—0 2X x—0 X x>0 X x>0

Continuity

A function y=f(x) is said to be continuous at a point a if
1- f(a) exists
2-1im f(x) Exists
3-lim f(x) = f(a)
Example: test the continuity of
1

f(x)=—— a=2

() v
Solution
F(x) does not exist of x=2 then f is not cont.

Derivatives:

The derivative of afunctiion y=f(x) is denoted by f(x) and defined by:

£ (%) : |A|IT01 f(x+AAxi— f(X)

if the limit exists.

Also f(x) is called the slope of the curve y=f(x)



Laws of derivatives:
the derivative of a constant is zero.
1. (x") =nx""!

. (cf (X)) =cf (x)

- (

f(x);9(x) =f(x) +9(x)
f(x).9(x)) = f(x).9(x) + f(x) 9(x)

- LEONT =n(fF ()™ f(x)

2
3
4. (
5
6

s

f(X)j _ 9 f(x) - f(x)9(x)

g(x) g(x)?

Example: Find y

y=f(x)=xJx*-2

Solution

yI:

X[L/2(x* —=2) 2 (2x)] +VX* =2

Higher Derivatives
Implicit differentiation

Chain

rule

Derivative of trigonometric functions:

1.

o bk own

6

(sinu) = cosu.du/dx
(cosu) = —sin u.du/dx
(tanu) =secu®.du/dx
(cotu) =—cscu®.du/dx
(secu) =secu.tanu.du/dx
(cscu) = —cscu.cotu.du/ dx

Example: find y

y = f(Xx) =sin 3x

Solution
y =3c0s(3x)
Inverse function

1.

2.

3.

A function f(x) is said to be one to one if f(x;)=f(x,) implies that
X1=X,. Geometrically f(x) is one to one if we draw aline parallel to
x-axis it will cute or intersect curve of f(x) in one point only.

A function f(x) is said to be onto if for every b on y-axis there
exists a point a on x-axis such that f(a)=b

if f(x) is one to one and onto then there exists f(x)™ called the

inverse of f(x) such that fof * = f “of = x



Example: find the inverse of y=f(x)=1/4x+3
Solution:
f'=4x-12

Application of Derivatives:
Increasing and Decreasing function:

Suppose that f(x) has derivative at every point x in an interval | then:
1- fincrease on | if f(x)~0 forall xin |

2- fdecrease on | if f(lx) <0 forall xin |
Maximum and Minimum:

Let y=f(x) be a function such that y and y" exist first find critical points
by solving y=0. let a be one of these critical points
Testl

1- f(a)is maximum if fl(a—1)>0and f(a+1)<0

2- f(a) is minimum if f (a—1) < 0and f (a+1) = 0
Test2

1- f(a)is maximum if ffa) <0
2- f (a)Is maximum ffa)>0

Concavity and points of inflection "
F(a) is appoint of inflection to y=f(x) if f (a)=0

1- the graph of f(x) is concave down on any interval where 3"/< 0

2- the graph of f(x) is concave up on any interval where y >0
example:
sketch the curve y =1/6(x*® —6x* +9x + 6)

solution
y =1/6(38x* —12x+9) =1/2(x* —4x+3) =1/2(x - 1)(x - 3)

y =0 x=1 and x=3 are critical points
f(1)=5/3 is maximum

f(3)=1 is minimum

y =1/2(2x-4) =x-2

y =0, x=2 f(2)=4/3 is point of inflection



L'Hopital Rule:

itlim T 2%5:°  then
X—a g(x) 0 0
fim 1) _ jim £ ()

Example: find

. X=sinx . 1-cosx , sinx . cosx 1
lim = lim =lim =lim ==
x—0 X x—0 3)(2 x>0 BX x>0 B 6

Even and odd function:

1-Afunction f(x) is said to be an even function if f(-x)=f(x), geometrically
the graph of f(x) must be symmetric about y-axis.

2-Afunction f(x) is said to be an odd function if f(-x)=-f(x),geometrically
the graph of f(x) must be symmetric about origin.

Example

1-x* ,cosx  even function

2-x,x%sinx  odd function



Chapter two
Integration
Laws of integration
1. Idx =X+C

2. jkf (x)dx = kI f (x)dx
3. [IF()+g0)ldx = [ f(x)dx+ [ g(x)dx

n+1

4, Ix“dx=X +c if n#-1
n+1
n+l
5. J'(f(x))nf(x)’dx:g%Lc if n#-1
+

Example: Evaluate
/2

3

xdx = [x¥2dx = X +¢
Jxax=] 32
Integration of Trigonometric functions

1- _[cosudu =sinu+c

2- _[sin udu = —cosu +c
2
3- jsecudu =tanu+c

4- Icsczljdu =—cotu+c

5- _[secu tanudu = secu +c¢
6- Icscu cotudu = —cscu +c¢
Example: Evaluate

j tan xseczxdx

Solution

ta?m X

T+c

Define Integral:

