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Basic Probability Theory

 The idea of probability is absolutely basic in information theory. 

So some basic of probability theory will given bellow.

 When we think of the probability of occurrence of an event such as 

say the letter "A" in English text, we mean the relative number of 

occurrence of "A" in a long sample of text, so p(A) is the number 

of occurrences of A divided to the total number of letters in the 

sample of text. In general, the probability of occurrence of any 

letter will be given by:-
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Where Ni is the number of occurrence of any letter "I" in a text of N 

letters. Clearly, the sum of the probability of all possible letters must be 

unity. So
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Example: A coin is tossed twice. What is the probability at least one 

head occurs?

Sol:

The all possible of tossing a coin twice are as following 
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If A represents the event of at least one head occurrence then:
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Example: a fair die is thrown. Find the probability of getting no. (4)?

Sol:

6
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 Sum Rule: this rule applies to events that are mutually exclusive, 

that is to events that cannot happen at the same time. A signal 

throw of a dice must result in a number from one to six, so the 

events (1, 2, 3… 6) are mutually exclusive.

Therefore the sum rule simply says that the probability of occurrence of 

one of a selected set of events is the sum of the probability of those 

events: i.e.

p(A or B or C or …) = p(A) + p(B) + p(C) + … …(4)

Example: find the probability of getting 2 or 3 in one throw of a dice?

Sol:
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 Product Rule: this rule applies to independent events that occur 

simultaneously and stats that the probability of a set of such events 

is given by the product of the individual probabilities.

Example:

If two dice are throw together the probability of each being a six is

36
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Formally:

p(A and B and C and …) = p(A) × p(B) × p(C) × … …(5)

 Conditionally Probability: For two conditionally dependent events, 

A and B, the probability of A and B occurring together is given by
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p(A and B) = p(A) × p(B/A) = p(B) × p(A/B) …(6)

Example:

Suppose that the probability of the weather being cold is (0.3), that of it 

being cloudy is (0.4), and that of is being both cold and cloudy at the 

same time is (0.2). What is the probability given that a day is cloudy, of it 

is being cold?

Sol:

p(cold and cloudy) = p(cloudy) × p(cold / cloudy)

p(cold and cloudy) =  . We can also evaluate p(cold / cloudy).

Example: Suppose that are have a fuse box, = 2/3. Containing 20 fuses of 

which 5 are defective. If 2 fuse are selected at random and removed from 

the box in succession without replacing the first. What is the probability 

that both fuses are defective?

Sol:

Gat A is the event that the first fuse is defective and B the event that the 

second fuse if defective.

The probability of first removing a defective fuse is   , the probability of 

removing a second defective fuse from the removing 4 is   , hence
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Information Theory: (IT)

 IT is concerned with the quantification and coding of information, 

and communication theory with its transmission.

 Some of basic ideas were formulated by Nyquist (1924) and by 

Hartley (1928), but the subjected received considerable boost 

during and shortly after 2nd World War, largely by or due to 

Shannon.

 In order to visualize the various processes involved in the 

communication of information, we will consider the general 

communication system shown in fig.(1) below:

Fig.(1)

 Communication system must be designed well in order to be both 

efficient and reliable. Efficient communication from a source to a 

user destination is attained through source coding. Reliable 

communication over a noisy channel is attained through error-

control coding.

 The purpose of a communication system is to carry information-

bearing baseband signals from one place to another over a 

communication channel.

 What do we mean by the term “information”?

 Information is broadly based mathematical displine which has 

made fundamental contributions, not only to communications, but 
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also to computer science, statistical physics, and probability and 

statics.

 In the context of communications, information theory deals with 

mathematical modeling and analysis of a communication system 

rather than with physical sources and physical channels. In 

particular, it provides answers to two fundamental questions:

Q1/ what is the irreducible complexity below which a signal cannot 

be compressed?

Q2/ what is the ultimate transmission rate for reliable 

communication over a noisy channel?

 The answers to these questions lie in the “Entropy” of the source 

and the “Capacity” of a channel, respectively. Entropy is defined 

in terms of the probability behavior of a source of information. 

Capacity is defined as the intrinsic ability of a channel to convey 

information; it is naturally related to the noise characteristic of the 

channel.

 A remarkable result that emerges from information theory is that, if 

the entropy of the source is less than the capacity of the channel, 

then error-free communication over the channel can be achieved.