The area under the curve y=f(x) from x=a to x=b is defined by:

b
A= (x)dx
Properties::
b b
1- j kf (x)dx = k j f(x)dx  k is constant

b
2-jf(x)dxzo



3-? f (x)dx = —j f (x)dx

4- T f (x)dx = j f (x)dx +i f(x)dx cis appointin [a,b]

5-if fis continuous on [a,b] and f is any antderivatives of f on [a,b] then
Tf(X)dX= f()]; = f(a)~ f(b)

Ia?emark

A=I f(y)dy

Example
Find the area y=f(x)=sinx from x=0 to x=n
Solution

b
A= If(x)dx _[sm xdx = —cos X]7 = —cos 7 + 050 = 2

Appllcatlon of Define integral:
Area between two curves:

A= T[ f, (0 — 1, ()]dx

A=[Tf,(y) - f,(y)ldy

Example

Find the area bounded by y=2-x* and y=-x
Solution

2-)(2:_

X?-x-2=0=(x-2)(x+1)=0

x=-1,y=1or x=2,y=-2.

The iintersetion points are (-1,1) and (2,-2)

2
A:j(z—x2+x)dx=9/2

Volijme of Rotation
1- Disk Method

b
V= 2l f (x)]dx
F(x) is rotated about x-axis
V=d [ [ (y)]°dy

F(y) is rotated about y-axis



Example find the volume of the solid generated by rotating the function
y =+/x about x-axis from x=0 to x=4
Solution

V=_T7z[f (]2 dx = jyz(&)zdx =8r

2-- V=2l f,(0)” - f,(x)*Jdx

The area is rotated about x-axis
V=211, (y)* - f,(y)*1dx

The area is rotated about y-axis

Example

The region bounded by x=y is rotated about y-axis to generate asolid .find
its volume

Solution

y?=y
y2—-y=0->y(y-1)=0— y=0o0ry =1

1 3 57t
1 1 21
V= 7z(y2—y4)dy:7{y——y—} :ﬂ-[___:|:_
'([ 3 5 0 3 5 15

Chapter three

Transcendental Functions
Inverse of Trigonometric Functions

-1
y=Ff(X)=sinx,D={x/-1<x<B,R={y/l-n/2<y<x}

y=f(x)=cosx,D={x/-1<x<T}R={y/0/2<y< 7}
y= f(x):taﬁlx,D:ER,r:{y/—ﬂIZS y<rzl2}
y = f(x):cc;%x,D:*}{,R:{y/OSysﬂ}
y=f(x)=secx, D ={x/x>1x<-ThR={y/y % n(zx/2)}
y=f(x)=cscx,D={x/x>Lx<-ThR={y/0</y/<z/2}



Properties
-1 -1
sin(—x) = —sin x
-1 -1
C0S(—X) = 7 — COS X
-1 -1
sin X+ cosx =7 /2

-1 -1
cotx =x/2—-tanx
-1 -1
sec x = cos(1/ x)
-1 -1
cscx =sin(l/x)

-1 -1
€sC(—X) = & —secx

Derivatives
.t du/dx
(sinu) = 1-
NJ1-u?
1. —du/dx
(cosu) = 2-
NJ1-u?
1 du/dx
tanu) = 3-
(tanu) 1+u?
_l _
(cotu) = dU/?X 4-
+U
= du/dx
(secu) = ———=5-
|u|\/u2 -1
,1 _
(cscu) = du/dx .

Solution
-2

J1-(2x)?

Integration

-1
I du =sinu+cl-
N1-u?

-1
I duzztanu+c2-
1+u

-1
j du = sec|ul+c 3-

uvu? -1




Example
2 -1
J' X ~dx =1tan x3+¢
1+ X 3

Natural Logarithm:

y:Inx:.[dt/t
1

Properties:
1. In1=0
2. In(ax)=Ina+Inx
3. In(x/a)=Inx-Ina
4. Inx®=alnx
5. In1/x=-Inx

du/dx

Derivative: (Inu) =

Integration: IOL—U = Inju[+c

Examples:
1-y =In(6x* +2x+1) __dax+2
6X2+2x+1
2-[ 2% _1/2] 2% _1/2mf1 x|+
1+x 1+x