 Suppose that a probabilistic experiment involves the observation of 

the output emitted by a discrete source during every unit of time. 

The source output is modeled as a discrete random variable, S, 

which takes on symbols from a fixed finite alphabet Y.

…(7)

With probabilities 

…(8)

Of course, this set of probabilities must satisfy the condition

…(9)
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We assume that the symbols emitted by the source during successive 

signaling are statistically independent, this type of source is called “a 

discrete memory less source”, memory less in the sense that the symbol 

emitted at any time is independent of previous choices.

 Can we find a measure of how much information is produced by 

such a source? To answer this question, we note that the idea of 

information is closely related to that of uncertainty or surprise.

 Consider the event ; describing the emission of symbol 

by the source with probability , as defined in equation (8). 

Clearly, if the probability  and  for all , then 

there is no “surprise” and therefore no “information”, when symbol 

 is emitted, because we know that the message from the source 

must be. If on the other hand, the source symbols occurs with 

different probabilities, and the probability  is low, then there is 

more surprise and therefore information, when symbol  is 

emitted by the source than when symbol  , , with higher 

probability is emitted. Thus the words “uncertainty, surprise, and 

information” are all relate. The amount of information is related to 

the inverse of the probability of occurrence.

We define the amount of information gained after observing the event  

 which occurs with probability   as the “logarithmic” function.

…(10)

Important properties are:

1.  for …(11)

If we are absolutely “certain” of the outcome of an event, even 

before it occurs, there is no information gained.

2.  for …(12)



INFORMATION THEORY
Dr. Thamer Mohammed

٧

3.   for …(13)

This is, the less probable an event is, the more information we gain 

when it occurs.

4.  if  and  are statistically independent.

 The base of the logarithm in eq. (10) is standard today to use a 

logarithm to base 2. The resulting unit of information is called the 

bit. We thus write:

   for …(14)

When  , we have  bit. Hence, one bit is the amount 

of information that we gain when one of two possible and equally 

likely (i.e. equiprobable) events occurs.

Indeed,  is a discrete random variable that takes on the values 

 with probability respectively. The 

mean of  over the source alphabet ( ) is given by:

The important quantity H( ) is called "Entropy" of a discrete memory 

less source with source alphabet ( ). It is a measure of the "average 

information content per source symbol".

 SOME PROPERTIES OF ENTROPY

1.

Where K is the radix (number of symbols) of the alphabet 

( ) of the source.

2.  , if and only if the probability  for some k,

this is corresponding to no “uncertainty”.
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3. , if and only if  for all k (i.e. all the 

symbols in the alphabet ( ) are equiprobable); this is 

corresponding to the “maximum uncertainly”.

Example: Entropy of Binary Memory less Source:

We consider a binary source for which symbol 0 occurs with probability 

 and symbol 1 with probability . We assume that the source 

is memory less so that successive symbol emitted by the source are 

statistically independent.

Sol:

The entropy of such equals:

…(15)

From which we observe the following:

1. When   , the entropy H( ) = 0.

2. When   , the entropy H( ) = 0.

3. The entropy H( ) attains its maximum value,  bit, when 

is, symbols 1 and 0 are equally probable.

The H( ) of eq. (15) dives the entropy of a discrete memory less source 

with source alphabet ( ). But when we have probability  over the 

interval [0, 1], then we use a special symbol to this case which it is 

which is called entropy function. Hence eq. (15) will be:

…(16)

Fig. (2) is a plot of the entropy function  versus , defined on the 

internal [0, 1].
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Example: Find the entropy of the source producing the symbol:

?

Sol:

Here 

Therefore

Bit/symbol
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Example: Find and plot the entropy of a binary source?

Sol:

 Bit/symbol

 is  bit if 

The plotting was shown in fig. (2) above.

Source Entropy R(x):

This is average rate amount of information produced per second.

…(17)

Or   

where  is time duration of  .

Example: A source produces dots "    " and dashes "ــ" with p(dot)=0.65. 

If time duration of a dot is 200ms and that of a dash is 800ms. Find the 

average source entropy rate?

Sol:

P(dot)=0.65, p(dash)=0.35, p(dash)=0.35

Binary Source

0            p(0)

1            p(1)

or
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 If we consider blocks of symbol rather than individual symbols, 

with each block consisting of a successive source symbols. Then 

the entropy of the source is equal to n time H( ).

…(18)