The Exponential function
y=f(x)=e*,D=R,R=R"
It is the inverse of y=Inx

Properties
1l lime* =0

X—00
2- lime*=0
X—>—00
3-e*-e¥=e
4- e~ _ L
e
5-Ine* =x
6- e =x
", du

Derivative:- (¢*) =e* ==
dx

a+X

x

Integration:- [e'du=e" +c



The Function: a"

y=f(x)=a*,D=R,R=R",a>0
Derivative: (a*) =a’In a_‘;_“
X

u

Integration: J.a”du:la e

na
The function y =logu

y = f(x) = log(x) is the inverse of y=a*

Properties:
In x
1- -2
Ioag X=1
2-loga” =x
log x
3-a ; =X
Derivative: (Iog uj _ du/dx
a ulna

Chapter four
Integration Methods

1-Integration by parts
Iudv = udv—J.vdu
Example

J In xdx

Solution
u=Inx,dv=dx
du =dx/x,v=x

Ilndx:xlnx—jx.dx/x:xlnx—x+c
2-partial fraction
vaZ+u? Ju?-a? Ja?-u?, a®-u?, a’ +u”3-Integral involves

put u=a sind then use 1-sin“0=cos’0a’ —u’..
put u=a tan® then use 1+tan’6=sec’0a? +u>
put u=a seco then use 1+tan’0=sec’0u? —a>



4-powers of Trigonometric functions
Sinx or cosx of odd power

.[cos x2dx = J'cos X% cos xdx = j(l—sin x?)cos xdx
= Icos xdx —Jsin x” cos xdx

=sinx—sinx*/3+c
Sinx or cosx of even power
Icos x2dx = j[1+ cos2x/2]dx =1/2x+1/4sin 2x +c¢

sin x?or cos x®

_sin ax cos bx, sin axsin bx, cos ax cos bx 5-

Sinax sinbx=1/2[cos(a-b)x-cos(a+b)x]

Sinax cosbx=1/2[sin(a-b)x+sin(a+b)x]

Cosax cosbx=1/2[cos(a-b)x+cos(a+b)x]

Example

_[sin 5xcos3xdx =1/ stin 2X +sin 8xdx = —1/4cos2x —1/16cos8x + ¢ 5-

6- a- tanx,cotx ,secx and cscx of even power
Use tan® x=sec’x-1
b- tanx or cotx of odd power
use cot’x=csc’x-1
c-secx or cscx of odd power
use integration by part (udv)

Chapter five

Matrices:

When a system of equations has more than two equations, it is difficult to
discuss them without using matrices and vectors.

The size of the matrix is described by the number of its row and columns. A
matrix of n rows and m columns is said to be nxmmatrix.

, a, - 4,
a a. e a

A= :21 * o =[aij]’ i=1,2,...,n , j=1.2,..m.
anl an2 nm _nxm

Types of matrices:

Square matrix: It is a matrix whose number of rows are equal to the number of
columns (n=m). For example:



1 3

15
A:{ } , B=3 2
2 42><2 1 8

Diagonal matrix: It is a square matrix which all its elements are zero except the
elements on the main diagonal. For example:

0
1
0l

A=

o O b~
o © O
= O O

Identity matrix: It is a diagonal matrix whose elements on the main diagonal are
equal to 1, and it is denoted by I,,. For example:

100
10
l,={0 1 0 ,|2={ }

01
0 01

Transpose matrix: Transpose of A is denoted by (A"), means that write the rows of
A as columns in A'. For example:

3

3 7 1 T
A= , A =7
-2 1 -3 2x3 1

Matrix addition and multiplication

3x2

If A:[aijJ and lebijJ and both A & B are nxm matrices, then
A+B=[a,.jJ+[b,jJ:[a1j+bijJ

Ex.1:
1 - 2 3 3 2
—+ =
0 2 4 5 4 7
For any scalar (number) ¢, we can multiply A by c as follows:

CA= Claij J = lcaij J

3 1 -1 |3 -3
0 2| |0 6
A matrix with only one column, nx1 in size, is called a column vector, and
one of only one row, 1xm in size, is called a row vector.

Ex.2:



Matrices multiplication
Let A be an nx k matrix and B be a kxm matrix then C=AB is an nxm matrix,
where the element in the i row and j™ column of AB is the sum

ij in™~nj

Cj =anby; +a;,b,; +..+a,b; =D a,b;, i=12..mand j=12..,p.
k=1

Ex.3
5 -2
3 7 1
Suppose A = , B=|0 3 then
-2 1 -3],.
1 -1 3x2
{16 14}
AB =
-13 10],,
19 33 11
BA=-6 3 -9
5 6 4

3x3

Determinants
With each square matrix A we associate a number det(A) or [a;| called the
determinant of A, calculated from the entries of A as follows:

For n=1, det(a)=a,

a, a
Forn =2, det[ H 12} =a,,a,, — 8,3,
a‘21 a‘22

Minors

To each element of a 3x3 matrix there corresponds a 2x2 matrix that is
obtained by deleting the row and column of that element. The determinant of the
2x 2 matrix is called the minor of that element.

For a matrix of dimension 3x3, we define

all a‘12 a'13 all a’12 a13

a, a a, a a, a
det a a a —la a a —a.- 22 23 _ . 21 23 +31 . 21 22
21 22 23 21 22 23 11 2 3
a32 a33 a3l a33 aSl a32
a31 a32 a33 a31 a‘32 a33
a aygl . . a Aygl. .
where | 2 “#|istheminorof a,,,| >*  *°|is the minor of a,,,
a32 a33 31 a‘33
a, A, .
and| ** *|is the minor of a,,.
a3l a32




Ex.4:
Find the determinant of each matrix

)| o
\_2

o [2 4
) {6 12}
4 ‘:2(12)—4(6):0

‘6 12

2‘:1(5)—3(—2) =5+6=11

Ex.5: Find the determinant of A where:
1 3 -5
A=|-2 4 6
0O -7 9
Sol.: By choosing the first column we get
L3 79 14 6 3 -5
det(A)=-2 4 6 =1-‘_7 9‘—(—2)-‘_7 9
0o -7 9
=1-[36-(-42)]+2- (27 - 35)
=78-16 =62

e
+0-

4 6

Ex.6: Evaluate the determinant of A if:
1 3 -5
A=|-2 4 6
0O -7 9

Solution:
By choosing the second row we get

1 3 -5 -

det(A)=|-2 4 6 :—(—2)‘_7 9‘+4‘
0 -7 9

= 2(27-35) +4(9-0) - 6(-7-0)

=-16+36+42 =62
Note that 62 is the same value that was obtained for this determinant in Example
above.

1—5613
0 9 0 -7

Note:
If a matrix A is triangular (either upper or lower), its determinant is just the
product of the diagonal elements:



Solving a system of linear equations
Let A be a matrix, X a column vector, B a column vector then the system of
linear equations is denoted by AX=B.

The augmented matrix
The solution to a system of linear equations such as
X—2y=-5

3X+y=6

Depends on the coefficients of x and y and the constants on the right-hand side
of the equation. The matrix of coefficients for this system is the 2x2 matrix

1 -2
3 1
If we insert the constants from the right-hand side of the system into the matrix
of coefficients, we get the 2x 3 matrix

1 -2}-5

3 1|6
We use a vertical line between the coefficients and the constants to represent the
equal signs. This matrix is the augmented matrix of the system also it can be written

as:
1 -2|x -5
s e
Note:
Two systems of linear equations are equivalent if they have the same solution

set. Two augmented matrices are equivalent if the systems they represent are
equivalent.

Ex.1:
Write the augmented matrix for each system of equations.
X+y—-2=5
a) 2x+z=3
2X—y+4z=0
1 1 -1|5
2 0 113
2 -1 4|0
X+y=1
b) y+z=6
z=0
1 1 0]1
0 1 16

0 0 1-5



We'll take two methods to solve the system AX=B

1) Cramer’s rule
The solution to the system

ax+by=c
ax+by=c,
. D D
Isgivenby x=— and y=—  where
g y D y D
C C
D — a1 bl’ DX — 1 bl and Dy — al 1
a’2 bZ C2 b2 a'2 CZ

Provided that D =0

Notes:
1. Cramer's rule works on systems that have exactly one solution.
2. Cramer's rule gives us a precise formula for finding the solution to an
independent system.

3. Note that D is the determinant made up of the original coefficients of

x and y. D is used in the denominator for both x and y. D, is obtained by
replacing the first (or x ) column of D by the constants c, and c,. D, is

found by replacing the second (or y) column of D by the constants ¢, and c, .

Ex.1: Use Cramer's rule to solve the system:

3x—-2y=4
2X+y=-3
Sol.:
First find the determinants D,D,, and D, :
3 -2
, 1‘ (-4)
4 -2 3 4
D, = =4-6=-2, D, = =-9-8=-17
-3 1 Y2 -3
By Cramer's rule, we have
D 2 D, 17
X=—2*=—— and y=—"=-—
D 7 D 7

Check in the original equations. The solution set is {(—%,—g)} .



Ex.2: Solve the system:
2X+3y=9
—-2x-3y=5
Sol.:
Cramer's rule does not work because

2 3
-2 -3
Because Cramer's rule fails to solve the system, we apply the addition method:

2X+3y=9
—-2x-3y=5
0=14
Because this last statement is false, the solution set is empty. The original equations
are inconsistent.

=—6-(-6)=0

Ex.3: Solve the system:
3Xx-5y=7
6x—-10y =14
Sol.:  Cramer's rule does not apply because
3 -5
=-30-(-30)=0
6 -10
Multiply Eq.(1) by -2 and add it to Eq.(2)
-6x+10y =-14
6x—-10y =14
0=0
Because the last statement is an identity, the equations are dependent. The
solution set is {(x, y);3x -5y = 7}.

Ex.4: Use Cramer's rule to solve the system:

2x—-3(y+1)=-3
2y =3x-5
Sol.:  First write the equations in standard form, Ax+By=C
2x—-3y=0
-3x+2y=-5
Find D,D,, and D, :
2 -3
D= =4-9=-5
-3 2
0 -3 2 0
D, = =0-15=-15, D, = =-10-0=-10
-5 2 Y -3 -5
Using Cramer's rule, we get
_ D —
_D_ 15—3 and y=—y:i0=2

D -5 D -5



Because (3,2) satisfies both of the original equations, the solution se is {(3,2)}.
2) The Gaussian Elimination method
When we solve a single equation, we write simpler and simpler equivalent
equations to get an equation whose solution is obvious. In the Gaussian elimination
method we write simpler and simpler equivalent augmented matrices until we get an
augmented matrix in which the solution to the corresponding system is obvious.
Because each row of an augmented matrix represents an equation, we can
perform the row operations on the augmented matrix.

Elementary Row Operation:

1. Construct the augmented matrix (A:B).

2. Interchange two rows (Ri <> R;).

3. Multiply any row by a constant different from zero (R;j <> kR;)

4. Add a constant multiply of any row to another row (R; <> R; + kR;)

Ex.1:
Use Gaussian elimination method to solve the system (two equations in two

variables):
x—-3y=11

2x+y=1

Sol.:
Start with the augmented matrix:

1 311
{2 1 1}
1 -3/11
|:0 7 ‘_ 21:| R =-2R; +Ry
1 -3/11 -
{0 1‘—3} 277

1 0|2 ,
0 1/-3 Rl:3R2+R1

This augmented matrix represents the system x=2 and y=-3. So the
solution set to the system is {(2,-3)}.

Ex.2: Use Gaussian elimination method to solve the system (three equations in three
variables):
2X—-y+2=-3

X+y—-2=6

X—-y—-z=4
Sol.:

2 -1 1}-3

1 1 -16

3 -1 -14



1 1 -16 v _omar |1 1 16
R orR|[2 -1 1]-3 21 21g _3 3/|-15
1 2 R =-3R +R
3 -1 -1j4 | 37 1 3|0 —4 2|-14
1 1 1 -1 6 7 11 o1
R,=-—R,|0 1 -1 5 0 1 -15
3 R =4R +R
0 -4 2-14 s 2 3|0 0 —26
10 0l1 10 01
Ry--—Rg|0 1 1[5 Ry =Rg+R [0 1 0|2
00 13 00 1-3

This augmented matrix represents the system x=1, y=2 and z=-3 . So the
solution set to the system is {(1,2,-3)}.

Ex.3: Solve the system
x—-y=1
-3x+3y=4

1 -11 1 -11
—)R’2=3R1+R2
-3 34 0 017

R, corresponds to the equation 0 = 7. So the equations are inconsistent, and
there is no solution to the system.

Sol.:

Ex.4: Solve the system
3x+y=1

6X+2y=2
1

3 1 . 3 111
R’5 = -2R, +R
6 22 2 177210 olo

In the R, of the augmented matrix we have the equation 0 = 0. So the equations
are dependent. For ordered pair that satisfies the first equation satisfies both

equations. The solution set is {(x, y)|3x +y= 1}

Sol.:

Exercises: Solve the following systems:

X+y=3

1)
-3x+y=-1
X+2y=1

2) Y
3Xx+6y=3

2X+y+z2=4
3) x+y-z=1
X—y+272=2



Matrix Inverse
The matrix A has an inverse denoted by A™ if |Al=0 where A.A™*=1. We'll take
two methods to find A where A is an nxn matrix.

2) By Cofactor Method (Using determinant of the matrix) N
The cofactor of the element a;; of the matrix A = (aj)) is defined by cj; = (-1)"™ A;
where Ajj is the determinant of the matrix that remains when the row i and the column
J are deleted.
To find the inverse of a matrix whose determinant is not zero
1- construct the matrix of cofactors of A, cof (A) = cjj
2- ConstruTct the transposed matrix of cofactors called the adjoin of A = adj (A) =
cof (A)

3- thenAl=

L A
det (A)

4- to check your answer AA*=lor ALA =

2 1
EX.: Use determinant to find Alwhere A = L 4}

1.
Al= —adj(A)
A
2 1
|A|:‘ ‘:8—1:7
1 4

Cof(A) = (_41 _2 ]

Cu= (-1)?; 4] =4
Cro=(-1)"* |1 =-1
CZ = §-1§2+1 IlI =-1
— 242 —
Ca=(1)""2[=2

Adj(A):(jl _21j {—41 _2j

4 -1

1(4 -1\ |7 =
A—l:_ — 7 7
7(—1 2) -1 2

7 7

2 -1 3

Ex2: Find AtifA=|1 0 -2
4 0 2



Solution

2 -1 3
Al=|1 0 -2/=2+8=10
4 0 2
0 -10 0
cof(A)=|2 -8 -4
2 7 1

¢, =0, c,=(-)10=-10, c,;=0,
Cor=—(-2)=2 Cp=-8 Cp=—4,
Cu=2 Cyp=(D(7)=7 cyu=1

0 2 2
Adj(A)=cof' =| -10 -8 7
0 -4 1
o 11
5 5
sAt=lor 2L
5 10
o =2 1
L 5 10]
Problems:
1) write the augment matrix to the following systems then find the solution:
X—-y+z=1
a) 2x—-2y+2z=2
-3x+3y—-3z=-3
X+y—-2=2
by 2x-y+z=1
3x+3y—-32=8
2x, =1
0 X, —2Xy =2
X, —2x, =-10
X, +X,=5
2) Find the inverse of each following matrix
2 1 -1
a |3 5 2
5 -2 4
1 1 -3
by |12 -1 1
1 2 -1




Chapter six

Hyerbolic Function

u -u

e’ +e
Coshu=

(hyperbolic cosine of u)

Sinhu= &=

(hyperbolic sine of u)

_cohu e"+e™
sinhu e —e™

1 2
sechu= =
coshu e"+e

_coshu e"+e™
sinhu e

cothu

1 2
cschu = — =
Slnh u eu _ e_u
properties
2 2
1- cosh@—sinh@ =1

2 2 2 2
2-1—tanh@=sechd , cothd —1=cscho

3- sinh(@l + 6’2):sinh 6, cosh &, + coshé+sinh 6,
4- cosh(6, + 6 )cosh 6,c0h &5 +sinh&y+sinh 65

2 2
5- sinh(20)=2sinh #cosh & , cosh(26)= cosh 6+ sinh &
2 2 _
o- Coshgzh%h(zg) ’ sinh&;%

7-cosh@ —sinh @ = e_e , cosh@+sinh @ = e?
Derivatives

1- (sinhu) = cosuh.du/dx

2- (coshu) =sinhu.du/dx

3- (tanh)' —sechu?du/dx

4- (coth u)' — _cscu®h.du/dx

5- (sechu) = —sechu.tanhu.du /dx

6- (cschu) =—cschu.cothu.du/dx
Example
y=sinh(3x)
y=3cosh(3x



Integrations:

1-_[3inh udu=coshu+c
2-[coshu du =sinhu+c
3.-.|'sech2 udu=tanhu+c
3-_[csch2 udu=-cothu+c
4-Isech utanhudu=-sechu+c

5-_[csch ucothudu=-cschu+c
Example

Isin(Sx)dx =1/3cosh(3x) + ¢

The inverse hyberbolic Functions
1-y-f=sinhxD=RR=%

2- y=f()=coshx L, D={x/xeR x>T,R=R
3-y=f(x)=tanhx L, D=[-1],R=R

4-y_ f(x)=cothx L, D={x/xe R x>1x <1, R=R {0}
5-y=f()=sechx L, D=[01,R=%

6- y= f(x)=cschx L, D=R {0}, R =R | {0}

Derivatives
-1
. ' du/dx
(sinhu) = 1-
Vi+ u?
(cos_h u)' = du/dx 2-
u? -1
-1
(tanh u) = d“—/dzx 3.
1—u
-1
(cothu)' = du/d2x 4-
1—u
(sec7f1lu)' _ —dufdx 5-
|u|\/1—u2
-1
v —du/dx
(cschu) = ——— 6-
[uv1+ u?
Example

y= sinh(2x)*1 = y' =



Integrations:

1-j du =sinhLu+c
1402

2-.[ du —coshTu+c

u2—1

3-[_du {tanh_lu +¢,ifJu[ <1

1-u?  |cothLu+c,if |u -1

4-.[ du :7sech_l|u| +c

U\ll—u2

5-J du =—csch_1|u| +c

uvl+ u2

Properties

1-sechIx= cosh_l(l)
X

2-cschlx= sinh’l(i)
X

3-cothLx = tanh‘l(l)
X

Complex Numbers

Chapter seven

The general form of a complex number is :-a+bi Where a and b are real
numbers , iv/=1. The number a is called real part denoted by Re(z)=a, and
Im(z)=b is called the imaginary part.

Algebra of complex numbers:

Let z;=a+bi and z,=c+di be two complex numbers

1-Equality: z,=z, —»a=c and b=d
2-Addition: z;+z,=(a+c)+(b+d)i
3-Multiplication:z;.z,=(a+bi).(c+di)=(ac-bd)+(ad+bc)i

5-Division: &4-4. 2
Zo o Z_z

6-lengh of z3iS [|-va?+b?



Polar form

a=rcosd,b=rsiné then

z=a+bi=rcos@+irsingor Z=r(cosé +isind) is called the polar form.
The angle 6 is called argument of z and written arg(z)= 6

Exponential form:

We know that e"=cos6+isind , z=re" is called exponential form.
Theorem:

z1 =nr(cos@ +isinG)

Zo =1p(C0s B, +isinby)

1- 21.29 =n.rp[(cos(G) + 6>) +isin(6 + 62)]

2- Zz—l = [cos(@, - 0y) +isin@, - 6)]
2

1F}

Demoivers Theorem:

(cosB+isin®)"=cos(n)+isin(nO)
Powers: let Z=r(cos&+isinb)  then
Z"=r"[cos(nB)+isin(nO)]

Roots: let z=r(cos&+isinb) then

Wie= 97 = Yrfoos 2% s sing -2

K=0,1,2,....,n-1
Chapter eight

Vector:
A vector is a matrix that has only one row — then we call the matrix a row vector

— or only one column — then we call it a column vector.
A row vector is of the form:a=|a, a, ... a, |

A column vector is of the form:



A quantity such as force, displacement, or velocity is called a vector and is
represented by a directed line segment

Terminal
point
Py
//
-~
Initial ~AR
point .~
x

A vector in the plane is directed line segment. The directed line segment AB

has initial point A and terminal point B; its length is denoted by ‘ﬁ‘ Two vectors

are equal if they have the same length and direction.

b ;-ﬁ B
A __»D
_,-o—"""_'-'-f-
-
d-ﬂ"”" P
_.-'-F";Ff-
= X
0 L F
.:—"'--'_'-'_F-'_'—F-
=

Component form

If v is a two dimensional vector in the plane equal to the vector with initial
point at the origin and terminal point (v,,v,) ,then the Component form of v is:

V= (vl7V2)

If v is a three dimensional vector in the plane equal to the vector with initial

point at the origin and terminal point (v,Vv,,V,), then the Component form of v is:

v =(V,V,,V,)



cds

x5 ¥a.24)
L
i
_F"---FP‘-
PI;.T|._1.'|_:|:| L—
-— Position vector

of PO
r
/ —Z v 1l3:] V3
S me Ty
- T -

The numbers v,,v, and v, are called the components of v.

(V). Vo, v3)

Given the points P(x,,VY;,z,) and Q(X,,Y,,Z,), the standard position vector

v=(v,,V,,v;) equal to PQ is

V:(XZ_Xl’ Yo=Y 22_21)

The magnitude or length of the vector v = ﬁj is the nonnegative number

|V| = \/Vl2 +Vz2 +V32 :\/ (X, = X1)2 + (Y, — y1)2 + (2, - 21)2

The only vector with length O is the zero vector 0= (0,0) or 0=(0,0,0) . This

vector is also the only vector with no specific direction.

Ex.: Find a) component form and b) length of the vector with initial point P(-3,4 1)
and terminal point Q(-5,2,2)
Solution:

a) v=(-5+3, 2-4 , 2-1)

The component form of PQ is v=(-2,-2,1)

b) The length or magnitude of v=PQ is |v|:\/ (<2)%+ (-2)? + > =9=3

Vector Addition and Multiplication of a vector by a scalar

Let u=(u,u,,u;) and v=(v,,v,,V,) be vectors with k a scalar.

Addition:

U+v=_+Vv, U, +V,, Uy +V,)



Scalar multiplication: ku = (ku,, ku,, ku,)

If the length of ku is the absolute value of the scalar k times the length of u .

The vector (—1)u =—u has the same length as u but points in the opposite direction.

If u=(u,u,,u;) and v=_(v,Vv,,v;), u=v=(U,—Vv;, U, =V, , U;—V,)

Note that (u—v)+v=u and the difference u—v as the sum u + (-v)

u+ (—vh

Ex.:
Let u=(-1321) and v=(4,7,0), find

a) 2u+3v b) u—v C)

1
—u
2

Solution:
a) 2u+3v=(-2,6,2)+(12,21,0)=(10, 27, 2)
b) u-v=(-5,-4,1)

B e N T
2'2'2 2

Properties of vector operations:

Letu , vand w bevectorsand a and b be scalars.

1) u+v=v+u 2) (U+V)+w=u+(V+Ww)
3) u+0=u 4) u+(-u)=0

5) Ou=0 6) lu=u



7) a(bu) = (ab)u 8) a(u+v)=au+av

9) (a+b)u=au-+bu

Unit vectors
A vector v of length 1 is called unit vector. The standard unit vectors are:
i=@100) , j=(0L0 , k=(0,0)2

v =(v,V,,V;)=(v,0,0)+(0,v,,0) +(0,0,v,)
=v,(1,0,0) +v,(0,1,0) + v,(0,0,1)
=V, +V, j+ VK

We call the scalar (or number) v, the i-component of the vector v , v, the

j-component of the vector v, and v, the k-component. In component form,
R(%Y1,2) and By(X,, Y,,2,) is

PP, = (% = X)i+ (Y, = Y)i + (2, —2)k

If v£0, then
1) u = ﬁ is a unit vector in the direction of v, called the direction of the
\V4

nonzero vector v.

. v : : o
2) The equation v = —|v| expresses v in terms of its length and direction.

M

Paixz.¥2. 22)

] 5 OPy=x5i+y,j + 2,k

\. S
‘\\\ - }.
Nl Pi(x) yy.2y)
OP| =xji+yj+zik

Ex.:
Find a unit vector u in the direction of the vector P,(1,0,1) and P,(3,2,0).

Solution
PP, =(3-1i+ (2-0)j + (0-Dk = 2i+2j-k
PP =y (2?+ (2* + (-)*=v9=3




U= PP, _2i+2j-Kk =2i+2j—lk
PP, 3 3 3" 3

The unit vector u is the direction of ng .

Product of vectors
u & v are vectors,
There are two kinds of multiplication of two vectors:
1- The scalar product (dot product) u.v. The result is a scalar.

2- The vector product (cross product) uxv. The result is a vector.

1) The dot product

In this section, we show how to calculate easily the angle between two vectors
directly from their components. The dot product is also called inner or scalar
products because the product results in scalar, not a vector.

Def.: The dot product u-v (u dot v) of vectors u = (u,,u,,u,) and v =(v,,v,,V;) Iis:
U-V=UV, + UV, + UV,

Note:
- -]
j-j|=11=1 , j-k|=0
k-k K-j
Ex.:
a)
(35)-(-1,2)=3(-1)+5(2)=7 scalar
(Bi+5))-(-i+2j)=7
b)
(1,-3,4)-(15,2)=1-15+8=-6 scalar

(i—3j+4K)-(i+5]+2k)=—6



Angle between two vectors

The angle @  between two nonzero vectors  u=(u,u,,u,) and

v =(v,V,,V,) is given by

—

u-v:‘u -\v|-cos @
1] uU-v
f=cos” | =——= where 0 (0<6<n)
il
u.v=0 u.v>0 u.v<0 Counter clockwise

Ex.: Find the angle between two vectors in space

u=2i—j+2k , v=i-2j+2k
u-v 2+2+4
C0Sl = ===
‘u-v Va+1+4-1+4+4

cosé':§ = ezcos'l§
9 9

Ex.:
Find the angle @ in the triangle ABC determined by the vertices

A=(0,0) , B(3,5) and C(5,2) N B@5)

c2)

v



CA=(-5-2) and CB=(-2,3)
CA-CB=(-5)(-2)+(-2)(3)=4
\C_A'\=,/(—5)2 +(=2)% =+/29
\ﬁé\: J(=3)+(3)2 =13

0= cos‘{ﬁj

Orthogonal vectors
Vectors u=(u,u,,u,) and v=(v,V,,Vv;) are orthogonal (or perpendicular)
ifandonly if u-v=0

EX.:
a) u=(3,—2) and v=(4,6) are orthogonal because u-v=0

b) u=3i—-2j+k and v=2]j+4k are orthogonal because u-v=0

c) 0 is orthogonal to every vector u since
0-u=(0,0,0)-(u,u,,u,)
=0

Properties of the Dot product

If u,v and w areany vectorsand c is a scalar, then
1) u-v=v-u
2) (cu)-v=u-(cv)=c(u-v)
3) u-(v+w)=u-v+u-w
4) u-u=|u|2
5) 0-u=0
Vector projection

Vector projection of u onto v

proj, u = U—ZV 2 (1)
M

proj, u ('The vector projection of u onto v*'



Scalar component of u in the direction of v

|u|cos€=u —u-v

y Mo

Ex.:
Find the vector projection of u=6i+3j+2k onto v=i—-2j—2k and the

scalar component of u in the direction of v.

Solution:

We find proj, u from eq.(1):

. u-v u-v 6-6-4,. . -4 . . -4. 8. 8
roj, u= Vv = vV = 1-2]-2k) =—({-2]-2k)=—1i+—-j+=kK
Prels (MZJ V-V 1rarg 0 A7) =g im2lm2o=gir gy

We find the scalar component of u in the direction of v from eq.(2):

|u|cos¢9:u-1 = 6i+3j+2k-(1i—2j—gkj:2-2-ﬂ: 4
v 3 3 3 3 3



